




Giulia Di Nunno · Bernt Øksendal
Frank Proske

Malliavin Calculus
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Preface

There are already several excellent books on Malliavin calculus. However,
most of them deal only with the theory of Malliavin calculus for Brownian
motion, with [35] as an honorable exception. Moreover, most of them discuss
only the application to regularity results for solutions of SDEs, as this was the
original motivation when Paul Malliavin introduced the infinite-dimensional
calculus in 1978 in [157]. In the recent years, Malliavin calculus has found
many applications in stochastic control and within finance. At the same time,
Lévy processes have become important in financial modeling. In view of this,
we have seen the need for a book that deals with Malliavin calculus for Lévy
processes in general, not just Brownian motion, and that presents some of the
most important and recent applications to finance.

It is the purpose of this book to try to fill this need. In this monograph
we present a general Malliavin calculus for Lévy processes, covering both the
Brownian motion case and the pure jump martingale case via Poisson random
measures, and also some combination of the two. We also present many of the
recent applications to finance, including the following:

• The Clark–Ocone theorem and hedging formulae
• Minimal variance hedging in incomplete markets
• Sensitivity analysis results and efficient computation of the “greeks”
• Optimal portfolio with partial information
• Optimal portfolio in an anticipating environment
• Optimal consumption in a general information setting
• Insider trading

To be able to handle these applications, we develop a general theory of
anticipative stochastic calculus for Lévy processes involving the Malliavin
derivative, the Skorohod integral, the forward integral, which were originally
introduced for the Brownian setting only. We dedicate some chapters to the
generalization of our results to the white noise framework, which often turns
out to be a suitable setting for the theory. Moreover, this enables us to prove
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VIII Preface

results that are general enough for the financial applications, for example, the
generalized Clark–Ocone theorem.

This book is based on a series of courses that we have given in different
years and to different audiences. The first one was given at the Norwegian
School of Economics and Business Administration (NHH) in Bergen in 1996,
at that time about Brownian motion only. Other courses were held later, every
time including more updated material. In particular, we mention the courses
given at the Department of Mathematics and at the Center of Mathematics for
Applications (CMA) at the University of Oslo and also the intensive or com-
pact courses presented at the University of Ulm in July 2006, at the University
of Cape Town in December 2006, at the Indian Institute of Science (IIS) in
Bangalore in January 2007, and at the Nanyang Technological University in
Singapore in January 2008.

At all these occasions we met engaged students and attentive readers. We
thank all of them for their active participation to the classes and their feed-
back. Our work has benefitted from the collaboration and useful comments
from many people, including Fred Espen Benth, Delphine David, Inga Baard-
shaug Eide, Xavier Gabaix, Martin Groth, Yaozhong Hu, Asma Khedher, Paul
Kettler, An Ta Thi Kieu, Jørgen Sjaastad, Thilo Meyer-Brandis, Farai Julius
Mhlanga, Yeliz Yolcu Okur, Olivier Menoukeu Pamen, Ulrich Rieder, Goncalo
Reiss, Alexander Sokol, Agnès Sulem, Olli Wallin, Diane Wilcox, Frank
Wittemann, Mihail Zervos, Tusheng Zhang, and Xunyu Zhou. We thank them
all for their help. Our special thanks go to Paul Malliavin for the inspiration
and continuous encouragement he has given us throughout the time we have
worked on this book. We also acknowledge with gratitude the technical sup-
port with computers of the Drift-IT at the Department of Mathematics at the
University of Oslo.

Oslo, Giulia Di Nunno
June 2008. Bernt Øksendal

Frank Proske
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Introduction

The mathematical theory now known as Malliavin calculus was first intro-
duced by Paul Malliavin in [157] as an infinite-dimensional integration by
parts technique. The purpose of this calculus was to prove the results about
the smoothness of densities of solutions of stochastic differential equations
driven by Brownian motion. For several years this was the only known appli-
cation. Therefore, since this theory was considered quite complicated by many,
Malliavin calculus remained a relatively unknown theory also among mathe-
maticians for some time. Many mathematicians simply considered the theory
as too difficult when compared with the results it produced. Moreover, to a
large extent, these results could also be obtained by using Hörmander’s earlier
theory on hypoelliptic operators. See also, for example, [20, 113, 224, 229].

This was the situation until 1984, when Ocone in [172] obtained an explicit
interpretation of the Clark representation formula [46, 47] in terms of the
Malliavin derivative. This remarkable result later became known as the Clark–
Ocone formula. Sometimes also called Clark–Haussmann–Ocone formula in
view of the contribution of Haussmann in 1979, see [97]. In 1991, Ocone and
Karatzas [173] applied this result to finance. They proved that the Clark–
Ocone formula can be used to obtain explicit formulae for replicating portfolios
of contingent claims in complete markets.

Since then, new literature helped to distribute these results to a wider
audience, both among mathematicians and researchers in finance. See, for
example, the monographs [53, 160, 168, 211] and the introductory lecture
notes [177]; see also [205].

The next breakthrough came in 1999, when Fournié et al. [80] obtained
numerically tractable formulae for the computation of the so-called greeks in
finance, also known as parameters of sensitivity. In the recent years, many
new applications of the Malliavin calculus have been found, including partial
information optimal control, insider trading and, more generally, anticipative
stochastic calculus.

At the same time Malliavin calculus was extended from the original setting
of Brownian motion to more general Lévy processes. This extensions were at
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2 Introduction

first motivated by and taylored to the original application within the study
of smoothness of densities (see e.g. [12, 35, 37, 38, 44, 140, 141, 142, 162,
188, 189, 217, 218]) and then developed largely targeting the applications to
finance, where Lévy processes based models are now widely used (see, e.g.,
[25, 29, 64, 69, 147, 170, 180]). Within this last direction, some extension to
random fields of Lévy type has also been developed, see, for example, [61, 62].
Other extension of Malliavin calculus within quantum probability have also
appeared, see, for example, [83, 84].

One way of interpreting the Malliavin derivative of a given random vari-
able F = F (ω), ω ∈ Ω, on the given probability space (Ω,F , P ) is to regard
it as a derivative with respect to the random parameter ω. For this to make
sense, one needs some mathematical structure on the space Ω. In the original
approach used by Malliavin, for the Brownian motion case, Ω is represented
as the Wiener space C0([0, T ]) of continuous functions ω : [0, T ] −→ R with
ω(0) = 0, equipped with the uniform topology. In this book we prefer to use
the representation of Hida [98], namely to represent Ω as the space S ′ of tem-
pered distributions ω : S −→ R, where S is the Schwartz space of rapidly
decreasing smooth functions on R (see Chap. 5). The corresponding probabil-
ity measure P is constructed by means of the Bochner–Minlos theorem. This
is a classical setting of white noise theory. This approach has the advantage
that the Malliavin derivative DtF of a random variable F : S ′ −→ R can
simply be regarded as a stochastic gradient.

In fact, if γ is deterministic and in L2(R) (note that L2(R) ⊂ S ′), we define
the directional derivative of F in the direction γ, DγF , as follows:

DγF (ω) = lim
ε→0

F (ω + εγ) − F (ω)
ε

, ω ∈ S ′,

if the limit exists in L2(P ). If there exists a process Ψ(ω, t) : Ω × R −→ R

such that
DγF (ω) =

∫
R

Ψ(ω, t)γ(t)dt, ω ∈ S ′

for all γ ∈ L2(R), then we say that F is Malliavin–Hida differentiable and we
define

DtF (ω) := Ψ(ω, t), ω ∈ S ′

as the Malliavin–(Hida) derivative (or stochastic gradient) of F at t.
This gives a simple and intuitive interpretation of the Malliavin deriva-

tive in the Brownian motion case. Moreover, some of the basic properties of
calculus such as chain rule follow easily from this definition. See Chap. 6.

Alternatively, the Malliavin derivative can also be introduced by means of
the Wiener–Itô chaos expansion [119]:

F =
∞∑

n=0

In(fn)
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of the random variable F as a series of iterated Itô integrals of symmetric
functions fn ∈ L2(Rn) with respect to Brownian motion. In this setting, the
Malliavin derivative gets the form

DtF =
∞∑

n=1

nIn−1(fn(·, t)),

see Chap. 3, cf. [168]. This form is appealing because it has some resemblance
to the derivative of a monomial:

d

dx
xn = nxn−1.

Moreover, the chaos expansion approach is convenient because it gives
easy proofs of the Clark–Ocone formula and several basic properties of the
Malliavin derivative.

The chaos expansion approach also has the advantage that it carries over in
a natural way to the Lévy process setting (see Chap. 12). This provides us with
a relatively unified approach, valid for both the continuous and discontinuous
case, that is, for both Brownian motion and Lévy processes/Poisson random
measures. See, for example, the proof of the Clark–Ocone theorem in the
two cases. At the same time it is important to be aware of the differences
between these two cases. For example, in the continuous case, we base the
interpretation of the Malliavin derviative as a stochastic gradient, while in the
discontinuous case, the Malliavin derivative is actually a difference operator.

How to use this book

It is the purpose of this book to give an introductory presentation of the theory
of Malliavin calculus and its applications, mainly to finance. For pedagogical
reasons, and also to make the reading easier and the use more flexible, the
book is divided into two parts:

Part I. The Continuous Case: Brownian Motion
Part II. The Discontinuous Case: Pure Jump Lévy Processes

In both parts the emphasis is on the topics that are most central for the
applications to finance. The results are illustrated throughout with examples.
In addition, each chapter ends with exercises. Solutions to some selection of
exercises, with varying level of detail, can be found at the back of the book.

We hope the book will be useful as a graduate text book and as a source
for students and researchers in mathematics and finance. There are several
possible ways of selecting topics when using this book, for example, in a
graduate course:

Alternative 1. If there is enough time, all eighteen chapters could be included
in the program.



4 Introduction

Alternative 2. If the interest is only in the continuous case, then the whole
Part I gives a progressive overview of the theory, including the white noise
approach, and gives a good taste of the applications.

Alternative 3. Similarly, if the readers are already familiar with the continuous
case, then Part II is self-contained and provides a good text choice to cover
both theory and applications.

Alternative 4. If the interest is in an introductory overview on both the con-
tinuous and the discontinuous case, then a good selection could be the reading
from Chaps. 1 to 4 and then from Chaps. 9 to 12. This can be possibly sup-
plemented by the reading of the chapters specifically devoted to applications,
so according to interest one could choose among Chaps. 8, 15, 16, and also
Chaps. 17 and 18.



1

The Wiener–Itô Chaos Expansion

The celebrated Wiener–Itô chaos expansion is fundamental in stochastic
analysis. In particular, it plays a crucial role in the Malliavin calculus as
it is presented in the sequel. This result which concerns the representation of
square integrable random variables in terms of an infinite orthogonal sum was
proved in its first version by Wiener in 1938 [226]. Later, in 1951, Itô [119]
showed that the expansion could be expressed in terms of iterated Itô integrals
in the Wiener space setting.

Before we state the theorem we introduce some useful notation and give
some auxiliary results.

1.1 Iterated Itô Integrals

Let W = W (t) = W (t, ω), t ∈ [0, T ], ω ∈ Ω (T > 0), be a one-dimensional
Wiener process, or equivalently Brownian motion, on the complete probability
space (Ω,F , P ) such that W (0) = 0 P -a.s.

For any t, let Ft be the σ-algebra generated by W (s), 0 ≤ s ≤ t, augmented
by all the P -zero measure events. We denote the corresponding filtration by

F = {Ft, t ∈ [0, T ]} . (1.1)

Note that this filtration is both left- and right-continuous, that is,

Ft = lim
s↗t

Fs := σ
{⋃

s<t

Fs

}
,

respectively,
Ft = lim

u↘t
Fu :=

⋂
u>t

Fu.

See, for example, [128] or [206].
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8 1 The Wiener–Itô Chaos Expansion

Definition 1.1. A real function g : [0, T ]n → R is called symmetric if

g(tσ1 , . . . , tσn
) = g(t1, . . . , tn) (1.2)

for all permutations σ = (σ1, ..., σn) of (1, 2, . . . , n).

Let L2 ([0, T ]n) be the standard space of square integrable Borel real func-
tions on [0, T ]n such that

‖g‖2
L2([0,T ]n) :=

∫

[0,T ]n

g2(t1, . . . , tn)dt1 · · · dtn < ∞. (1.3)

Let L̃2([0, T ]n) ⊂ L2 ([0, T ]n) be the space of symmetric square integrable
Borel real functions on [0, T ]n. Let us consider the set

Sn = {(t1, . . . , tn) ∈ [0, T ]n : 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ T}.
Note that this set Sn occupies the fraction 1

n! of the whole n-dimensional box
[0, T ]n. Therefore, if g ∈ L̃2([0, T ]n) then g|Sn

∈ L2(Sn) and

‖g‖2
L2([0,T ]n) = n!

∫

Sn

g2(t1, . . . , tn)dt1 . . . dtn = n!‖g‖2
L2(Sn), (1.4)

where ‖·‖L2(Sn) denotes the norm induced by L2 ([0, T ]n) on L2 (Sn), the space
of the square integrable functions on Sn.

If f is a real function on [0, T ]n, then its symmetrization f̃ is defined by

f̃(t1, . . . , tn) =
1
n!

∑
σ

f(tσ1 , . . . , tσn), (1.5)

where the sum is taken over all permutations σ of (1, . . . , n). Note that f̃ = f
if and only if f is symmetric.

Example 1.2. The symmetrization of the function

f(t1, t2) = t21 + t2 sin t1, (t1, t2) ∈ [0, T ]2,

is
f̃(t1, t2) =

1
2
[
t21 + t22 + t2 sin t1 + t1 sin t2

]
, (t1, t2) ∈ [0, T ]2.

Definition 1.3. Let f be a deterministic function defined on Sn (n ≥ 1) such
that

‖f‖2
L2(Sn) :=

∫

Sn

f2(t1, . . . , tn)dt1 · · · dtn < ∞.

Then we can define the n-fold iterated Itô integral as

Jn(f) :=

T∫

0

tn∫

0

· · ·
t3∫

0

t2∫

0

f(t1, . . . , tn)dW (t1)dW (t2) · · · dW (tn−1)dW (tn).

(1.6)
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Note that at each iteration i = 1, ..., n the corresponding Itô integral with
respect to dW (ti) is well-defined, being the integrand

∫ ti

0
· · ·
∫ t2
0

f(t1, ..., tn)
dW (t1)...dW (ti−1), ti ∈ [0, ti+1], a stochastic process that is F-adapted and
square integrable with respect to dP × dti. Thus, (1.6) is well-defined.

Thanks to the construction of the Itô integral we have that Jn(f) belongs
to L2(P ), that is, the space of square integrable random variables. We denote
the norm of X ∈ L2(P ) by

‖X‖L2(P ) :=
(
E
[
X2
] )1/2

=
(∫

Ω

X2(ω)P (dω)
)1/2

.

Applying the Itô isometry iteratively, if g ∈ L2(Sm) and h ∈ L2(Sn), with
m < n, we can see that

E
[
Jm(g)Jn(h)

]
= E

[( T∫

0

sm∫

0

· · ·
s2∫

0

g(s1, . . . , sm)dW (s1) · · · dW (sm)
)

·
( T∫

0

sm∫

0

· · ·
t2∫

0

h(t1, . . . , tn−m, s1, . . . , sm)dW (t1) · · · dW (tn−m)dW (s1) · · · dW (sm)
)]

=

T∫

0

E
[( sm∫

0

· · ·
s2∫

0

g(s1, . . . , sm−1, sm)dW (s1) · · · dW (sm−1)
)

·
( sm∫

0

· · ·
t2∫

0

h(t1, . . . , sm−1, sm)dW (t1) · · · dW (sm−1)
)]

dsm = . . .

=

T∫

0

sm∫

0

· · ·
s2∫

0

g(s1, s2, . . . , sm)E
[ s1∫

0

· · ·
t2∫

0

h(t1, . . . , tn−m, s1, . . . , sm)

· dW (t1) · · · dW (tn−m)
]
ds1 · · · dsm = 0

(1.7)

because the expected value of an Itô integral is zero. On the contrary, if both
g and h belong to L2(Sn), then

E
[
Jn(g)Jn(h)

]
=

T∫

0

E
[ sn∫

0

· · ·
s2∫

0

g(s1, . . . , sn)dW (s1) · · · dW (sn−1)

·
sn∫

0

· · ·
s2∫

0

h(s1, . . . , sn)dW (s1) · · · dW (sn−1)
]
dsn = . . .

=

T∫

0

· · ·
s2∫

0

g(s1, . . . , sn)h(s1, . . . , sn)ds1 · · · dsn = (g, h)L2(Sn)

(1.8)

We summarize these results as follows.
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Proposition 1.4. The following relations hold true:

E[Jm(g)Jn(h)] =
{

0 , n �= m
(g, h)L2(Sn) , n = m

(m,n = 1, 2, ...), (1.9)

where
(g, h)L2(Sn) :=

∫

Sn

g(t1, . . . , tn)h(t1, . . . , tn)dt1 · · · dtn

is the inner product of L2(Sn). In particular, we have

‖Jn(h)‖L2(P ) = ‖h‖L2(Sn). (1.10)

Remark 1.5. Note that (1.9) also holds for n = 0 or m = 0 if we define
J0(g) = g, when g is a constant, and (g, h)L2(S0) = gh, when g, h are constants.

Remark 1.6. It is straightforward to see that the n-fold iterated Itô integral

L2(Sn) 	 f =⇒ Jn(f) ∈ L2(P )

is a linear operator, that is, Jn(af + bg) = aJn(f) + bJn(g), for f, g ∈ L2(Sn)
and a, b ∈ R.

Definition 1.7. If g ∈ L̃2([0, T ]n) we define

In(g) :=
∫

[0,T ]n

g(t1, . . . , tn)dW (t1) . . . dW (tn) := n!Jn(g). (1.11)

We also call iterated n-fold Itô integrals the In(g) here above.

Note that from (1.9) and (1.11) we have

‖In(g)‖2
L2(P ) = E[I2

n(g)] = E[(n!)2J2
n(g)]

= (n!)2‖g‖2
L2(Sn) = n!‖g‖2

L2([0,T ]n) (1.12)

for all g ∈ L̃2([0, T ]n). Moreover, if g ∈ L̃2([0, T ]m) and h ∈ L̃2([0, T ]n), we
have

E[Im(g)In(h)] =
{

0 , n �= m
(g, h)L2([0,T ]n) , n = m

(m,n = 1, 2, ...),

with (g, h)L2([0,T ]n) = n!(g, h)L2(Sn).
There is a useful formula due to Itô [119] for the computation of the

iterated Itô integral. This formula relies on the relationship between Hermite
polynomials and the Gaussian distribution density. Recall that the Hermite
polynomials hn(x), x ∈ R, n = 0, 1, 2, . . . are defined by

hn(x) = (−1)ne
1
2 x2 dn

dxn
(e−

1
2 x2

), n = 0, 1, 2, . . . , (1.13)
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Thus, the first Hermite polynomials are

h0(x) = 1, h1(x) = x, h2(x) = x2 − 1, h3(x) = x3 − 3x,

h4(x) = x4 − 6x2 + 3, h5(x) = x5 − 10x3 + 15x, . . . .

We also recall that the family of Hermite polynomials constitute an orthogonal
basis for L2(R, µ(dx)) if µ(dx) = 1√

2π
e

x2
2 dx (see, e.g., [214]).

Proposition 1.8. If ξ1, ξ2, ... are orthonormal functions in L2([0, T ]), we
have that

In

(
ξ⊗α1
1 ⊗̂ · · · ⊗̂ξ⊗αm

m

)
=

m∏
k=1

hαk

( ∫ T

0

ξk(t)W (t)
)
, (1.14)

with α1+ · · ·+αm = n. Here ⊗ denotes the tensor power and αk ∈ {0, 1, 2, ...}
for all k.

See [119]. In general, the tensor product f⊗g of two functions f, g is defined by

(f ⊗ g)(x1, x2) = f(x1)g(x2)

and the symmetrized tensor product f⊗̂g is the symmetrization of f ⊗ g. In
particular, from (1.14), we have

n!

T∫

0

tn∫

0

· · ·
t2∫

0

g(t1)g(t2) · · · g(tn)dW (t1) · · · dW (tn) = ‖g‖nhn

( θ

‖g‖
)
, (1.15)

for the tensor power of g ∈ L2([0, T ]). Here above we have used ‖g‖ =

‖g‖L2([0,T ]) and θ =
T∫
0

g(t)dW (t).

Example 1.9. Let g ≡ 1 and n = 3, then we get

6

T∫

0

t3∫

0

t2∫

0

1 dW (t1)dW (t2)dW (t3) = T 3/2h3

(W (T )
T 1/2

)
= W 3(T ) − 3T W (T ).

1.2 The Wiener–Itô Chaos Expansion

Theorem 1.10. The Wiener–Itô chaos expansion. Let ξ be an FT -
measurable random variable in L2(P ). Then there exists a unique sequence
{fn}∞n=0 of functions fn ∈ L̃2([0, T ]n) such that

ξ =
∞∑

n=0

In(fn), (1.16)
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where the convergence is in L2(P ). Moreover, we have the isometry

‖ξ‖2
L2(P ) =

∞∑
n=0

n!‖fn‖2
L2([0,T ]n). (1.17)

Proof By the Itô representation theorem there exists an F-adapted process
ϕ1(s1), 0 ≤ s1 ≤ T, such that

E
[ T∫

0

ϕ2
1(s1)ds1

]
≤ E

[
ξ2
]

(1.18)

and

ξ = E[ξ] +

T∫

0

ϕ1(s1)dW (s1). (1.19)

Define
g0 = E[ξ].

For almost all s1 ≤ T we can apply the Itô representation theorem to ϕ1(s1)
to conclude that there exists an F-adapted process ϕ2(s2, s1), 0 ≤ s2 ≤ s1,
such that

E
[ s1∫

0

ϕ2
2(s2, s1)ds2

]
≤ E[ϕ2

1(s1)] < ∞ (1.20)

and

ϕ1(s1) = E[ϕ1(s1)] +

s1∫

0

ϕ2(s2, s1)dW (s2). (1.21)

Substituting (1.21) in (1.19) we get

ξ = g0 +

T∫

0

g1(s1)dW (s1) +

T∫

0

s1∫

0

ϕ2(s2, s1)dW (s2)dW (s1), (1.22)

where
g1(s1) = E[ϕ1(s1)].

Note that by (1.18), (1.20), and the Itô isometry we have

E
[( T∫

0

s1∫

0

ϕ2(s2, s1)dW (s2)dW (s1)
)2]

=

T∫

0

s1∫

0

E[ϕ2
2(s2, s1)]ds2ds1 ≤ E[ξ2].

Similarly, for almost all s2 ≤ s1 ≤ T , we apply the Itô representation theorem
to ϕ2(s2, s1) and we get an F-adapted process ϕ3(s3, s2, s1), 0 ≤ s3 ≤ s2, such
that



1.2 The Wiener–Itô Chaos Expansion 13

E
[ s2∫

0

ϕ2
3(s3, s2, s1)ds3

]
≤ E[ϕ2

2(s2, s1)] < ∞ (1.23)

and

ϕ2(s2, s1) = E[ϕ2(s2, s1)] +

s2∫

0

ϕ3(s3, s2, s1)dW (s3). (1.24)

Substituting (1.24) in (1.22) we get

ξ = g0 +

T∫

0

g1(s1)dW (s1) +

T∫

0

s1∫

0

g2(s2, s1)dW (s2)dW (s1)

+

T∫

0

s1∫

0

s2∫

0

ϕ3(s3, s2, s1)dW (s3)dW (s2)dW (s1),

where
g2(s2, s1) = E[ϕ2(s2, s1)], 0 ≤ s2 ≤ s1 ≤ T.

By (1.18), (1.20), (1.23), and the Itô isometry we have

E
[( T∫

0

s1∫

0

s2∫

0

ϕ3(s3, s2, s1)dW (s3)dW (s2)dW (s1)
)2]

≤ E
[
ξ2
]
.

By iterating this procedure we obtain after n steps a process ϕn+1(t1, t2, . . .,
tn+1), 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn+1 ≤ T, and n + 1 deterministic functions
g0, g1, . . . , gn, with g0 constant and gk defined on Sk for 1 ≤ k ≤ n, such that

ξ =
n∑

k=0

Jk(gk) +
∫

Sn+1

ϕn+1dW⊗(n+1),

where

∫

Sn+1

ϕn+1dW⊗(n+1) :=

T∫

0

tn+1∫

0

· · ·
t2∫

0

ϕn+1(t1, . . . , tn+1)dW (t1) · · · dW (tn+1)

is the (n + 1)-fold iterated integral of ϕn+1. Moreover,

E
[( ∫

Sn+1

ϕn+1dW⊗(n+1)
)2]

≤ E
[
ξ2
]
.
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In particular, the family

ψn+1 :=
∫

Sn+1

ϕn+1dW⊗(n+1), n = 1, 2, . . .

is bounded in L2(P ) and, from the Itô isometry,

(ψn+1, Jk(fk))L2(P ) = 0 (1.25)

for k ≤ n, fk ∈ L2([0, T ]k). Hence we have

‖ξ‖2
L2(P ) =

n∑
k=0

‖Jk(gk)‖2
L2(P ) + ‖ψn+1‖2

L2(P ).

In particular,
n∑

k=0

‖Jk(gk)‖2
L2(P ) < ∞, n = 1, 2, ...

and therefore
∞∑

k=0

Jk(gk) is convergent in L2(P ). Hence

lim
n→∞

ψn+1 =: ψ

exists in L2(P ). But by (1.25) we have

(Jk(fk), ψ)L2(P ) = 0

for all k and for all fk ∈ L2([0, T ]k). In particular, by (1.15) this implies that

E
[
hk

( θ

‖g‖
)
· ψ
]

= 0

for all g ∈ L2([0, T ]) and for all k ≥ 0, where θ =
T∫
0

g(t)dW (t). But then, from

the definition of the Hermite polynomials,

E[θk · ψ] = 0

for all k ≥ 0, which again implies that

E[exp θ · ψ] =
∞∑

k=0

1
k!

E[θk · ψ] = 0.

Since the family
{exp θ : g ∈ L2([0, T ])}

is total in L2(P ) (see [178, Lemma 4.3.2]), we conclude that ψ = 0. Hence,
we conclude
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ξ =
∞∑

k=0

Jk(gk) (1.26)

and

‖ξ‖2
L2(P ) =

∞∑
k=0

‖Jk(gk)‖2
L2(P ). (1.27)

Finally, to obtain (1.16)–(1.17) we proceed as follows. The function gn is
defined only on Sn, but we can extend gn to [0, T ]n by putting

gn(t1, . . . , tn) = 0, (t1, . . . , tn) ∈ [0, T ]n \ Sn.

Now define fn := g̃n to be the symmetrization of gn - cf. (1.5). Then

In(fn) = n!Jn(fn) = n!Jn(g̃n) = Jn(gn)

and (1.16) and (1.17) follow from (1.26) and (1.27), respectively. 
�

Example 1.11. What is the Wiener–Itô expansion of ξ = W 2(T )? From (1.15)
we get

2

T∫

0

t2∫

0

1 dW (t1)dW (t2) = Th2

(W (T )
T 1/2

)
= W 2(T ) − T,

and therefore
ξ = W 2(T ) = T + I2(1).

Example 1.12. Note that for a fixed t ∈ (0, T ) we have
∫ T

0

∫ t2

0

χ{t1<t<t2}(t1, t2)dW (t1)dW (t2)=

∫ T

t

W (t)dW (t2) = W (t)
(
W (T ) − W (t)

)
.

Hence, if we put

ξ = W (t)(W (T ) − W (t)), g(t1, t2) = χ{t1<t<t2}

we can see that
ξ = J2(g) = 2J2(g̃ ) = I2(f2),

where
f2(t1, t2) = g̃(t1, t2) =

1
2
(
χ{t1<t<t2} + χ{t2<t<t1}

)
.

Here and in the sequel we denote the indicator function by

χ = χA(x) = χ{x∈A} :=

{
1, x ∈ A,

0, x /∈ A.
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1.3 Exercises

Problem 1.1. (*) Let hn(x), n = 0, 1, 2, . . . , be the Hermite polynomials
defined in (1.13).

(a) Prove that

exp
{
tx − t2

2
}

=
∞∑

n=0

tn

n!
hn(x).

[Hint. Write exp{tx − t2

2 } = exp{ 1
2x2} · exp{− 1

2 (x − t)2} and apply the
Taylor formula on the last factor.]

(b) Show that if λ > 0 then

exp
{
tx − t2λ

2
}

=
∞∑

n=0

tnλ
n
2

n!
hn

( x√
λ

)
.

(c) Let g ∈ L2([0, T ]). Put

θ =

T∫

0

g(s)dW (s).

Show that

exp
{ T∫

0

g(s)dW (s) − 1
2
‖g‖2

}
=

∞∑
n=0

‖g‖n

n!
hn

( θ

‖g‖
)
,

where ‖g‖ = ‖g‖L2([0,T ]).

(d) Let t ∈ [0, T ]. Show that exp{W (t) − 1
2 t} =

∑∞
n=0

tn/2

n! hn(W (t)√
t

).

Problem 1.2. Let ξ and ζ be FT -measurable random variables in L2(P ) with
Wiener–Itô chaos expansions ξ =

∑∞
n=0 In(fn) and ζ =

∑∞
n=0 In(gn), respec-

tively. Prove that the chaos expansion of the sum ξ+ζ =
∑∞

n=0 In(hn) is such
that hn = fn + gn for all n = 1, 2, ...

Problem 1.3. (*) Find the Wiener–Itô chaos expansion of the following ran-
dom variables:

(a) ξ = W (t), where t ∈ [0, T ] is fixed,

(b) ξ =
T∫
0

g(s)dW (s), where g ∈ L2([0, T ]),

(c) ξ = W 2(t), where t ∈ [0, T ] is fixed,

(d) ξ = exp{
T∫
0

g(s)dW (s)}, where g ∈ L2([0, T ]) [Hint. Use (1.15).],

(e) ξ =
∫ T

0
g(s)W (s)ds, where g ∈ L2([0, T ]).
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Problem 1.4. (*) The Itô representation theorem states that if F ∈ L2(P )
is FT -measurable, then there exists a unique F-adapted process ϕ = ϕ(t), 0 ≤
t ≤ T, such that

F = E[F ] +

T∫

0

ϕ(t)dW (t).

This result only provides the existence of the integrand ϕ, but from the point
of view of applications it is important also to be able to find the integrand
ϕ more explicitly. This can be achieved, for example, by the Clark–Ocone
formula (see Chap. 4), which says that, under some suitable conditions,

ϕ(t) = E[DtF |Ft], 0 ≤ t ≤ T,

where DtF is the Malliavin derivative of F . We discuss this topic later in the
book. However, for certain random variables F it is possible to find ϕ directly,
by using the Itô formula. For example, find ϕ when

(a) F = W 2(T )
(b) F = exp{W (T )}

(c) F =
T∫
0

W (t)dt

(d) F = W 3(T )
(e) F = cos W (T ) [Hint. Check that N(t) := e

1
2 t cos W (t), t ∈ [0, T ], is a

martingale.]

Problem 1.5. (*) This exercise is based on [107]. Suppose the function F of
Problem 1.4 has the form

F = f(X(T )),

where X = X(t), t ∈ [0, T ], is an Itô diffusion given by

dX(t) = b(X(t))dt + σ(X(t))dW (t); X(0) = x ∈ R.

Here b : R → R and σ : R → R are given Lipschitz continuous functions of at
most linear growth, so there exists a unique strong solution X(t) = Xx(t), t ∈
[0, T ]. Then there is a useful formula for the process ϕ in the Itô representation
theorem. This formula is achieved as follows. If g is a real function such that

E[|g(Xx(t))|] < ∞,

then we define

u(t, x) := Ptg(x) := E[g(Xx(t))], t ∈ [0, T ], x ∈ R.

Suppose that there exists δ > 0 such that

|σ(x)| ≥ δ for all x ∈ R. (1.28)
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Then u(t, x) ∈ C1,2(R+ × R) and

∂u

∂t
= b(x)

∂u

∂x
+

1
2
σ2(x)

∂2u

∂x2

(this is the Kolmogorov backward equation, see, for example, [74, Volume 1,
Theorem 5.11, p. 162 and Volume 2, Theorem 13.18, p. 53], [176, Theorem
8.1] for details on this issue).

(a) Use the Itô formula for the process

Y (t) = g(t,X(t)), t ∈ [0, T ], with g(t, x) = PT−tf(x)

to show that

f(X(T )) = PT f(x) +

T∫

0

[
σ(ξ)

∂

∂ξ
PT−tf(ξ)

]
|ξ=X(t)

dW (t), (1.29)

for all f ∈ C2(R). In other words, with the notation of Problem 1.4, we
have shown that if F = f(X(T )), then

E[F ] = PT f(x) and ϕ(t) =
[
σ(ξ)

∂

∂ξ
PT−tf(ξ)

]
|ξ=X(t)

. (1.30)

(b) Use (1.30) to compute E[F ] and find ϕ in the Itô representation of the
following random variables:
(b.1) F = W 2(T )
(b.2) F = W 3(T )
(b.3) F = X(T ), where X(t), t ∈ [0, T ], is the geometric Brownian motion,

that is,

dX(t) = ρX(t)dt + αX(t)dW (t); X(0) = x ∈ R (ρ, α constants).

(c) Extend formula (1.30) to the case when X(t) ∈ R
n, t ∈ [0, T ], and f :

R
n → R. In this case, condition (1.28) must be replaced by the uniform

ellipticity condition

ηT σT (x)σ(x)η ≥ δ|η|2 for all x ∈ R
n, η ∈ R

n, (1.31)

where σT (x) denotes the transposed of the m × n-matrix σ(x).
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The Skorohod Integral

The Wiener–Itô chaos expansion is a convenient starting point for the intro-
duction of several important stochastic concepts. In this chapter we focus on
the Skorohod integral. This stochastic integral, introduced for the first time
by A. Skorohod in 1975 [216], may be regarded as an extension of the Itô in-
tegral to integrands that are not necessarily F-adapted, see also, for example,
[30, 31]. The Skorohod integral is also connected to the Malliavin derivative,
which is introduced with full detail in Chap. 3.

As for other extensions of the Itô integral closely related to the Skorohod
integral, we can mention the noncausal integral (also called Ogawa integral)
and refer to [174, 175]; see also [85].

2.1 The Skorohod Integral

Let u = u(t, ω), t ∈ [0, T ], ω ∈ Ω, be a measurable stochastic process such
that, for all t ∈ [0, T ], u(t) is a FT -measurable random variable and

E[u2(t)] < ∞.

Then, for each t ∈ [0, T ], we can apply the Wiener–Itô chaos expansion to the
random variable u(t) = u(t, ω), ω ∈ Ω, and thus there exist the symmetric
functions fn,t = fn,t(t1, . . . , tn), (t1, . . . , tn) ∈ [0, T ]n, in L̃2([0, T ]n), n =
1, 2, ..., such that

u(t) =
∞∑

n=0

In(fn,t).

Note that the functions fn,t, n = 1, 2, ..., depend on the parameter t ∈ [0, T ],
and so we can write

fn(t1, . . . , tn, tn+1) = fn(t1, . . . , tn, t) := fn,t(t1, . . . , tn)

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 19
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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and we may regard fn as a function of n + 1 variables. Since this function
is symmetric with respect to its first n variables, its symmetrization f̃n is
given by

f̃n(t1, . . . , tn+1)=
1

n + 1

[
fn(t1, . . . , tn+1)

+fn(t2, . . . , tn+1, t1)+· · ·+fn(t1, . . . , tn−1, tn+1, tn)
]
, (2.1)

see (1.5).

Example 2.1. Let us consider

f2,t(t1, t2) = f2(t1, t2, t) =
1
2
[
χ{t1<t<t2} + χ{t2<t<t1}

]
.

Then the symmetrization f̃2 of f2 is given by

f̃2(t1, t2, t3) =
1
3

[1
2
(χ{t1<t3<t2} + χ{t2<t3<t1})

+
1
2
(χ{t1<t2<t3} + χ{t3<t2<t1}) +

1
2
(χ{t3<t1<t2} + χ{t2<t1<t3})

]
,

which gives

f̃2(t1, t2, t3) =
1
6
. (2.2)

Definition 2.2. Let u(t), t ∈ [0, T ], be a measurable stochastic process
such that for all t ∈ [0, T ] the random variable u(t) is FT -measurable and
E[u2(t)] < ∞. Let its Wiener–Itô chaos expansion be

u(t) =
∞∑

n=0

In(fn,t) =
∞∑

n=0

In(fn(·, t)).

Then we define the Skorohod integral of u by

δ(u) :=

T∫

0

u(t)δW (t) :=
∞∑

n=0

In+1(f̃n) (2.3)

when convergent in L2(P ). Here f̃n, n = 1, 2, ..., are the symmetric functions
(2.1) derived from fn(·, t), n = 1, 2, .... We say that u is Skorohod integrable,
and we write u ∈ Dom(δ) if the series in (2.3) converges in L2(P ) (see also
Problem 2.2).

Remark 2.3. By (1.17) a stochastic process u belongs to Dom(δ) if and only if

E[δ(u)2] =
∞∑

n=0

(n + 1)!‖f̃n‖2
L2([0,T ]n+1) < ∞ . (2.4)
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Note that (2.4) naturally implies that

‖u‖2
L2(P×λ) := E

[ ∫ T

0

u2(t)dt
]

< ∞,

so Dom(δ) ⊆ L2(P × λ). See Problem 2.1.

Example 2.4. Let us verify that
T∫

0

W (T )δW (t) = W 2(T ) − T.

The Wiener–Itô chaos expansion of the integrand u(t) = W (T ) =
T∫
0

1 dW (s),

t ∈ [0, T ], is given by f0 = 0, f1 = 1, and fn = 0 for n ≥ 2. Hence

δ(u) = I2(f̃1) = I2(1) = 2

T∫

0

t2∫

0

1 dW (t1)dW (t2) = W 2(T ) − T.

Note that, even if the integrand does not depend on t, we have
T∫

0

W (T )δW (t) �= W (T )

T∫

0

δW (t).

This last remark illustrates that, for u ∈ Dom(δ), even if G is an FT -
measurable random variable such that Gu ∈ Dom(δ), we have in general that

T∫

0

Gu(t)δW (t) �= G

T∫

0

u(t)δW (t). (2.5)

Example 2.5. What is
T∫
0

W (t)
[
W (T ) − W (t)

]
δW (t) ? Note that

T∫

0

t2∫

0

χ{t1<t<t2}(t1, t2)dW (t1)dW (t2) =

T∫

0

W (t)χ{t<t2}(t2)dW (t2)

= W (t)
[
W (T ) − W (t)

]
.

Hence
u(t) = W (t)

[
W (T ) − W (t)

]
= I2(f2(·, t)),

where
f2,t(t1, t2) = f2(t1, t2, t) =

1
2

(
χ{t1<t<t2} + χ{t2<t<t1}

)
.

Hence by Example 2.1 we have

δ(u) = I3(f̃2) = I3(
1
6
) =

1
6
I3(1) =

1
6

[
W 3(T ) − 3T W (T )

]
.
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2.2 Some Basic Properties of the Skorohod Integral

The reader accustomed with classical analysis and Itô stochastic integration
may find (2.3) to be just a formal definition for an operator, which can hardly
be matched with the general meaning of integral. The purpose of the two
following sections is to motivate Definition 2.2, showing that the operator (2.3)
is a meaningful stochastic integral having strong links with the Itô stochastic
integral itself. In the forthcoming Chaps. 3 and 5, more will be said about the
properties of the Skorohod integral.

First of all we recognize that, just like any integral in classical analysis,
the Skorohod integral (2.3) is a linear operator:

L2(P × λ) ⊇ Dom(δ) 	 u =⇒ δ(u) ∈ L2(P ).

See Problem 2.3.
Another typical property of integrals is the additivity on adjacent intervals

of integration. This also holds for the Skorohod integral.

Proposition 2.6. For any fixed t ∈ [0, T ] and u ∈ Dom(δ) we have χ(0,t]u ∈
Dom(δ) and χ(t,T ]u ∈ Dom(δ) and

∫ t

0

u(s)δW (s)=

∫ T

0

χ(0,t](s)u(s)δW (s) and

∫ T

t

u(s)δW (s)=

∫ T

0

χ(t,T ](s)u(s)δW (s),

with ∫ T

0

u(s)δW (s) =
∫ t

0

u(s)δW (s) +
∫ T

t

u(s)δW (s).

Proof The proof, based on the Wiener-Itô chaos expansions and (2.4), is left
as an exercise. See Problem 2.4. 
�

Proposition 2.7. For any u ∈ Dom(δ) the Skorohod integral has zero expec-
tation, that is,

E
[
δ(u)

]
= 0. (2.6)

Proof This is a trivial consequence of the fact that Itô integrals and thus also
iterated Itô integrals have zero expectation. 
�

Here we address all those who associate the name of “integral” to the
operators resulting from the classical construction, which defines the integral
as some limit of certain finite sums derived from simple functions (e.g., Rieman
integral, Lebesgue integral, and Itô integral). In some sense also the Skorohod
integral can be regarded as such (see, e.g., [168]). A full characterization in
this sense can be given in the white noise framework, see Theorem 5.20 and
Corollary 5.21.
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2.3 The Skorohod Integral as an Extension
of the Itô Integral

As mentioned earlier, the Skorohod integral is an extension of the Itô integral.
More precisely, if the integrand u is F-adapted, then the two integrals coincide
as elements of L2(P ). To prove this, we need a characterization of adaptedness
with respect to F in terms of the functions fn(·, t), n = 1, 2, ..., in the chaos
expansion.

Lemma 2.8. Let u = u(t), t ∈ [0, T ], be a measurable stochastic process
such that, for all t ∈ [0, T ], the random variable u(t) is FT -measurable and
E[u2(t)] < ∞. Let

u(t) =
∞∑

n=0

In(fn(·, t))

be its Wiener-Itô chaos expansion. Then u is F-adapted if and only if

fn(t1, . . . , tn, t) = 0 if t < max
1≤i≤n

ti . (2.7)

The above equality is meant a.e. in [0, T ]n with respect to Lebesgue measure.

Proof First note that for any g ∈ L̃2([0, T ]n) we have

E[In(g)|Ft] = n!E[Jn(g)|Ft]

= n!E
[ T∫

0

tn∫

0

· · ·
t2∫

0

g(t1, . . . , tn)dW (t1) · · · dW (tn)
∣∣Ft

]

= n!

t∫

0

tn∫

0

· · ·
t2∫

0

g(t1, . . . , tn)dW (t1) · · · dW (tn)

= n!Jn(g(t1, . . . , tn) · χ{max ti<t})

= In(g(t1, . . . , tn) · χ{max ti<t}).

(2.8)

Now, u is F-adapted if and only if E[u(t)|Ft] = u(t). Namely, if and only if∑∞
n=0 In(fn(·, t)) =

∑∞
n=0 E[In(fn(·, t))|Ft] =

∑∞
n=0 In(fn(·, t) · χ{max ti<t}).

And thus if and only if fn(t1, . . . , tn, t) · χ{max ti<t} = fn(t1, . . . , tn, t) a.e. in
[0, T ]n with respect to Lebesgue measure. By uniqueness of the sequence of
deterministic functions in the Wiener-Itô chaos expansion and since the last
identity is equivalent to (2.7), the lemma is proved. 
�

Theorem 2.9. Let u = u(t), t ∈ [0, T ], be a measurable F-adapted stochastic
process such that

E
[ T∫

0

u2(t)dt
]

< ∞.
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Then u ∈ Dom(δ) and its Skorohod integral coincides with the Itô integral

T∫

0

u(t)δW (t) =

T∫

0

u(t)dW (t). (2.9)

Proof Let u(t) =
∑∞

n=0 In(fn(·, t)) be the chaos expansion of u(t). First note
that by (2.1) and Lemma 2.8 we have

f̃n(t1, . . . , tn, tn+1) =
1

n + 1
fn(t1, · · · , tj−1, tj+1, . . . , tn+1,tj),

where
j := argmax1≤i≤n+1 ti.

Hence

‖f̃n‖2
L2([0,T ]n+1) = (n + 1)!

∫

Sn+1

f̃2
n(t1, . . . , tn+1)dt1 · · · dtn+1

=
(n + 1)!
(n + 1)2

∫

Sn+1

f2
n(t1, . . . , tn+1)dt1 · · · dtn+1

=
n!

n + 1

T∫

0

t∫

0

tn∫

0

· · ·
t2∫

0

f2
n(t1, . . . , tn, t)dt1 · · · dtndt

=
n!

n + 1

T∫

0

T∫

0

tn∫

0

· · ·
t2∫

0

f2
n(t1, . . . , tn, t)dt1 · · · dtndt

=
1

n + 1

T∫

0

‖fn(·, t)‖2
L2([0,T ]n)dt,

again by using Lemma 2.8. Hence, by (1.17),

∞∑
n=0

(n + 1)!‖f̃n‖2
L2([0,T ]n+1) =

∞∑
n=0

n!

T∫

0

‖fn(·, t)‖2
L2([0,T ]n)dt

=

T∫

0

∞∑
n=0

n!‖fn(·, t)‖2
L2([0,T ]n)dt

= E
[ T∫

0

u2(t)dt
]

< ∞.
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This proves that u ∈ Dom(δ), see (2.4). Finally, we prove the relationship
(2.9):

T∫

0

u(t)dW (t) =
∞∑

n=0

T∫

0

In(fn(·, t))dW (t)

=
∞∑

n=0

T∫

0

n!
∫

0≤t1≤···≤tn≤t

fn(t1, . . . , tn, t)dW (t1) · · · dW (tn)dW (t)

=
∞∑

n=0

T∫

0

n!(n + 1)
∫

0≤t1≤···≤tn≤tn+1

f̃n(t1, . . . , tn, tn+1)dW (t1)

· · · dW (tn)dW (tn+1)

=
∞∑

n=0

(n + 1)!Jn+1(f̃n) =
∞∑

n=0

In+1(f̃n) =

T∫

0

u(t)δW (t).

By this the proof is complete. 
�

2.4 Exercises

Problem 2.1. Prove that Dom(δ) ⊆ L2(P × λ). [Hint. Use (2.4)].

Problem 2.2. Let u(t), 0 ≤ t ≤ T , be a measurable stochastic process such
that

E

[∫ T

0

u2(t)dt

]
< ∞.

Show that there exists a sequence of deterministic measurable kernels
fn(t1, ..., tn, t) on [0, T ]n+1 (n ≥ 0), with

∫
[0,T ]n+1

f2
n(t1, ..., tn, t)dt1...dtndt < ∞

such that all fn are symmetric with respect to the variables t1, ..., tn and such
that

u(t) = u(ω, t) =
∞∑

n=0

In(fn(·, t))(ω), ω ∈ Ω, t ∈ [0, T ],

with convergence in L2(P × λ). [Hint. Consider approximations of u(t), t ∈
[0, T ], in L2(P×λ) of the form

∑m
i=1 ai(ω)bi(t), m = 1, 2, ..., where ai ∈ L2(P )

and bi ∈ L2([0, T ]).]

Problem 2.3. Prove the linearity of the Skorohod integral. [Hint . See
Problem 1.2.]
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Problem 2.4. Prove Proposition 2.6.

Problem 2.5. (*) Compute the following Skorohod integrals:

(a)
T∫
0

W (t)δW (t),

(b)
T∫
0

( T∫
0

g(s)dW (s)
)
δW (t), for a given function g ∈ L2([0, T ]),

(c)
T∫
0

W 2(t0)δW (t), where t0 ∈ [0, T ] is fixed,

(d)
T∫
0

exp{W (T )}δW (t) [Hint . Use Problem 1.3.],

(e)
∫ T

0
FδW (t), where F =

∫ T

0
g(s)W (s)ds, with g ∈ L2([0, T ]) [Hint . Use

Problem 1.3].
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Malliavin Derivative via Chaos Expansion

3.1 The Malliavin Derivative

The Malliavin calculus (see [157], see also, for example, [53, 72, 159, 168,
211]) was originally created as a tool for studying the regularity of densities
of solutions of stochastic differential equations. Subsequently, partly due to
the papers [172] and [173], the significance of Malliavin calculus in finance
became clear. This triggered a tremendous interest in the subject, also among
economists. Today the range of applications has extended even further to
include numerical methods, stochastic control, and insider trading, not just
for systems driven by Brownian motion, but for systems driven by general
Lévy processes. These applications will be covered later in this book.

There are many ways of introducing the Malliavin derivative. The original
construction was given on the Wiener space Ω = C0([0, T ]) consisting of all
continuous functions ω : [0, T ] −→ R with ω(0) = 0. This construction is
outlined in Appendix A.

In this book, we mainly use an approach based on chaos expansions. We
give a presentation in this chapter. In the Brownian motion case this ap-
proach is basically equivalent to the construction of the Malliavin derivative
as a stochastic gradient on the space Ω = S ′(R). This last approach has the
advantage of being more intuitive. Moreover, it opens for a useful combina-
tion with Hida white noise calculus, which turns out to be a useful framework
for both Malliavin calculus, Skorohod integrals, and anticipative calculus in
general. We discuss this in Chap. 6.

Definition 3.1. Let F ∈ L2(P ) be FT -measurable with chaos expansion

F =
∞∑

n=0

In(fn),

where fn ∈ L̃2([0, T ]n), n = 1, 2, ....

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 27
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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(1) We say that F ∈ D1,2 if

‖F‖2
D1,2

:=
∞∑

n=1

nn!‖fn‖2
L2([0,T ]n) < ∞. (3.1)

(2) If F ∈ D1,2 we define the Malliavin derivative DtF of F at time t as the
expansion

DtF =
∞∑

n=1

nIn−1(fn(·, t)), t ∈ [0, T ], (3.2)

where In−1(fn(·, t)) is the (n−1)-fold iterated integral of fn(t1, ..., tn−1, t)
with respect to the first n − 1 variables t1, ..., tn−1 and tn = t left as
parameter.

Remark 3.2. Note that if (3.1) holds, then

‖D·F‖2
L2(P×λ) = E

[ ∫ T

0

(DtF )2dt
]

=
∞∑

n=1

∫ T

0

n2(n − 1)!‖fn(·, t)‖2
L2([0,T ]n)dt

(3.3)

=
∞∑

n=1

nn!‖fn‖2
L2([0,T ]n) = ‖F‖2

D1,2
< ∞,

so D·F = DtF , t ∈ [0, T ], is well defined as an element of L2(P × λ).

We first establish the following fundamental result.

Theorem 3.3. Closability of the Malliavin derivative. Suppose F ∈
L2(P ) and Fk ∈ D1,2, k = 1, 2, ..., such that

(1)Fk −→ F , k → ∞, in L2(P )
(2)
{
DtFk

}∞
k=1

converges in L2(P × λ).

Then F ∈ D1,2 and DtFk −→ DtF , k → ∞, in L2(P × λ).

Proof Let F =
∑∞

n=0 In(fn) and Fk =
∑∞

n=0 In(f (k)
n ), k = 1, 2, ... . Then

by (1)
f (k)

n −→ fn, k → ∞, in L2(λn)

for all n. By (2) we have
∞∑

n=1

nn!‖f (k)
n − f (j)

n ‖2
L2(λn) = ‖DtFk − DtFj‖2

L2(P×λ) −→ 0, j, k → ∞.

Hence by the Fatou lemma,

lim
k→∞

∞∑
n=1

nn!‖f (k)
n − fn‖2

L2(λn) ≤ lim
k→∞

lim
j→∞

∞∑
n=1

nn!‖f (k)
n − f (j)

n ‖2
L2(λn) = 0.

This implies that F ∈ D1,2 and

DtFk −→ DtF, k → ∞, in L2(P × λ). 
�
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3.2 Computation and Properties
of the Malliavin Derivative

In this section we proceed presenting a collection of results that constitute
the rules of calculus of the Malliavin derivatives.

3.2.1 Chain Rules for Malliavin Derivative

We proceed to prove a useful chain rule for Malliavin derivatives. First let us
consider the case when fn = f⊗n for some f ∈ L2([0, T ]), that is,

fn(t1, ..., tn) = f(t1) · · · f(tn).

Then by (1.15) we have

In(fn) = ‖f‖nhn

( θ

‖f‖
)
, (3.4)

where ‖f‖ = ‖f‖L2([0,T ]), θ =
∫ T

0
f(t)dW (t) and hn is the Hermite polynomial

of order n. Then by (3.2) we have

DtIn(fn) = nIn−1(fn(·, t))
= nIn−1(f⊗(n−1))f(t)

= n‖f‖n−1hn−1

( θ

‖f‖
)
f(t). (3.5)

A basic property of the Hermite polynomials is that

h′
n(x) = nhn−1(x). (3.6)

Combining this with (3.4) and (3.5) we get

Dthn

( θ

‖f‖
)

= h′
n

( θ

‖f‖
) f(t)
‖f‖ . (3.7)

In particular, choosing n = 1, we get

Dt

∫ T

0

f(s)dW (s) = f(t). (3.8)

Similarly, by (3.6) and induction, for n = 2, 3, ..., we have

Dt

(∫ T

0

f(s)dW (s)
)n

= n
(∫ T

0

f(s)dW (s)
)n−1

f(t). (3.9)

Let D
0
1,2 be the set of all F ∈ L2(P ) whose chaos expansion has only finitely

many terms. Then we have the following result.



30 3 Malliavin Derivative via Chaos Expansion

Theorem 3.4. Product rule for Malliavin derivative. Suppose F1, F2 ∈
D

0
1,2. Then F1, F2 ∈ D1,2 and also F1F2 ∈ D1,2 with

Dt(F1F2) = F1DtF2 + F2DtF1. (3.10)

Proof Being F1, F2 ∈ D
0
1,2, clearly F1, F2 ∈ D1,2 and, since the Gaussian

random variables have all finite moments, we also have that F1F2 ∈ L2(P ).
First of all let us consider the random variables F

(n)
k (n = 1, 2, ..., k = 1, 2) as

linear combination of iterated integrals of tensor products of functions ξi in an
orthogonal basis {ξj}∞j=1 of L2([0, T ]). Thanks to the structure of the Hermite

polynomials, the argument above together with (1.14) shows that F
(n)
1 , F

(n)
2

and F
(n)
1 F

(n)
2 are in D1,2 for all n, with

Dt(F
(n)
1 F

(n)
2 ) = F

(n)
1 DtF

(n)
2 + F

(n)
2 DtF

(n)
1 . (3.11)

We can choose the two sequences so that F
(n)
k −→ Fk in L2(P ) and

DtF
(n)
k −→ DtFk in L2(P × λ), for n → ∞ (k = 1, 2). Then, being F1F2 ∈

D
0
1,2, we have that F

(n)
1 F

(n)
2 −→ F1, F2 in L2(P ) and also {Dt(F

(n)
1 F

(n)
2 )}∞n=1

converges in L2(P × λ). Hence we can conclude by Theorem 3.3. 
�
See also Problem 3.1.

A version of the chain rule can be formulated as follows, see also [168].

Theorem 3.5. Chain rule. Let G ∈ D1,2 and g ∈ C1(R) with bounded deriv-
ative. Then g(G) ∈ D1,2 and

Dtg(G) = g′(G)DtG. (3.12)

Here g′(x) = d
dxg(x).

Proof The result can be derived as a corollary to a forthcoming general result.
See Theorem 6.3 and Corollary 6.4. 
�

Remark 3.6. Another chain rule requiring only the Lipschitz continuity of ϕ
can be found in [168, Proposition 1.2.4].

3.2.2 Malliavin Derivative and Conditional Expectation

We now present some preliminary results on conditional expectations.

Definition 3.7. Let G be a Borel set in [0, T ]. We define FG to be the com-
pleted σ-algebra generated by all random variables of the form

F =

T∫

0

χA(t)dW (t),

for all Borel sets A ⊆ G.
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Thus if G = [0, t], for any t ∈ [0, T ] fixed, we have that F[0,t] = Ft. Note that
if G1, G2 are Borel sets in [0, T ], then FG1 ∩ FG2 = FG1∩G2 .

Lemma 3.8. For any g ∈ L2([0, T ]) we have

E
[ ∫ T

0

g(t)dW (t)|FG

]
=

T∫

0

χG(t)g(t)dW (t).

Proof By definition of conditional expectation, it is sufficient to verify that
the random variable

T∫

0

χG(t)g(t)dW (t) is FG-measurable (3.13)

and that

E
[
F

T∫

0

g(t)dW (t)
]

= E
[
F

T∫

0

χG(t)g(t)dW (t)
]

(3.14)

for all bounded FG-measurable random variables F .
To prove (3.13) we may assume that g is continuous, because the continuous
functions are dense in L2([0, T ]). If g is continuous, then

T∫

0

χG(t)g(t)dW (t) = lim
∆ti→0

n∑
i=0

g(ti)

ti+1∫

ti

χG(t)dW (t),

where the limit is in L2(P ) for the vanishing mesh ∆ti of the partitions 0 =
t0 < ... < tn = T . Since each term in the sum is FG-measurable, the sum
is also FG-measurable. Then by taking a subsequence converging P -a.s. we
conclude that the limit represents an FG-measurable random variable.

To prove (3.14) we may assume F =
T∫
0

χA(t)dW (t) for some A ⊆ G. Then by

the Itô isometry we have

E
[
F

T∫

0

g(t)dW (t)
]

= E
[ T∫

0

χA(t)g(t)dt
]
,

and also

E
[
F

T∫

0

χG(t)g(t)dW (t)
]

= E
[ T∫

0

χA(t)χG(t)g(t)dt
]

= E
[ T∫

0

χA(t)g(t)dt
]
.

Then the proof can be completed by a density argument. 
�
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Lemma 3.9. Let G ⊆ [0, T ] be a Borel set and v = v(t), t ∈ [0, T ], be a
stochastic process such that

(1) for all t, v(t) is measurable with respect to Ft ∩ FG

(2) E
[ T∫

0

v2(t)dt
]

< ∞.

Then ∫
G

v(t)dW (t) is FG-measurable.

Proof By a standard approximation procedure it is sufficient to consider v to
be an elementary process of the form

v(t) =
n∑

i=1

viχ(ti,ti+1](t),

where 0 = t0 < t1 < · · · < tn = T and vi are Fti
∩ FG-measurable random

variables such that (2) is satisfied. For such v we have

∫

G

v(t)dW (t) =
n∑

i=1

vi

∫

G∩(ti,ti+1]

1 dW (t),

which is a sum of products of FG-measurable functions and hence FG-
measurable. 
�

Lemma 3.10. Let u = u(t), t ∈ [0, T ], be an F-adapted stochastic process in
L2(P × λ). Then

E
[ T∫

0

u(t)dW (t)|FG

]
=
∫

G

E[u(t)|FG]dW (t).

Proof Lemma 3.9 guarantees that
∫

G
E[u(t)|FG]dW (t) is FG-measurable.

Then it suffices to verify that

E
[
F

T∫

0

u(t)dW (t)
]

= E
[
F

∫

G

E[u(t)|FG]dW (t)
]

for all F of the form F =
∫
A

dW (t), where A ⊆ G is a Borel set. In this case

we obtain by the Itô isometry that

E
[
F

T∫

0

u(t)dW (t)
]

= E
[ T∫

0

χA(t)u(t)dt
]

=
∫

A

E[u(t)]dt
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and

E
[
F

∫

G

E[u(t)|FG]dW (t)
]

= E
[ T∫

0

χA(t)χG(t)E
[
u(t)|FG

]
dt
]

=

T∫

0

χA(t)E
[
E[u(t)|FG]

]
dt

=
∫

A

E[u(t)]dt.

A density argument completes the proof. 
�

Proposition 3.11. Let fn ∈ L̃2([0, T ]n), n = 1, 2, .... Then

E[In(fn)|FG] = In[fnχ⊗n
G ], (3.15)

where (fnχ⊗n
G )(t1, . . . , tn) = fn(t1, . . . , tn)χG(t1) · · ·χG(tn).

Proof We proceed by induction on n. For n = 1 we have

E[I1(f1)|FG] = E[

T∫

0

f1(t1)dW (t1)|FG] =

T∫

0

f1(t1)χG(t1)dW (t1) = I1

[
f1χ

⊗1
G

]

by Lemma 3.10. Assume that (3.15) holds for n = k. Then, again by
Lemma 3.10, we have

E[Ik+1(fk+1)|FG]

= (k + 1)!E
[ T∫

0

tk+1∫

0

· · ·
t2∫

0

fk+1(t1, . . . , tk+1)dW (t1) · · · dW (tk)dW (tk+1)|FG

]

= (k + 1)!

T∫

0

E
[ tk+1∫

0

· · ·
t2∫

0

fk+1(t1, . . . , tk+1)dW (t1) · · · dW (tk)|FG

]

· χG(tk+1)dW (tk+1)

= . . .= (k + 1)!

T∫

0

tk+1∫

0

· · ·
t2∫

0

fk+1(t1, . . . , tk+1)χG(t1) · · ·χG(tk+1)dW (t1) · · · dW (tk+1)

= Ik+1[fk+1χ
⊗(k+1)
G ],

and the proof is complete. 
�

Proposition 3.12. If F ∈ D1,2, then E[F |FG] ∈ D1,2 and

DtE[F |FG] = E[DtF |FG]χG(t).
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Proof First assume that F = In(fn) for some fn ∈ L̃2([0, T ]n). By
Proposition 3.11 we have

DtE[F |FG] = DtE[In(fn)|FG]
= DtIn(fnχ⊗n

G )

= nIn−1[fn(·, t)χ⊗(n−1)
G (·)χG(t)] (3.16)

= nIn−1[fn(·, t)χ⊗(n−1)
G (·)]χG(t)

= E[DtF |FG]χG(t).

Next, let F =
∑∞

n=0 In(fn) belong to D1,2. Let Fk =
∑k

n=0 In(fn). Then

Fk → F in L2(Ω) and DtFk → DtF in L2(P × λ)

as k → ∞. By (3.16) we have

DtE[Fk|FG] = E[DtFk|FG]χG(t),

for all k, and taking the limit with convergence in L2(P×λ) of this, as k → ∞,
we obtain the result. 
�

Corollary 3.13. Let u = u(s), s ∈ [0, T ], be an F-adapted stochastic process
and assume that u(s) ∈ D1,2 for all s. Then

(1)Dtu(s), s ∈ [0, T ], is F-adapted for all t;
(2)Dtu(s) = 0, for t > s.

Proof By Proposition 3.12 we have that

Dtu(s) = DtE[u(s)|Fs] = E[Dtu(s)|Fs]χ[0,s](t) = E[Dtu(s)|Fs]χ[t,T ](s),

from which (1) and (2) follow immediately. 
�

3.3 Malliavin Derivative and Skorohod Integral

3.3.1 Skorohod Integral as Adjoint Operator to the Malliavin
Derivative

The following result shows that the Malliavin derivative is the adjoint operator
of the Skorohod integral.

Theorem 3.14. Duality formula. Let F ∈ D1,2 be FT -measurable and let
u be a Skorohod integrable stochastic process. Then

E
[
F

∫ T

0

u(t)δW (t)
]

= E
[ ∫ T

0

u(t)DtFdt
]
. (3.17)
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Proof Let F =
∑∞

n=0 In(fn) and, for all t, u(t) =
∑∞

k=0 Ik(gk(·, t)) be the
chaos expansions of F and u(t), respectively. Then

E
[
F

∫ T

0

u(t)δW (t)
]

= E
[ ∞∑

n=0

In(fn)
∫ T

0

∞∑
k=0

Ik(gk(·, t))δW (t)
]

= E
[ ∞∑

n=0

In(fn)
∞∑

k=0

Ik+1(g̃k)
]

= E
[ ∞∑

k=0

Ik+1(fk+1)Ik+1(g̃k)
]

=
∞∑

k=0

(k + 1)!
∫

[0,T ]k+1
fk+1(x)g̃k(x)dx

=
∞∑

k=0

(k + 1)!
(
fk+1, g̃k

)
L2([0,T ]k+1)

,

(3.18)

where g̃k is the symmetrization of gk(x1, ..., xn, t) as a function of n + 1 vari-
ables (see (2.1)). On the other side we have

E
[ ∫ T

0

u(t)DtFdt
]
=E

[ ∫ T

0

( ∞∑
k=0

Ik(gk(·, t))
)( ∞∑

n=1

nIn−1(fn(·, t))
)
dt
]

=
∫ T

0

∞∑
k=0

E
[
(k + 1)Ik(gk(·, t))Ik(fk+1(·, t))

]
dt

=
∫ T

0

∞∑
k=0

(k + 1)k!
(
fk+1(·, t), gk(·, t)

)
L2([0,T ]k)

dt

=
∞∑

k=0

(k + 1)!
(
fk+1, gk

)
L2([0,T ]k+1)

.

(3.19)

Now

(
fk+1, g̃k

)
L2([0,T ]k+1)

=
∫ T

0

(
fk+1(·, t), g̃k(·, t)

)
L2([0,T ]k)

dt

=
1

k + 1

k+1∑
j=1

∫ T

0

(
fk+1(·, tj), gk(·, tj)

)
L2([0,T ]k)

dtj

=
∫ T

0

(
fk+1(·, t), gk(·, t)

)
L2([0,T ]k)

dt

=
(
fk+1, gk

)
L2([0,T ]k+1)

.

(3.20)

Therefore, by (3.20) combined with (3.18) and (3.19) the result follows. 
�
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3.3.2 An Integration by Parts Formula and Closability
of the Skorohod Integral

Theorem 3.15. Integration by parts. Let u(t), t ∈ [0, T ], be a Skorohod
integrable stochastic process and F ∈ D1,2 such that the product Fu(t), t ∈
[0, T ], is Skorohod integrable. Then

F

∫ T

0

u(t)δW (t) =
∫ T

0

Fu(t)δW (t) +
∫ T

0

u(t)DtFdt. (3.21)

Proof First assume that F ∈ D
0
1,2 (see Theorem 3.4). Choose G ∈ D

0
1,2. By

Theorem 3.14 and Theorem 3.4 we get

E
[
G

∫ T

0

Fu(t)δW (t)
]

= E
[ ∫ T

0

Fu(t)DtGdt
]

= E
[
GF

∫ T

0

u(t)δW (t)
]
− E

[
G

∫ T

0

u(t)DtFdt
]
.

Since the set of all G ∈ D
0
1,2 is dense in L2(P ), it follows that

F

∫ T

0

u(t)δW (t) =
∫ T

0

Fu(t)δW (t) +
∫ T

0

u(t)DtFdt P − a.s.

Then the result follows for general F ∈ D1,2 by approximating F by F (n) ∈
D

0
1,2 such that F (n) −→ F in L2(P ) and DtF

(n) −→ DtF in L2(P × λ), for
n → ∞. 
�
Remark 3.16. The arguments of the proof of Theorem 3.15 actually show that
the assumption of the Skorohod integrability of Fu can be replaced by requir-
ing the existence of the integrals

F

∫ T

0

u(t)δW (t) and
∫ T

0

u(t)DtFdt

in L2(P ).

We can now use the duality formula to prove the following important result.

Theorem 3.17. Closability of the Skorohod integral. Suppose that
un(t), t ∈ [0, T ], n = 1, 2, ..., is a sequence of Skorohod integrable stochastic
processes and that the corresponding sequence of Skorohod integrals

S(un) :=
∫ T

0

un(t)δW (t), n = 1, 2, ...

converges in L2(P ). Moreover, suppose that

lim
n→∞

un = 0 in L2(P × λ).

Then
lim

n→∞
S(un) = 0 in L2(P ).
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Proof By Theorem 3.14, we have that
(
S(un), F

)
L2(P )

=
(
un,D·F

)
L2(P×λ)

−→ 0, n → ∞,

for all F ∈ D1,2. We conclude that S(un) −→ 0 weakly in L2(P ). Since
{S(un)}∞n=0 is convergent in L2(P ), we obtain that S(un) −→ 0 in L2(P ).


�

3.3.3 A Fundamental Theorem of Calculus

The next result gives a useful connection between differentiation and Skorohod
integration.

Theorem 3.18. The fundamental theorem of calculus. Let u = u(s),
s ∈ [0, T ], be a stochastic process such that

E
[ T∫

0

u2(s)ds
]

< ∞ (3.22)

and assume that, for all s ∈ [0, T ], u(s) ∈ D1,2 and that, for all t ∈ [0, T ],
Dtu ∈ Dom(δ). Assume also that

E
[ T∫

0

(
δ(Dtu)

)2
dt
]

< ∞. (3.23)

Then
T∫
0

u(s)δW (s) ∈ D1,2 and

Dt

(∫ T

0

u(s)δW (s)
)

=

T∫

0

Dtu(s)δW (s) + u(t). (3.24)

Proof First assume that

u(s) = In(fn(·, s)),

where fn(t1, . . . , tn, s) is symmetric with respect to t1, . . . , tn. Then

T∫

0

u(s)δW (s) = In+1[f̃n],

where
f̃n(x1, . . . , xn+1) =

1
n + 1

[
fn(·, x1) + . . . + fn(·, xn+1)

]
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is the symmetrization of fn as a function of all its n + 1 variables. Hence

Dt

( T∫

0

u(s)δW (s)
)

= (n + 1)In[f̃n(·, t)], (3.25)

where

f̃n(·, t) =
1

n + 1

[
fn(t,·, x1) + . . . + fn(t, ·, xn) + fn(·, t)

]
(3.26)

(since fn is symmetric with respect to its first n variables, we may choose t to
be the first of them, in the first n terms on the right-hand side). Combining
(3.25) with (3.26) we get

Dt

( T∫

0

u(s)δW (s)
)

= In

[
fn(t, ·, x1) + . . . + fn(t, ·, xn) + fn(·, t)

]

= In

[
fn(t, ·, x1) + . . . + fn(t, ·, xn)

]
+ u(t)

(3.27)

(the integration in In is with respect to (x1, . . . , xn)). To compare this with
the right-hand side of (3.24) we consider

δ(Dtu) =

T∫

0

Dtu(s)δW (s)

=

T∫

0

nIn−1[fn(·, t, s)]δW (s)

= nIn[f̂n(·, t, ·)], (3.28)

where

f̂n(x1, . . . , xn−1, t, xn) =
1
n

[
fn(t, ·, x1) + . . . + fn(t, ·, xn)

]

is the symmetrization of fn(x1, . . . , xn−1, t, xn) with respect to x1, . . . , xn.
Then, from (3.28) we get

T∫

0

Dtu(s)δW (s) = In

[
fn(t, ·, x1) + . . . + fn(t, ·, xn)

]
. (3.29)

Comparing (3.27) and (3.29) we obtain (3.24).
Next, consider the general case when

u(s) =
∞∑

n=0

In[fn(·, s)].
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Define

um(s) =
m∑

n=0

In[fn(·, s)], m = 1, 2, . . . .

Then by the above argument we have

Dt(δ(um)) = δ(Dtum) + um(t), for all m. (3.30)

By (3.28) we see that (3.23) is equivalent to saying that

E
[ T∫

0

(δ(Dtu))2dt
]

=
∞∑

n=1

n2n!

T∫

0

‖f̂n(·, t, ·)‖2
L2([0,T ]n)dt

=
∞∑

n=1

n2n!‖f̂n‖2
L2([0,T ]n+1) < ∞, (3.31)

since Dtu ∈ Dom(δ). Hence, for m → ∞,

‖δ(Dtu) − δ(Dtum)‖2
L2(P×λ) =

∞∑
n=m+1

n2n!‖f̂n‖2
L2([0,T ]n+1) −→ 0. (3.32)

Therefore, by (3.30)

Dt(δ(um)) → δ(Dtu) + u(t), m → ∞,

in L2(P × λ). Note that

(n + 1)f̃n(·, t) = nf̂n(·, t, ·) + fn(·, t)

and hence

(n + 1)!‖f̃n‖2
L2([0,T ]n+1) ≤

2n2n!
n + 1

‖f̂n‖2
L2([0,T ]n+1) +

2n!
n + 1

‖fn‖2
L2([0,T ]n+1).

Therefore,

‖δ(u)‖2
D1,2

=
∞∑

n=0

(n + 1)(n + 1)!‖f̃n‖2
L2([0,T ]n+1)

≤
∞∑

n=0

[
2n2n!‖f̂n‖2

L2([0,T ]n+1) + 2n!‖fn‖2
L2([0,T ]n+1)

]

≤ 2‖δ(Dtu)‖2
L2(P×λ) + 2‖u‖2

L2(P×λ) < ∞,
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by (3.31) and (3.22). Then we conclude that δ(u) ∈ D1,2. By similar compu-
tations,

∥∥Dt

(∫ T

0

u(s)δW (s)
)
− Dt

(∫ T

0

um(s)δW (s)
)∥∥2

L2(P×λ)

=
∥∥ ∞∑

n=m+1

(n + 1)In(f̃n(·, t))
∥∥2

L2(P×λ)

=
∫ T

0

∞∑
n=m+1

(n + 1)2n!‖f̃n(·, t)‖2
L2([0,T ]n)dt

≤ 2
∞∑

n=m+1

[
n2n!‖f̂n‖2

L2([0,T ]n+1) + n!‖fn‖2
L2([0,T ]n+1)

]
.

(3.33)

That vanishes when m → ∞. Hence given (3.32) and (3.3.3), we obtain (3.24):

Dt(δ(u)) = δ(Dtu) + u(t),

by letting m → ∞ in (3.30). 
�

Corollary 3.19. Let u be as in Theorem 3.18 and assume in addition that
u(s), s ∈ [0, T ], is F-adapted. Then

Dt

( T∫

0

u(s)dW (s)
)

=

T∫

t

Dtu(s)dW (s) + u(t). (3.34)

Proof This is an immediate consequence of Theorem 3.18 and Corollary 3.13.

�

3.4 Exercises

Problem 3.1. Let ξ, ζ be orthonormal functions in L2([0, T ]). Using the prop-
erties of Hermite polynomials compute directly the following:

(a) I1(ξ)I2(ζ⊗2)
(b) I3(ξ⊗̂ζ⊗2)
(c) DtI3(ξ⊗̂ζ⊗2) [Hint. Use (1.14), (3.5)–(3.9)].

Using the chain rule compute:

(d) Dt(I1(ξ)I2(ζ⊗2).

Compare the results in (c) and (d).

Problem 3.2. (*) Find the Malliavin derivative DtF of the following random
variables:
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(a) F = W (T ).

(b) F =
T∫
0

s2dW (s).

(c) F =
T∫
0

t2∫
0

cos(t1 + t2)dW (t1)dW (t2).

(d) F = 3W (s0)W 2(t0) + log(1 + W 2(s0)), for given s0, t0 ∈ [0, T ].

(e) F =
T∫
0

W (t0)δW (t), for a given t0 ∈ [0, T ]. [Hint . Use Problem 2.5 (b).]

Problem 3.3. (*)

(a) Find the Malliavin derivative DtF, when

F = eG with G =

T∫

0

g(s)dW (s), g ∈ L2([0, T ]),

by using that F =
∑∞

n=0 In[fn], with

fn(t1, . . . , tn) =
1
n!

exp
{1

2
‖g‖2

L2([0,T ])

}
g(t1) . . . g(tn)

(see Problem 1.1 and Problem 1.3 (d)).
(b) Verify that the result in (a) can be expressed in terms of the chain rule:

Dte
G = eGDtG.

(c) Find the Malliavin derivative of F = eG with G = W (t0), for a given
t0 ∈ [0, T ].

Problem 3.4. Use the integration by parts formula (Theorem 3.15) to com-
pute the Skorohod integrals

∫ T

0

FδW (t),

for the random variables F given in Problem 3.2 and in Problem 3.3.

Problem 3.5. Use the integration by parts formula to compute the Skorohod
integrals in Problem 2.5.

Problem 3.6. Let u = u(t), t ∈ [0, T ], be a stochastic process such that

E
[ ∫ T

0

u2(t)dt
]

< ∞.

Suppose that there exists a constant K such that
∣∣∣E
[ ∫ T

0

DtFu(t)dt
]∣∣∣ ≤ K‖F‖L2(P ), for all F ∈ D1,2.

Show that u is Skorohod integrable.
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Integral Representations and the Clark–Ocone
Formula

In this chapter we present explicit stochastic integral representations for ran-
dom variables in terms of the Malliavin derivative. The central result is the
celebrated Clark–Ocone formula. See [46, 47, 97, 172]. We also discuss some
generalization of this formula that turns to be central in the application to
hedging in mathematical finance. Another application of the Clark–Ocone
formula appears in the sensitivity analysis. This is also presented in the last
section of this chapter.

4.1 The Clark–Ocone Formula

Theorem 4.1. The Clark–Ocone formula. Let F ∈ D1,2 be FT -
measurable. Then

F = E[F ] +

T∫

0

E[DtF |Ft]dW (t). (4.1)

Remark 4.2. This theorem gives a representation of the random variable F
in terms of Itô stochastic integrals. With respect to this, the present result
appears as a version of the Itô integral representation theorem for random
variables (see [178] and Problem 1.4). However, the achievement of this result
is deeply different from Itô’s theorem. In fact this result gives an unexpected
link between Sobolev space differential calculus and Itô calculus and it pro-
vides an explicit representation of the integrand in terms of the Malliavin
derivative. This is the core of the Clark–Ocone formula. The fact that the
integrand can be expressed in explicit terms turns out to be of fundamen-
tal importance in many fields of application. In the forthcoming sections we
discuss the applications of this formula in mathematical finance.

Before coming to the proof of this major result we would like to address
the attention to the fact that this formula can only be applied to random

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 43
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variables belonging to D1,2. Much has been done in the recent literature to
extend the applicability of this result beyond D1,2. Chap. 6 will present a
generalization of the Clark–Ocone formula to the random variables in L2(P )
in the framework of white noise analysis.

We can also refer the reader to the following closely related works in the
framework of classical stochastic analysis: [59, 60, 70]. Here, for any arbitrary
random variable in L2(P ), the integrand in the Itô integral representation the-
orem is explicitely given in terms of the nonanticipating stochastic derivative.
These results are then extended to cover integration with respect to general
martingales and random fields.

Remark 4.3. The F-adapted process ϕ = E
[
DtF |Ft

]
, t ∈ [0, T ], admits a

predictable modification. This can be shown, for example, using the arguments
suggested in Problem 2.2.

Let us now detail the proof of the Clark–Ocone formula.

Proof Write F =
∞∑

n=0
In(fn) with fn ∈ L̃2([0, T ]n), n = 1, 2, .... Then by

Proposition 3.11 and Definition 2.2

T∫

0

E[DtF |Ft]dW (t) =

T∫

0

E
[ ∞∑

n=1

nIn−1(fn(·, t))|Ft

]
dW (t)

=

T∫

0

∞∑
n=1

nE[In−1(fn(·, t))|Ft]dW (t)

=

T∫

0

∞∑
n=1

nIn−1[fn(·, t) · χ⊗(n−1)
[0,t] (·)]dW (t)

=

T∫

0

∞∑
n=1

n(n − 1)!Jn−1[fn(·, t)χ⊗(n−1)
[0,t] ]dW (t)

=
∞∑

n=1

n!Jn[fn(·)] =
∞∑

n=1

In[fn]

=
∞∑

n=0

In[fn] − I0[f0] = F − E[F ]. 
�

Corollary 4.4. Duality formula. Let F ∈ D1,2 be FT -measurable and let u
be an F-adapted process with

E
[ ∫ T

0

u2(t)dt
]

< ∞.
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Then

E
[
F

∫ T

0

u(t)dW (t)
]

= E
[ ∫ T

0

u(t)DtFdt
]
.

Proof By the Clark–Ocone theorem and the Itô isometry we have

E
[
F

∫ T

0

u(t)dW (t)
]

= E
[(

E[F ] +
∫ T

0

E[DtF |Ft]dW (t)
)∫ T

0

u(t)dW (t)
]

= E
[ ∫ T

0

u(t)E[DtF |Ft]dt
]

= E
[ ∫ T

0

u(t)DtFdt
]
. 
�

4.2 The Clark–Ocone Formula under Change
of Measure

We proceed to prove the Clark–Ocone formula under change of measure. This
formula expresses an FT -measurable random variable F as a stochastic inte-
gral with respect to a process of the form

W̃ (t) =

t∫

0

u(s)ds + W (t), 0 ≤ t ≤ T, (4.2)

where u(s), s ∈ [0, T ], is a given F-adapted stochastic process satisfying the
Novikov condition, that is,

E
[
exp

{1
2

∫ T

0

u2(s)ds
}]

< ∞.

By the Girsanov theorem (see Problem 4.1) the process W̃ (t) = W̃ (ω, t),
ω ∈ Ω, t ∈ [0, T ], is a Wiener process (with respect to the filtration F) under
the new probability measure Q defined on (Ω,FT ) by

Q(dω) = Z(T, ω)P (dω), (4.3)

where

Z(t) = exp
{
−

t∫

0

u(s)dW (s) − 1
2

t∫

0

u2(s)ds
}

, 0 ≤ t ≤ T. (4.4)

We let EQ denote the expectation with respect to Q, while EP = E de-
notes the expectation with respect to P . The following result was first proved
in [173].
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Theorem 4.5. The Clark–Ocone formula under change of measure.
Suppose F ∈ D1,2 is FT -measurable and that

EQ[|F |] < ∞ (4.5)

EQ[

T∫

0

|DtF |2dt] < ∞ (4.6)

EQ

[
|F |

T∫

0

( T∫

0

Dtu(s)dW (s) +

T∫

0

u(s)Dtu(s)ds
)2

dt
]

< ∞. (4.7)

Then

F = EQ[F ] +

T∫

0

EQ

[
(DtF − F

T∫

t

Dtu(s)dW̃ (s))
∣∣Ft

]
dW̃ (t). (4.8)

Remark 4.6. Note that we cannot obtain an integral representation with re-
spect to W̃ simply by applying the Clark–Ocone formula to our new Wiener
process W̃ (t), t ∈ [0, T ], because F is only assumed to be FT -measurable, not
F̃T -measurable, where F̃T is the σ-algebra generated by W̃ (t), t ∈ [0, T ]. In
general, in fact, we have F̃T ⊆ FT and usually F̃T �= FT .

For a generalization of this result to F ∈ L2(P ) see Theorem 6.41.
The proof of this results exploits several properties of the Malliavin deriv-

ative and the Skorohod integral presented in the previous chapter.

Lemma 4.7. The Bayes rule. Let µ and ν be two probability measures on
a measurable space (Ω,G) such that ν(dω) = f(ω)µ(dω) for some f ∈ L1(µ).
Further, let X be a random variable on (Ω,G) such that X ∈ L1(ν). Let H ⊂ G
be a σ-algebra. Then

Eν [X|H] · Eµ[f |H] = Eµ[fX|H]. (4.9)

Proof See e.g. [178, Lemma 8.6.2]. 
�

Corollary 4.8. Suppose G ∈ L1(Q). Then

EQ[G|Ft] =
E[Z(T )G|Ft]

Z(t)
. (4.10)

Lemma 4.9. Let F and u be as in Theorem 4.5 and let Q and Z be as in
(4.3) and (4.4). Then

Dt(Z(T )F ) = Z(T )
[
DtF − F

(
u(t) +

T∫

t

Dtu(s)dW̃ (s)
)]

. (4.11)
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Proof By the chain rule and Corollary 3.19, we have

DtZ(T ) = Z(T )
[
− Dt

T∫

0

u(s)dW (s) − 1
2
Dt

T∫

0

u2(s)ds
]

= Z(T )
[
−

T∫

t

Dtu(s)dW (s) − u(t) −
T∫

0

u(s)Dtu(s)ds
]

= Z(T )
[
−

T∫

t

Dtu(s)dW̃ (s) − u(t)
]
. 
�

Proof of Theorem 4.5. Suppose that (4.5)–(4.7) hold and put

Y (t) = EQ[F |Ft]

and

Λ(t) = Z−1(t) = exp
{ t∫

0

u(s)dW (s) +
1
2

t∫

0

u2(s)ds
}

.

Note that

Λ(t) = exp
{ t∫

0

u(s)dW̃ (s) − 1
2

t∫

0

u2(s)ds
}

. (4.12)

By Corollary 4.8, Theorem 4.1, and Proposition 3.12 we can write

Yt = Λ(t)E[Z(T )F |Ft]

= Λ(t)
[
E[E[Z(T )F |Ft]] +

T∫

0

E[DsE[Z(T )F |Ft]|Fs]dW (s)
]

= Λ(t)
[
E[Z(T )F ] +

t∫

0

E[Ds(Z(T )F )|Fs]dW (s)
]

=: Λ(t)U(t).

By (4.12) and the Itô formula we have

dΛ(t) = Λ(t)u(t)dW̃ (t). (4.13)

Combining (4.2), (4.13), and (4.11) we get
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dY (t) = Λ(t)E[Dt(Z(T )F )|Ft]dW (t) + Λ(t)u(t)U(t)dW̃ (t)

+ Λ(t)u(t)E[Dt(Z(T )F )|Ft]dW (t)dW̃ (t)

= Λ(t)E[Dt(Z(T )F )|Ft]dW̃ (t) + u(t)Y (t)dW̃ (t)

= Λ(t)
(
E[Z(T )DtF |Ft] − E[Z(T )Fu(t)|Ft]

− E[Z(T )F

T∫

t

Dtu(s)dW̃ (s)|Ft]
)
dW̃ (t) + u(t)Y (t)dW̃ (t).

Hence

dY (t) =
(
EQ[DtF |Ft] − EQ[Fu(t)|Ft] − EQ

[
F

T∫

t

Dtu(s)dW̃ (s)
∣∣Ft

])
dW̃ (t)

+ u(t)EQ[F |Ft]dW̃ (t)

= EQ

[
DtF − F

T∫

t

Dtu(s)dW̃ (s)
∣∣Ft

]
dW̃ (t).

Since
Y (T ) = EQ[F |FT ] = F

and
Y (0) = EQ[F |F0] = EQ[F ],

we see that Theorem 4.5 follows from (4.2). The conditions (4.5)–(4.7) are
needed to make all the above operations valid. We omit the details. 
�

4.3 Application to Finance: Portfolio Selection

We end this section by explaining how the generalized Clark–Ocone theo-
rem can be applied in portfolio analysis. Suppose we have two possibility of
investment in

(a) A risk-less asset (e.g., a bond), with price dynamics
{

dS0(t) = ρ(t)S0(t)dt,

S0(0) = 1.
(4.14)

(b) A risky asset (e.g., a stock), with price dynamics
{

dS1(t) = µ(t)S1(t)dt + σ(t)S1(t)dW (t)
S1(0) > 0.

(4.15)
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Here ρ(t) = ρ(t, ω), µ(t) = µ(t, ω), and σ(t) = σ(t, ω), ω ∈ Ω, t ∈ [0, T ], are
F-adapted processes satisfying the condition

E
[ ∫ T

0

{
|ρ(t)| + |µ(t)| + σ2(t)

}
dt
]

< ∞.

Moreover, let σ(t) �= 0, t ∈ [0, T ].
Let θ0(t) = θ0(t, ω), θ1(t) = θ1(t, ω), ω ∈ Ω, t ∈ [0, T ], denote the number

of units invested at time t in investments (a) and (b), respectively. Then the
corresponding value at time t, V θ(t) = V θ(t, ω), ω ∈ Ω, t ∈ [0, T ], of this
portfolio θ(t) := (θ0(t), θ1(t)), t ∈ [0, T ], is given by

V θ(t) = θ0(t)S0(t) + θ1(t)S1(t). (4.16)

The portfolio θ(t) is called self-financing if

dV θ(t) = θ0(t)dS0(t) + θ1(t)dS1(t). (4.17)

Assume from now on that θ(t), t ∈ [0, T ], is self-financing. Then by
substituting

θ0(t) =
V θ(t) − θ1(t)S1(t)

S0(t)
(4.18)

from (4.16) in (4.17) and using (4.14) we get

dV θ(t) = ρ(t)(V θ(t) − θ1(t)S1(t))dt + θ1(t)dS1(t).

Then by (4.15) this can be written

dV θ(t) = [ρ(t)V θ(t)+(µ(t)−ρ(t))θ1(t)S1(t)]dt + σ(t)θ1(t)S1(t)dW (t). (4.19)

Suppose now that we are required to find a portfolio θ(t), t ∈ [0, T ], which
leads to a given value

V θ(T ) = F, P − a.s. (4.20)

at a given fixed future time T , where the given F is FT -measurable. Such a
portfolio is called replicating (or hedging) portfolio. Then the following ques-
tions arise:

• What initial fortune V θ(0) is needed to achieve this, and what portfolio
θ(t), t ∈ [0, T ], should we use?

• Are V θ(0) and θ(t), t ∈ [0, T ], unique?

This type of questions appears in option pricing. For example, in the classi-
cal Black–Scholes model we can consider F given by the European call option:

F = (S1(T ) − K)+,

where K is the exercise price at maturity T . Then V θ(0) represents the price
of the option. The study of the above questions led to the celebrated Black–
Scholes formula [39]. See also Example 4.11 hereafter.
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Because of the relation (4.18) we see that we might as well consider
(V θ(t), θ1(t)), t ∈ [0, T ], to be the unknown F-adapted processes. Then (4.19)–
(4.20) constitute what is known as a backward stochastic differential equation
(BSDE), namely the final value V θ(T ) is given and one seeks the value of
(V θ(t), θ1(t)) for 0 ≤ t < T . Note that since V θ is F-adapted, we have that
V θ(0) is F0-measurable and therefore a constant. The general theory of BSDE
gives that (under reasonable conditions on F, ρ, µ, and σ) (4.19)–(4.20) has
a unique solution of F-adapted processes (V θ(t), θ1(t)), t ∈ [0, T ]. See, for
example, [186].

However, in many situations, this general theory says little about how
to find this solution explicitly. This is where the generalized Clark–Ocone
theorem enters the scene.

Define

u(t) =
µ(t) − ρ(t)

σ(t)
, t ∈ [0, T ], (4.21)

and put

W̃ = W̃ (t) =
∫ t

0

u(s)ds + W (t), t ∈ [0, T ], (4.22)

as in (4.2) (recall that the Novikov condition on u(t), t ∈ [0, T ], is assumed to
hold). Then W̃ is a Wiener process with respect to the measure Q defined by
(4.3)–(4.4). In terms of W̃ , (4.19) gets the form

dV θ(t) =
[
ρ(t)V θ(t) + (µ(t) − ρ(t))θ1(t)S1(t)

]
dt + σ(t)θ1(t)S1(t)dW̃ (t)

−σ(t)θ1(t)S1(t)σ−1(t)(µ(t) − ρ(t))dt,

that is,
dV θ(t) = ρ(t)V θ(t)dt + σ(t)θ1(t)S1(t)dW̃ (t). (4.23)

Define
Uθ(t) = e−

∫ t
0 ρ(s)dsV θ(t).

Then, substituting in (4.23), we get

dUθ(t) = e−
∫ t
0 ρ(s)dsσ(t)θ1(t)S1(t)dW̃ (t)

or

e
−
∫T
0 ρ(s)ds

V θ(T ) = V θ(0) +

T∫

0

e
−
∫ t
0 ρ(s)ds

σ(t)θ1(t)S1(t)dW̃ (t).

By the generalized Clark–Ocone theorem applied to

G := e
−
∫T
0 ρ(s)ds

F (4.24)

we get
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G = EQ[G] +

T∫

0

EQ

[
(DtG − G

T∫

t

Dtu(s)dW̃ (s))|Ft

]
dW̃ (t). (4.25)

By uniqueness we conclude from (4.24) and (4.25) that

V θ(0) = EQ[G] (4.26)

and the required risky investment at time t is

θ1(t) = e
∫ t
0 ρ(s)ds

σ−1(t)S−1
1 (t)EQ

[
(DtG − G

T∫

t

Dtu(s)dW̃ (s))|Ft

]
. (4.27)

Example 4.10. Suppose ρ(t) = ρ, µ(t) = µ, and σ(t) = σ �= 0, t ∈ [0, T ], are
constants. Then

u(t) = u =
µ − ρ

σ

is also constant and hence Dtu = 0. Therefore, by (4.27)

θ1(t) = eρ(t−T )σ−1S−1
1 (t)EQ[DtF |Ft].

For example, if the payoff function is

F = exp
{
αW (T )

}
(α �= 0 constant),

then by the chain rule (see Problem 3.3) we get

θ1(t) = eρ(t−T )σ−1S−1
1 (t)EQ

[
α exp{αW (T )}|Ft

]

= eρ(t−T )ασ−1S−1
1 (t)Z−1(t)E

[
Z(T ) exp{αW (T )}|Ft

]
. (4.28)

Note that
Z(T ) exp{αW (T )} = M(T ) exp

{1
2
(α − u)2T

}
,

where M(t) := exp{(α − u)W (t) − 1
2 (α − u)2t} is a martingale. This gives

θ1(t)= eρ(t−T )ασ−1S−1
1 (t)Z−1(t)M(t) exp

{1
2
(α − u)2T

}

= eρ(t−T )ασ−1 exp
{

(α−σ)W (t)+(
1
2
σ2+

1
2
u2−µ)t +

1
2
(α − u)2(T−t)

}
.

Example 4.11. The Black–Scholes formula. Finally, let us illustrate the
aforementioned method by using it to prove the celebrated Black–Scholes
formula [39]. As in Example 4.10 let us assume that ρ(t) = ρ, µ(t) = µ, and
σ(t) = σ �= 0, t ∈ [0, T ], are constants. Then

u =
µ − ρ

σ
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is constant and hence Dtu = 0. Hence

θ1(t) = eρ(t−T )σ−1S−1
1 (t)EQ[DtF | Ft] (4.29)

as in Example 4.10. However, in this case F represents the payoff at a fixed
time T of a European call option, which gives the owner the right to buy the
stock with value S1(T ) at a fixed exercise price K, say. Thus, if S1(T ) > K
the owner of the option gets the profit S1(T )−K, and if S1(T ) ≤ K the owner
does not exercise the option and the profit is 0. Hence in this case

F = (S1(T ) − K)+. (4.30)

Thus, we may write
F = f(S1(T )), (4.31)

where
f(x) = (x − K)+. (4.32)

The function f is not differentiable at x = K, so we cannot use the chain rule
directly to evaluate DtF from (4.31). However, we can approximate f by C1

functions fn with the property that

fn(x) = f(x) for |x − K| ≥ 1
n

and
0 ≤ f ′

n(x) ≤ 1 for all x.

Putting
Fn = fn(S1(T ))

and applying Theorem 3.3, we can see that

DtF = lim
n→∞

DtFn

= χ[K,∞](S1(T ))DtS1(T )

= χ[K,∞](S1(T ))S1(T )σ.

Hence by (4.29)

θ1(t) = eρ(t−T )S−1
1 (t)EQ

[
S1(T )χ[K,∞](S1(T ))|Ft

]
.

By the Markov property of S1(t) this is the same as

θ1(t) = eρ(t−T )S−1
1 (t)Ey

Q

[
S1(T − t)χ[K,∞](S1(T − t))

]
|y=S1(t)

,

where Ey
Q is the expectation when S1(0) = y. Since

dS1(t) = µS1(t)dt + σS1(t)dW (t)

= (µ − σu)S1(t)dt + σS1(t)dW̃ (t)

= ρS1(t)dt + σS1(t)dW̃ (t),
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we have
S1(t) = S1(0) exp

{
(ρ − 1

2
σ2)t + σW̃ (t)

}

and hence

θ1(t) = eρ(t−T )S−1
1 (t)Ey[Y (T − t)χ[K,∞](Y (T − t))]|y=S1(t), (4.33)

where
Y (t) = S1(0) exp

{
(ρ − 1

2
σ2)t + σW (t)

}
.

Since the distribution of W (t) is well-known, we can express the solution (4.33)
explicitly in terms of quantities involving S1(t) and the normal distribution
function.

In this model, θ1(t) represents the number of units we must invest in the
risky investment at times t ≤ T in order to be guaranteed to get the payoff
F = (S1(T )−K)+ (P−a.s.) at time T . The constant V θ(0) represents the cor-
responding initial fortune needed to achieve this. Thus V θ(0) is the (unique)
initial fortune, which makes it possible to establish a self-financing portfolio
with the same payoff at time T as the option gives. Hence V θ(0) deserves to
be called the right price for such an option. By (4.26) this is given by

V θ(0) = EQ[e−ρT F ] (4.34)
= e−ρT EQ[(S1(T ) − K)+]
= e−ρT E[(Y (T ) − K)+], (4.35)

which again can be expressed explicitly by the normal distribution function.

Remark 4.12. In the Markovian case, that is, when the price S1(t), t ∈ [0, T ],
is given by a stochastic differential equation of the form

dS1(t) = µ(S1(t))S1(t)dt + σ(S1(t))S1(t)dW (t),

where µ : R → R and σ : R → R are given functions, then there is a well-known
alternative method for finding the option price V θ(0) and the corresponding
replicating portfolio θ1(t), t ∈ [0, T ]. One assumes that the value process has
the form

V θ(t) = f(t, S1(t))

for some function f : R
2 → R and deduces a deterministic partial differen-

tial equation, which determines f . See Kolmogorov backward partial differen-
tial equations and the Feynman–Kac formula in, for example, [128]. See also
Sect. 4.4. Then θ1 is given by

θ1(t) =
[
∂f(t, x)

∂x

]
x=S1(t)

σ(S1(t)).

For example, this method can be applied to the cases of Example 4.10 and,
with some attention, Example 4.11. However, the method does not work in
the non-Markovian case. The method based on the Clark–Ocone formula has
the advantage that it does not depend on a Markovian setup.
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4.4 Application to Sensitivity Analysis and Computation
of the “Greeks” in Finance

In 1999, Fourniée et al. [80] found a remarkable numerically tractable method
for computing the derivatives of expectations of functions of Itô diffusions
with respect to some of the parameters involved. Their method (but not the
final results) used tools from the Malliavin calculus that we have presented.
In general we could call results of this type sensitivity results. In the setting
of mathematical finance this becomes a method for computing the so-called
“greeks.” These are quantities representing the market sensitivities of financial
derivatives to the variation of the model parameters. They are important
tools in risk management and hedging. Note that the name greeks was given
because these quantities are often denoted by Greek letters. If Vt, t ∈ [0, T ],
is the payoff process of some derivative, we have, for example, the following:

• “Delta” measures the sensitivity to changes in the initial price x of the
underlying asset: ∆ = ∂V

∂x (important for hedging purposes)
• “Gamma” measures the rate of change in the delta: Γ = ∂2V

∂x2

• “Rho” measures the sensitivity to the applicable interest rate r: ρ = ∂V
∂r

• “Theta” measures the sensitivity to the amount of time to expiration date:
Θ = −∂V

∂T

• “Vega” (indicated by ν) measures the sensitivity to volatility σ: ν = ∂V
∂σ

Remark 4.13. Though very interesting quantities to be considered, in many
cases, the greeks cannot be expressed in closed form and require numerical
methods for the computation. Qualitatively, being V computed as an expec-
tation, the greeks are basically derivatives of expectations. From [88] we see
that one of the most flexible methods is the application of Monte Carlo simu-
lation on top of a finite difference approximation of the derivatives. However,
this contains intrinsically two kinds of errors: one on the approximation of
the derivatives and the other on the numerical computation of the expecta-
tions. In particular, most of the inefficiency is revealed when dealing with
discontinuous payoffs. Other methods are in use to overcome a generally poor
convergence rate [10, 24, 27]. An efficient method was introduced starting
from [52], where it was suggested to take the differential of the payoff process
inside the expectation. Then [43] introduced the method of differentiation of
the density function, moving in this way the differentiation from the payoff
function to the density function and they introduced the so-called likelihood
ratio, for example,

∆ =
∂

∂x
E
[
ϕ(Xx(T ))

]
= E

[
ϕ(Xx(T ))

∂

∂x
log p(Xx(T ))

]
.

This method (so-called density method) is very efficient, but has, however, the
disadvantage of requiring an explicit expression of the density function.



4.4 Application to Sensitivity Analysis 55

Here we present only the study of the greek delta, which is connected
with the so-called ∆-hedging. For simplicity we only consider one-dimensional
processes. For more information we refer to [80] and [79]. See also [160].

Consider again a market model of the form

risk free asset

{
dS0(t) = ρ(t)S0(t)dt

S0(0) = 1
(4.36)

risky asset

{
dS1(t) = S1(t)

[
µ(t)dt + σ(t)dW (t)

]
S1(0) = x > 0.

(4.37)

Assume now that ρ(t) = ρ is constant and the coefficients µ and σ are Markov-
ian, that is, (with abuse of notation) µ(t) = µ(S1(t)) and σ(t) = σ(S1(t)) �= 0,
0 ≤ t ≤ T .

Suppose we want to replicate an FT -measurable Markovian payoff

F = ϕ(S1(T )),

where ϕ : R −→ R is, for convenience, considered bounded. To this end, let
us try to find a self-financing portfolio θ(t) = (θ0(t), θ1(t)), 0 ≤ t ≤ T , and
a function f(t, x), 0 ≤ t ≤ T , x > 0, such that the value process V θ(t),
0 ≤ t ≤ T , given by

V θ(t) = θ0(t)S0(t) + θ1(t)S1(t)

is of the form
V θ(t) = f(t, S1(t)), t ∈ [0, T ].

In particular, f(T, x) = ϕ(x), x > 0. By the Itô formula we have

dV (t) =
∂f

∂t
(t, S1(t))dt+

∂f

∂x
(t, S1(t))dS1(t)+

1
2

∂2f

∂x2
(t, S1(t))σ2(S1(t))S2

1(t)dt.

(4.38)
Since θ is self-financing, we have

dV θ(t) = θ0(t)S0(t)ρdt + θ1(t)dS1(t). (4.39)

Comparing (4.38) and (4.39) we get

θ0(t)S0(t)ρ + θ1(t)S1(t)µ(S1(t))

=
∂f

∂t
(t, S1(t)) +

∂f

∂x
(t, S1(t))S1(t)µ(S1(t)) +

1
2

∂2f

∂x2
(t, S1(t))σ2(S1(t))S2

1(t)

(4.40)

and
θ1(t)σ(S1(t))S1(t) =

∂f

∂x
(t, S1(t))σ(S1(t))S1(t). (4.41)
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Equation (4.41) holds if and only if

θ1(t) =
∂f

∂x
(t, S1(t)) (the “∆-hedge”). (4.42)

Substituted into (4.40), this gives

[
f(t, S1(t)) − S1(t)

∂f

∂x
(t, S1(t))

]
ρ=

∂f

∂t
(t, S1(t)) +

1

2

∂2f

∂x2
(t, S1(t))σ

2(S1(t))S
2
1(t),

that is, f(t, x) must satisfy the famous Black–Scholes equation
{

∂f
∂t (t, x) − ρf(t, x) + ρx∂f

∂x (t, x) + 1
2σ2(x)x2 ∂2f

∂x2 (t, x) = 0, t < T,

f(T, x) = ϕ(x).
(4.43)

By the Feynman–Kac formula (see, e.g., [128]) the solution of this equation is

f(t, S1(t)) = Ex[e−ρ(T−t)ϕ(X(T − t))
]
|x=S1(t)

= e−ρ(T−t)Ex[ϕ(X(T − t))
]
|x=S1(t)

,

where X(t) = Xx(t), 0 ≤ t ≤ T , is the solution of the stochastic differential
equation

dX(t) = X(t)
[
ρdt + σ(X(t))dW (t)

]
; X(0) = x > 0

(here above we have used the standard notation Ex
[
ϕ(X(T ))

]
=E
[
ϕ(Xx(T ))

]
).

Therefore, to compute the “∆-hedge” θ1(t), t ∈ [0, T ], we need to compute

∂f

∂x
(t, x) = e−ρ(T−t) ∂

∂x
Ex
[
ϕ(X(T − t))

]

= e−ρ(T−t) ∂

∂x
E
[
ϕ(Xx(T − t))

]
. (4.44)

To do this numerically may be problematic if ϕ is not smooth. Note that
in the applications ϕ may even be discontinuous, as is the case with binary
options.

However, as shown in [80], one can use Malliavin calculus to transform the
expression (4.44) into a form that is more suitable for numerical computations
(see, e.g., [16, 89]). We now present this approach.

Consider a general Itô diffusion Xx(t), t ≥ 0, given by

dXx(t) = b(Xx(t))dt + σ(Xx(t))dW (t), Xx(0) = x ∈ R,

where b : R −→ R and σ : R −→ R are given functions in C1(R) and σ(x) �= 0
for all x ∈ R.

The first variation process Y (t) := ∂
∂xXx(t), t ≥ 0, is given by

dY (t) = b′(Xx(t))Y (t)dt + σ′(Xx(t))Y (t)dW (t), Y (0) = 1,
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that is,

Y (t) = exp
{∫ t

0

[
b′(Xx(u)) − 1

2
(
σ′(Xx(u))

)2]
du +

∫ t

0

σ′(Xx(u))dW (u)
}

.

(4.45)
See [137] for a rigorous justification of (4.45). Fix T > 0 and define

g(x) := Ex
[
ϕ(X(T ))

]
= E

[
ϕ(Xx(T ))

]
.

Then we have the following result (see [80]).

Theorem 4.14. Let a(t), t ∈ [0, T ], be a continuous deterministic function
such that ∫ T

0

a(t)dt = 1.

Then

g′(x) = Ex
[
ϕ(X(T ))

∫ T

0

a(t)σ−1(X(t))Y (t)dW (t)
]
. (4.46)

The random variable

π∆ =
∫ T

0

a(t)σ−1(X(t))Y (t)dW (t)

is a so-called Malliavin weight.

Example 4.15. Suppose

dX(t) = ρX(t)dt + σ0X(t)dW (t),

with ρ and σ0 �= 0 constants. Choose

a(t) =
1
T

, t ∈ [0, T ].

Then

g′(x) = Ex

[
ϕ(X(T ))

W (T )
xσ0T

]
.

To see this, we can observe that in this case we have b(x) = ρx, σ(x) = σ0x
and hence

dY (t) = ρY (t)dt + σ0Y (t)dW (t), Y (0) = 1,

and therefore
σ−1(X(t))Y (t) = σ−1

0 x−1Y −1(t)Y (t).

The proof of Theorem 4.14 is split into two lemmata.

Lemma 4.16.

DsX(t) = Y (t)Y −1(s)σ(X(s))χ[0,t](s). (4.47)
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Proof Since

X(t) = x +
∫ t

0

b(X(u))du +
∫ t

0

σ(X(u))dW (u),

then we have, by Theorem 3.18, for t ≥ s,

Z(t) := DsX(t) =

∫ t

s

b′(X(u))DsX(u)du +

∫ t

s

σ′(X(u))DsX(u)dW (u) + σ(X(s)).

Therefore{
dZ(t) = b′(X(t))Z(t)dt + σ′(X(t))Z(t)dW (t), t ≥ s

Z(s) = σ(X(s)).

The solution of this equation is

Z(t) = σ(X(s)) exp
{∫ t

s

[
b′(X(u))−1

2

(
σ′(X(u))

)2]
du+

∫ t

s

σ′(X(u))dW (u)
}
, s ≥ t.

Comparing with (4.45) we obtain

Z(t) = σ(X(s))Y (t)Y −1(s), s ≥ t. 
�

Lemma 4.17. Let a(t), t ∈ [0, T ], be a deterministic function such that
∫ T

0

a(t)dt = 1.

Then

Y (T ) =
∫ T

0

DsX(T )a(s)σ−1(X(s))Y (s)ds. (4.48)

Proof By Lemma 4.16 we have, with t = T ,

Y (T ) = Z(T )Y (s)σ(X(s))−1, s ∈ [0, T ].

Hence

Y (T ) =
∫ T

0

Y (T )a(s)ds =
∫ T

0

DsX(T )a(s)σ−1(X(s))Y (s)ds. 
�

Proof of Theorem 4.14. First assume that ϕ is smooth with bounded deriv-
ative. Then we have

g′(x) = E
[
ϕ′(Xx(T ))

d

dx
Xx(T )

]
= E

[
ϕ′(Xx(T ))Y (T )

]

= Ex
[ ∫ T

0

ϕ′(X(T ))DsX(T )a(s)σ−1X(s))Y (s)ds
]

= Ex
[ ∫ T

0

Ds(ϕ(X(T ))a(s)σ−1X(s))Y (s)ds
]

= Ex
[
ϕ(X(T ))

∫ T

0

a(s)σ−1(X(s))Y (s)dW (s)
]
,
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where we have used Lemma 4.17, the chain rule, and Corollary 4.4. This
completes the proof when ϕ is smooth.

In the general case we approximate ϕ pointwise boundedly a.e. with respect
to Lebesgue measure on [0, T ] by smooth functions ϕm, each with bounded
derivative. Define

gm(x) = Ex
[
ϕm(X(T ))

]
.

Then by the above

g′m(x) = Ex
[
ϕm(X(T ))Λ

]
, m = 1, 2, ...,

where

Λ =
∫ T

0

a(s)σ−1(X(s))Y (s)dW (s).

Hence
lim

m→∞
g′m(x) = E

[
ϕ(X(T ))Λ

]
=: h(x)

pointwise boundedly in x. Thus

gm(x) = gm(0) +
∫ x

0

g′m(t)dt −→ gm(0) +
∫ x

0

h(t)dt.

Hence
g(x) = lim

m→∞
gm(x) = g(0) +

∫ x

0

g(t)dt,

which implies that g is differentiable and g′(x) = h(x). 
�

Remark 4.18. Theorem 4.14 is an interesting result for several reasons. Note
that, on the one side, the application of formula (4.46) does neither need
the differentiability of the payoff function nor know the density function of
the diffusion (typical of the density method, see Remark 4.13). On the other
side we need to know the diffusion. Note also that the weighting function a in
(4.46) is independent of the payoff and it is not unique. Some studies of how
to characterize and choose the weights can be found, for example, in [21].

4.5 Exercises

Problem 4.1. (*) Recall the Girsanov theorem (see, e.g., [178, Theorem
8.26]). Let Y (t) ∈ R

n be an Itô process of the form

dY (t) = β(t)dt + γ(t)dW (t), t ≤ T,

where β(t) ∈ R
n, γ(t) ∈ R

n×m, and t ∈ [0, T ], are F-adapted and W (t),
t ∈ [0, T ], is an m-dimensional Wiener process. Suppose there exist F-adapted
processes u(t) ∈ R

m and α(t) ∈ R
n, t ∈ [0, T ], such that
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γ(t)u(t) = β(t) − α(t)

and such that the Novikov condition

E
[
exp

{1
2

T∫

0

u2(s)ds
}]

< ∞

holds. Put

Z(t) = exp
{
−

t∫

0

u(s)dW (s) − 1
2

t∫

0

u2(s)ds
}

, t ≤ T,

and define a measure Q on FT by

dQ = Z(T )dP.

Then

W̃ (t) :=

t∫

0

u(s)ds + W (t), 0 ≤ t ≤ T

is a Wiener process with respect to Q, and in terms of W̃ the process Y has
the stochastic integral representation

dY (t) = α(t)dt + γ(t)dW̃ (t).

(a) Show that W̃ is an F-martingale with respect to Q. [Hint. Apply Itô for-
mula to Y (t) := Z(t)W̃ (t).]

(b) Suppose X(t) = at + W (t) ∈ R, t ≤ T , where a ∈ R is a constant. Find a
probability measure Q on FT such that X is a Wiener process with respect
to Q.

(c) Let a, b, c �= 0 be real constants and define

dY (t) = bY (t)dt + cY (t)dW (t).

Find a probability measure Q and a Wiener process W̃ with respect to Q
such that

dY (t) = aY (t)dt + cY (t)dW̃ (t).

Problem 4.2. (*) Verify the Clark–Ocone formula

F = E[F ] +

T∫

0

E[DtF |Ft]dW (t)
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for the following FT -measurable random variables F :

(a) F = W (T ),

(b) F =
T∫
0

W (s)ds,

(c) F = W 2(T ),
(d) F = W 3(T ),
(e) F = exp W (T ),
(f) F = (W (T ) + T ) exp

{
− W (T ) − 1

2T
}
.

Problem 4.3. (*) Let W̃ (t) =
t∫
0

u(s)ds + W (t) and Q be as in Exercise 4.1.

Use the generalized Clark–Ocone formula to find the F-adapted process ϕ̃,
such that

F = EQ[F ] +

T∫

0

ϕ̃(t)dW̃ (t)

in the following cases:

(a) F = W 2(T ) and u(t), t ∈ [0, T ], is deterministic.

(b) F = exp
{ T∫

0

λ(t)dW (t)
}

and the processes λ(t) and u(t), t ∈ [0, T ], are

deterministic.
(c) F is like in (b) and u(t) = W (t), t ∈ [0, T ].

Problem 4.4. (*) Suppose we have a market with two investments of type
(4.14) and (4.15). Find the initial fortune V θ(0) and the number of units
θ1(t), which must be invested at time t in the risky investment to produce the
terminal value V θ(T ) = F = W (T ) when ρ(t) = ρ > 0 is constant and the
price S1(t), t ∈ [0, T ], of the risky investment is given by:

(a) dS1(t) = µS1(t)dt + σS1(t)dW (t); µ, σ constants (σ �= 0). This is the case
of the geometric Brownian motion.

(b) dS1(t) = cdW (t); c �= 0 constant.
(c) dS1(t) = µS1(t)dt + cdW (t); µ, c constants. This is the case of the

Ornstein–Uhlenbeck process. [Hint. S1(t) = eµtS1(0) + c
T∫
0

eµ(t−s)dW (s).]
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White Noise, the Wick Product,
and Stochastic Integration

This chapter gives an introduction to the white noise analysis and its relation
to the analysis discussed in the first two chapters. This is a useful alternative
approach for several reasons. First, it allows us to represent the Malliavin
derivative as a natural directional derivative (or stochastic gradient, to be
more precise). Second, it makes it possible to obtain an extension of the Clark–
Ocone formula from D1,2 to L2(P ). Moreover, it provides a natural platform
for the Wick product, which is closely related to Skorohod integration (see
(5.28)). For example, we shall see that the Wick calculus can be used to
simplify the computation of these integrals considerably.

The Wick product was introduced by C.G. Wick in 1950 [225] as a renor-
malization technique in quantum physics. In stochastic analysis this concept,
or rather a relative of it, was introduced by Hida and Ikeda in 1967 [100]. In
1989, Meyer and Yan [164] extended the construction to cover Wick products
of stochastic distributions (Hida distributions), including the white noise.

The Wick product has turned out to be a very useful tool in stochastic
analysis in general. For example, it can be used to facilitate both the theory
and the explicit calculations in stochastic integration and stochastic differen-
tial equations.

General references for this chapter are [87, 98, 101, 102, 106, 134, 149, 150,
151, 176, 230].

5.1 White Noise Probability Space

We start with the construction of the white noise probability space. Let
S = S(Rd) be the Schwartz space of rapidly decreasing smooth C∞(Rd) real
functions on R

d. The space S = S(Rd) is a Fréchet space with respect to the
family of seminorms:

‖f‖K,α := sup
x∈Rd

{
(1 + |x|K)|∂αf(x)|

}
,

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 63
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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where K = 0, 1, ..., α = (α1, ..., αd) is a multi-index with αj = 0, 1, ... (j =
1, ..., d) and

∂αf :=
∂|α|

∂xα1
1 · · · ∂xαd

d

f

for |α| = α1 + ... + αd, see, for example, [78, 207] as general references for the
properties of these spaces.

Let S ′ = S ′(Rd) be its dual, the space of tempered distributions. Let B
denote the family of all Borel subsets of S ′(Rd) equipped with the weak*
topology. If ω ∈ S ′ and φ ∈ S we let

ω(φ) = 〈ω, φ〉 (5.1)

denote the action of ω on φ. For example, if ω is a measure m on R
d then

〈ω, φ〉 =
∫

Rd

φ(x)dm(x)

and, in particular, if this measure m is concentrated on x0 ∈ R
d, then

〈ω, φ〉 = φ(x0)

is the evaluation of φ at x0 ∈ R
d.

From now on we consider the one-dimensional case, that is, d = 1. We
fix the sample space to be Ω = S ′(R) and F = B. By the Bochner–Minlos–
Sazonov theorem (see, e.g., [86]), there exists a probability measure P on Ω
such that ∫

Ω

ei〈ω,φ〉P (dω) = e−
1
2‖φ‖2

, φ ∈ S,

where
‖φ‖2 = ‖φ‖2

L2(R) =
∫

R

|φ(x)|2dx.

The measure P is called the white noise probability measure and (Ω,F , P ) =
(S ′,B, P ) is called the white noise probability space.

Definition 5.1. The (smoothed) white noise process is the measurable map

w : S × S ′ → R

given by
w(φ, ω) = wφ(ω) = 〈ω, φ〉, φ ∈ S, ω ∈ S ′. (5.2)

From wφ we can construct a Wiener process W (t), t ∈ R, as follows:
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Step 1 The isometry
E[w2

φ] = ‖φ‖2, φ ∈ S, (5.3)

holds true where, according to our notation, the left-hand side is

E[w2
φ] =

∫

S′

〈ω, φ〉2P (dω).

Step 2 Use Step 1 to define the value 〈ω, ψ〉 for arbitrary ψ ∈ L2(R), as
〈ω, ψ〉 := lim 〈ω, φn〉, where φn ∈ S, n = 1, 2, ..., and φn →
ψ in L2(R).

Step 3 Use Step 2 to define

W̃ (t, ω) := 〈ω, χ[0,t]〉, t ∈ R,

by choosing

ψ(s) = χ[0,t](s) =
{

1 if s ∈ [0, t) (or s ∈ [t, 0), if t < 0),
0 otherwise ,

which belongs to L2(R) for all t ∈ R.

Step 4 By means of the Kolmogorov theorem (see [152]), we can prove that
W̃ (t), t ∈ R, has a continuous version W (t), t ∈ R, that is, for all t,
P
{
W̃ (t) = W (t)

}
= 1. This continuous process W (t), t ∈ R, is a

Wiener process.

Note that when the Wiener process W (t, ω), t ∈ R, ω ∈ Ω with Ω := S ′(R)
is constructed this way, then each ω is interpreted as a tempered distribution.

From the aforementioned Step 2, it follows that the smoothed white noise
wφ can be extended to all (deterministic) φ ∈ L2(R) and that the relation
between smoothed white noise wφ and the Wiener process W (t), t ∈ R, is

wφ(ω) =
∫

R

φ(t)dW (t, ω), ω ∈ Ω, φ ∈ L2(R), (5.4)

where the integral on the right-hand side is the Wiener–Itô integral (see
Problem 5.1). Note that the isometry (5.3) is then the Itô isometry.

5.2 The Wiener–Itô Chaos Expansion Revisited

As in Chap. 1 let the Hermite polynomials hn(x) be defined by

hn(x) = (−1)ne
1
2 x2 dn

dxn
(e−

1
2 x2

), n = 0, 1, 2, . . . ,
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cf. (1.13). We recall that, for example,

h0(x) = 1, h1(x) = x, h2(x) = x2 − 1, h3(x) = x3 − 3x

h4(x) = x4 − 6x2 + 3, h5(x) = x5 − 10x3 + 15x, . . . .

Let ek be the kth Hermite function defined by

ek(x) := π− 1
4 ((k − 1)!)−

1
2 e−

1
2 x2

hk−1(
√

2x), k = 1, 2, . . . . (5.5)

Then {ek}k≥1 constitutes an orthonormal basis for L2(R) and ek ∈ S(R) for
all k; see, for example, [221].

Define

θk(ω) := 〈ω, ek〉 = wek
(ω) =

∫

R

ek(x)dW (x, ω), ω ∈ Ω. (5.6)

Let J denote the set of all finite multi-indices α = (α1, α2, . . . , αm), m =
1, 2, . . ., of non-negative integers αi. If α = (α1, . . . , αm) ∈ J , α �= 0, we put

Hα(ω) :=
m∏

j=1

hαj
(θj(ω)), ω ∈ Ω. (5.7)

By a result of Itô [119] we have that

Im

(
e⊗̂α

)
=

m∏
j=1

hαj
(θj) = Hα, (5.8)

cf. (1.11). We set H0 := 1. Here and in the sequel the functions e1, e2, . . . are
defined in (5.5) and ⊗ and ⊗̂ denote the tensor product and the symmetrized
tensor product, respectively. For example, if f and g are real functions on R

then
(f ⊗ g)(x1, x2) = f(x1)g(x2)

and
(f⊗̂g)(x1, x2) =

1
2

[
f(x1)g(x2) + f(x2)g(x1)

]
.

Hereafter we let
ε(k) = (0, 0, ..., 1, 0, ..., 0), (5.9)

with 1 on kth position. Then

Hε(k)(ω) = h1(θk(ω)) = 〈ω, ek〉,

or, if α = (3, 0, 2), then

H3,0,2 = h3(θ1)h0(θ2)h2(θ3) = (θ3
1 − 3θ1)(θ2

3 − 1).
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The family {Hα}α∈J is an orthogonal basis for the Hilbert space L2(P ). In
fact, we have the following result (see [106, Theorem 2.2.4]).

Theorem 5.2. The Wiener–Itô chaos expansion theorem. The family
{Hα}α∈J constitutes an orthogonal basis of L2(P ). More precisely, for all
FT -measurable X ∈ L2(P ) there exist (uniquely determined) numbers cα ∈ R

such that
X =

∑
α∈J

cαHα ∈ L2(P ). (5.10)

Moreover, we have
‖X‖2

L2(P ) =
∑
α∈J

α!c2
α, (5.11)

where α! = α1!α2! · · ·αm! for α = (α1, α2, . . . , αm).

Example 5.3. To find the chaos expansion of the Wiener process W (t) at time
t, we proceed as follows:

W (t) =
∫

R

χ[0,t](s)dW (s)

=
∫

R

∑
k

(
χ[0,t], ek

)
L2(R)

ek(s)dW (s)

=
∑

k

(∫ t

0

ek(y)dy
)∫

R

ek(s)dW (s)

=
∑

k

(∫ t

0

ek(y)dy
)
Hε(k) .

Let us compare Theorem 5.2 with the equivalent formulation of this theo-
rem in terms of iterated Itô integrals (see Chap. 1). In fact, if ψ(t1, t2, . . . , tn)
is a real symmetric function in its n variables t1, . . . , tn and ψ ∈ L2(Rn),
that is,

‖ψ‖L2(Rn) :=
[ ∫

Rn

|ψ(t1, t2, . . . , tn)|2dt1dt2 · · · dtn

]1/2

< ∞,

then its n-tuple Itô integral is defined by

In(ψ) :=
∫

Rn

ψdW⊗n

:= n!
∫ ∞

−∞

∫ tn

−∞

∫ tn−1

−∞
· · ·
∫ t2

−∞
ψ(t1, t2, . . . , tn)dW (t1)dW (t2) · · · dW(tn),

where the integral on the right-hand side consists of n iterated Itô integrals.
Note that the integrand at each step is adapted to the filtration F. Applying
the Itô isometry n times we see that
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E
[
(
∫

Rn

ψdW⊗n)2
]

= n!‖ψ‖2
L2(Rn), n = 1, 2, ....

For n = 0 we adopt the convention that

I0(ψ) :=
∫

R0
ψdW⊗0 = ψ = ‖ψ‖L2(R0),

for ψ constant. Let L̃2(Rn) denote the set of symmetric real functions on R
n,

which are square integrable with respect to Lebesque measure (see Chap. 1).
Then we have the following result, cf. Theorem 1.10.

Theorem 5.4. The Wiener–Itô chaos expansion theorem. For all FT -
measurable X ∈ L2(P ) there exist (uniquely determined) functions fn ∈
L̃2(Rn) such that

X =
∞∑

n=0

∫

Rn

fndW⊗n =
∞∑

n=0

In(fn) ∈ L2(P ). (5.12)

Moreover, we have the isometry

‖X‖2
L2(P ) =

∞∑
n=0

n!‖fn‖2
L2(Rn). (5.13)

Remark 5.5. The connection between these two expansions in Theorem 5.2
and Theorem 5.4 is given by

fn =
∑

α∈J :|α|=n

cαe⊗α1
1 ⊗̂e⊗α2

2 ⊗̂ · · · ⊗̂e⊗αm
m , n = 0, 1, 2, . . . , (5.14)

where |α| = α1 + · · ·+αm for α = (α1, . . . , αm) ∈ J , m = 1, 2, . . .. Recall that
the functions e1, e2, . . . are defined in (5.5) and ⊗ and ⊗̂ denote the tensor
product and the symmetrized tensor product, respectively.

Note that since Hα = Im(e⊗̂α), for α ∈ J , |α| = m, we get that

m!‖e⊗̂α‖2
L2(Rm) = α! , (5.15)

by combining (5.11) and (5.13) for X = Xα.
Analogous to the test functions S(R) and the tempered distributions S ′(R)

on the real line R, there is a useful space of stochastic test functions (S) and
a space of stochastic distributions (S)∗ on the white noise probability space.
In the following we use the notation

(
2N
)α =

m∏
j=1

(2j)αj , for α = (α1, ..., αm) ∈ J . (5.16)
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Definition 5.6. (a) Let k ∈ R. We say that f =
∑

α∈J
aαHα ∈ L2(P ) belongs

to the Hida test function Hilbert space (S)k if

‖f‖2
k :=

∑
α∈J

α!a2
α(2N)αk < ∞. (5.17)

We define the Hida test function space (S) as the space

(S) =
⋂
k∈R

(S)k

equipped with the projective topology, that is, fn −→ f , n → ∞, in (S) if
and only if ‖fn − f‖k −→ 0, n → ∞, for all k.

(b) Let q ∈ R. We say that the formal sum F =
∑

α∈J
bαHα belongs to the Hida

distribution Hilbert space (S)−q if

‖F‖2
−q :=

∑
α∈J

α!c2
α(2N)−αq < ∞. (5.18)

We define the Hida distribution space (S)∗ as the space

(S)∗ =
⋃
q∈R

(S)−q

equipped with the inductive topology, that is, Fn −→ F , n → ∞, in (S)∗ if
and only if there exists q such that ‖Fn − F‖−q −→ 0, n → ∞.

(c) If F =
∑

α∈J bαHα ∈ (S)∗, we define the generalized expectation E[F ] of
F by

E
[
F
]

= b0. (5.19)

(Note that if F ∈ L2(P ), then the generalized expectation coincides with
the usual expectation, since E[Hα] = 0 for all α �= 0).

Note that (S)∗ is the dual of (S). The action of F =
∑
α

bαHα ∈ (S)∗ on

f =
∑
α

aαHα ∈ (S) is given by

〈F, f〉 =
∑
α

α!aαbα.

We have the inclusions

(S) ⊂ (S)k ⊂ L2(P ) ⊂ (S)−q ⊂ (S)∗, for all k, q.

Example 5.7. (a) The smoothed white noise wφ belongs to (S) if φ ∈ S(R). In

fact, if φ =
∞∑

j=1

cjej we have
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wφ =
∞∑

j=1

cjHε(j) , (5.20)

and so using (5.17) we can see that wφ ∈ (S) if and only if

∞∑
j=1

c2
j (2j)k < ∞

for all k, which holds because φ ∈ S(R); see, for example, [204].

(b) The singular (also pointwise) white noise
•

W (t), t ∈ R, is defined as follows:

•
W (t) :=

∑
k

ek(t)Hε(k) . (5.21)

Using (5.18) one can verify that
•

W (t) ∈ (S)∗ for all t, as follows. We have

‖
•

W (t)‖2
−q =

∞∑
k=0

e2
k(t)ε(k)!

(
(2N)ε(k))−q =

∞∑
k=0

e2
k(t)

(
2k
)−q

< ∞, q ≥ 2,

because
sup
t∈R

|ek(t)| = O
(
k−1/12

)
,

see [104]. Similarly we see that by (5.3) we get

d

dt
W (t) =

d

dt

∑
k

(∫ t

0

ek(y)dy
)
Hε(k) =

•
W (t), (5.22)

where the derivative is taken in (S)∗ (see Problem 5.2). This justifies the

name white noise for
•

W .

5.3 The Wick Product and the Hermite Transform

In addition to a canonical vector space structure, the spaces (S) and (S)∗ also
have a natural multiplication given by the Wick product.

Definition 5.8. If X =
∑
α

aαHα ∈ (S)∗, Y =
∑
β

bβHβ ∈ (S)∗ then the Wick

product X � Y of X and Y is defined by

X � Y :=
∑
α,β

aαbβHα+β =
∑

γ

(
∑

α+β=γ

aαbβ)Hγ . (5.23)
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Using (5.18) and (5.17) one can now verify the following:

X,Y ∈ (S)∗ ⇒ X � Y ∈ (S)∗. (5.24)

X,Y ∈ (S) ⇒ X � Y ∈ (S). (5.25)

See [106, Lemma 2.4.4]. Note, however, that X,Y ∈ L2(P ) �⇒ X � Y ∈ L2(P )
in general. See [106, Example 2.4.8].

Example 5.9. (1) The Wick square of the singular white noise is

(
•

W )�2(t) =
∞∑

k,m=1

ek(t)em(t)Hε(k)+ε(m) .

One can show that
(

•
W )�2(t) ∈ (S)∗, t ∈ R, (5.26)

see Problem 5.4.
(2) The Wick square of the smoothed white noise is

(wφ)�2 =
∞∑

k,m=1

ckcmHε(k)+ε(m) if φ =
∞∑

k=1

ckek ∈ L2(R).

Since

H
ε(k)+ε(m) =

{
Hε(k) · Hε(m) if k �= m

H2
ε(k) − 1 if k = m,

we see that

(wφ)�2 = w2
φ −

∞∑
k=1

c2
k = w2

φ − ‖φ‖2. (5.27)

Note, in particular, that (wφ)�2 is not positive. In fact, E[(wφ)�2] = 0 by
(5.21) and the fact that E[Hα] = 0 for α �= 0 (see Theorem 5.2).

Before proceeding forward, we list some reasons that the Wick product is
natural to use in stochastic calculus:

(a) First, note that if (at least) one of the factors X,Y is deterministic, then

X � Y = X · Y.

Therefore, the two types of products, the Wick product and the ordinary
(ω-pointwise) product, coincide in the deterministic calculus. So when one
extends a deterministic model to a stochastic model by introducing noise,
it is not obvious which interpretation to choose for the products involved.
The choice should be based on additional modeling and mathematical
considerations.

(b) The Wick product is the only product that is defined for singular white

noise
•

W. Pointwise product X · Y does not make sense in (S)∗!
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(c) The Wick product has been used for 50 years already in quantum physics
as a renormalization procedure.

(d) There is a fundamental relation between Itô/Skorohod integrals and Wick
products, given by

∫
R

Y (t)δW (t) =
∫

R

Y (t) �
•

W (t)dt (5.28)

(see [150], [23]). Here the integral on the right is interpreted as a Bochner
integral with values in (S)∗. See Theorem 5.20 later.

(e) A big class of strong solutions to stochastic differential equations can be
explicitely solved by using the Wick product. See [144].

5.3.1 Some Basic Properties of the Wick Product

We list below some useful properties of the Wick product. Some are easy to
prove, others harder. For complete proofs see [106].

For arbitrary X,Y,Z ∈ (S)∗ we have

X � Y = Y � X (commutative law), (5.29)

X � (Y � Z) = (X � Y ) � Z (associative law), (5.30)

X � (Y + Z) = (X � Y ) + (X � Z) (distributive law). (5.31)

In view of the above we can define the Wick powers

X�n = X � X � · · · � X (n times) for X ∈ (S)∗, n = 1, 2, ... .

We put X�0 = 1. Similarly, the Wick exponential of X ∈ (S)∗ is defined by

exp� X =
∞∑

n=0

1
n!

X�n, (5.32)

if convergent in (S)∗. Thus the Wick algebra obeys the same rules as the
ordinary algebra. For example,

(X + Y )�2 = X�2 + 2X � Y + Y �2 (5.33)

(no Itô formula!) and

exp�(X + Y ) = exp�(X) � exp�(Y ). (5.34)

Note, however, that combinations of ordinary products and Wick products
require caution. For example, in general we have

X · (Y � Z) �= (X · Y ) � Z .
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Note that since E[Hα] = 0 for all α �= 0, we have that if X =
∑

α∈J cαHα ∈
L2(P ), then

E[X] = c0.

From this we deduce the remarkable property of the Wick product:

E[X � Y ] = E[X] · E[Y ], (5.35)

whenever X,Y and X � Y are P -integrable. Note that it is not required that
X and Y are independent!

By induction it follows from (5.35) that

E[exp� X] = expE[X]. (5.36)

From Example 5.9 (2) we deduce that

wφ � wψ = wφ · wψ − 1
2

∫

R

φ(t)ψ(t)dt, φ, ψ ∈ L2(R) .

In particular,
W �2(t) = W 2(t) − t, t ≥ 0. (5.37)

Moreover, if suppφ ∩ suppψ = ∅, then

wφ � wψ = wφ · wψ. (5.38)

Hence if 0 ≤ t1 ≤ t2 ≤ t3 ≤ t4, then

(W (t4)−W (t3)) � (W (t2)−W (t1)) = (W (t4)−W (t3)) · (W (t2)−W (t1)).
(5.39)

More generally, it can be proved that if F is Ft-measurable and h > 0, then

F � (W (t + h) − W (t)) = F · (W (t + h) − W (t)). (5.40)

For a proof see, for example, [106, Exercise 2.22].

5.3.2 Hermite Transform and Characterization Theorem for (S)∗

There is a useful tool in white noise analysis, called Hermite transform or
the H-transform, which transforms elements X ∈ (S)∗ into deterministic
functions HX(z1, z2, ...) of complex variables zj ∈ C, j = 1, 2, ..., with val-
ues in C. This concept was introduced in [149] and relies on the expan-
sion of distributions along the basis {Hα}α∈J . The Hermite transform of
X =

∑
α cαHα ∈ (S)∗, denoted by HX or X̃, is defined by

HX(z) := X̃(z) :=
∑
α

cαzα ∈ C , (5.41)
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where z = (z1, z2, ...) ∈ C
N, that is, in the space of C-valued sequences, and

where zα = zα1
1 zα2

2 .... We have that HX(z) is absolutely convergent on the
infinite dimensional neighborhood

Kq(R) :=
{

(z1, z2, ...) ∈ C
N :
∑
α �=0

|zα|2 (2N)qα < R2
}

(5.42)

for some 0 < q ≤ R < ∞. The latter follows from the fact that
∣∣∣X̃(z)

∣∣∣ =
∑
α

|cα| |z|α

≤
(∑

α

|cα|2 α!(2N)−αq
) 1

2
(∑

α

|zα|2 (α!)−1(2N)αq
) 1

2

≤
(∑

α

|cα|2 α!(2N)−αq
) 1

2
(∑

α

|zα|2 (2N)αq
) 1

2

= ‖X‖−q

(∑
α

|zα|2 (2N)αq
) 1

2
.

Similarly, one observes that HX(z) is convergent for all z = (z1, z2, ...) ∈ C
N

c

(space of all finite sequences in C
N).

As an example, consider the Hermite transform of the singular white noise
•

W (t). Since
•

W (t) =
∑

k≥1 ek(t)Hε(k) we see that

H(
•

W (t))(z) =
∑
k≥1

ek(t)zk. (5.43)

Using the definition of the Wick product (Definition 5.8) we see that the
Hermite transform converts the Wick product into an ordinary (complex)
product, that is,

H(X � Y )(z) = H(X)(z) · H(Y )(z) (5.44)

for all z = (z1, z2, ...) ∈ C
N such that H(X)(z) and H(Y )(z) exist.

An important property of the Hermite transform H is that it can be used
to characterize distributions in (S)∗. In view of appplications to come, we
resort to the following characterization theorem for Hida distributions ([106,
Theorem 2.6.11]).

Theorem 5.10. Characterization theorem for (S)∗.
(i) Let X =

∑
α cαHα ∈ (S)∗. Then there exists some q,Mq < ∞ such that

∣∣∣X̃(z)
∣∣∣ =∑

α

|cα| |z|α ≤ Mq

(∑
α

|cα|2 (2N)αq
) 1

2
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for all z ∈ C
N

c . In particular, X̃ is a bounded (analytic) function on Kq(R)
for all R < ∞.
(ii) Consider the power series

f(z) =
∑
α

bαzα

for coefficients bα ∈ R and z = (z1, z2, ...) ∈ C
N

c . Assume that
∑
α

|bα| |z|α < ∞

for all z ∈ Kq(R) for some q < ∞ and R > 0. Further require that

sup
z∈Kq(R)

|f(z)| < ∞.

Then there exists a unique Hida distribution X such that

X̃(z) = f(z)

for all z ∈ C
N

c . Moreover, X has the representation

X =
∑
α

bαHα.

Proof The first statement is an immediate consequence of the Cauchy–
Schwartz inequality. As for the proof of (ii) the reader is referred to [106,
Theorem 2.6.11]. 
�

Remark 5.11. Using Theorem 5.10 one can show the existence of “Wick ver-
sions” of analytic functions: Let X ∈ (S)∗. Suppose that f : U −→ C is an
analytic function in the neighborhood U ⊆ C of ζ0 := E[X], that is, f has
the power series expansion

f(z) =
∑
k≥0

ak(z − ζ0)
k.

Assume that the Taylor coefficients ak are real-valued. Then the Wick version
of f applied to X, denoted by f♦(X), is the unique element Y ∈ (S)∗ such
that

Ỹ (z) = f(X̃(z))

on Kq(R) for some q < ∞ and R > 0. If we choose, for example, f(z) = exp(z),
we obtain the Wick version of the exponential function, see (5.32).

The Hermite transform also serves as a useful tool to describe the topology
of (S)∗. In particular, the convergence of sequences of Hida distributions can
be characterized as follows.
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Theorem 5.12. A sequence Xn, n ≥ 1, converges to a X in (S)∗ if and only
if there exist q,M < ∞, R > 0 such that

sup
z∈Kq(R)

∣∣∣X̃n(z)
∣∣∣ ≤ M

for all n ≥ 1 and
X̃n(z) −→ X̃(z)

as n tends to infinity for all z ∈ Kq(R).

Proof See [106, Theorem 2.8.1] 
�.

Combining Remark 5.11 and Theorem 5.12 we find that
∑n

k=0
1
k!X

♦k con-
verges in (S)∗ to the Wick version of the exponential function (5.32).

Remark 5.13. The Hermite transform is closely related to the so-called
S-transform. See [101]. In [192] a characterization of the Hida test func-
tion and distribution space in terms of the S-transform can be found.

Using Theorem 5.10, Remark 5.11, and Theorem 5.12 we can derive the
following chain rule in (S)∗; see [106].

Proposition 5.14. Wick chain rule. Assume that

X(·) : R −→ (S)∗

is continuously differentiable and let f : C −→ C be entire (i.e., analytic on
C), such that f(R) ⊆ R. Then the following chain rule

d

dt
f�(X(t)) = (f ′)�(X(t)) � d

dt
X(t)

holds true in (S)∗.

5.3.3 The Spaces G and G∗

We now introduce another pair of dual spaces, G and G∗, which is sometimes
useful, see [193, 2] and the references therein for more information.

Definition 5.15. (a) Let λ ∈ R. Then the space Gλ consists of all formal
expansions

X =
∞∑

n=0

∫

Rn

fndW⊗n (5.45)

such that

‖X‖Gλ
:=
( ∞∑

n=0

n!e2λn‖fn‖2
L2(Rn)

)1/2

< ∞. (5.46)

For each λ ∈ R, the space Gλ is a Hilbert space with inner product
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(X,Y )Gλ
=

∞∑
n=0

n!e2λn(fn, gn)L2(Rn) (5.47)

for every

X =
∞∑

n=0

∫
Rn

fndW⊗n, Y =
∞∑

n=0

∫
Rn

gndW⊗n.

Note that λ1 ≤ λ2 implies Gλ2 ⊆ Gλ1 . Define

G =
⋂
λ∈R

Gλ =
⋂
λ>0

Gλ, (5.48)

with projective limit topology.
(b) G∗ is defined to be the dual of G. Hence

G∗ =
⋃
λ∈R

Gλ =
⋃
λ<0

Gλ, (5.49)

with inductive limit topology.

Remark 5.16. Note that an element Y ∈ G∗ can be represented as a formal
sum

Y =
∞∑

n=0

∫

Rn

gndW⊗n, (5.50)

where gn ∈ L̃2(Rn) and ‖Y ‖Gλ
< ∞ for some λ ∈ R, while an X ∈ G satisfies

‖X‖Gλ
< ∞ for all λ ∈ R.

If X ∈ G and Y ∈ G∗ have the representations (5.45) and (5.50), respec-
tively, then the action of Y on X, 〈Y,X〉, is given by

〈Y,X〉 =
∞∑

n=0

n!(fn, gn)L2(Rn). (5.51)

One can show that

(S) ⊂ G ⊂ L2(P ) ⊂ G∗ ⊂ (S)∗. (5.52)

The space G∗ is not big enough to contain the singular white noise
•

W . How-
ever, in some cases, it does contain the solution of stochastic differential equa-
tions and thus allows to deduce some useful properties of the solution itself.
A test function space related to G was introduced in [202] to construct strong
solutions to stochastic differential equations with discontinuous coefficients.
We also mention that the pair (G,G∗) can be completely characterized by us-
ing Bargmann–Segal spaces and the S-transform, which is closely related to
the H-transform. See [94].
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Like (S) and (S)∗, the spaces G and G∗ are closed under Wick product
[193, Theorem 2.7]:

X1,X2 ∈ G ⇒ X1 � X2 ∈ G. (5.53)

Y1, Y2 ∈ G∗ ⇒ Y1 � Y2 ∈ G∗. (5.54)

Finally, we note that, since

Hα =
∫

Rn

e⊗̂αdW⊗n = In(e⊗̂α),

with α ∈ J , |α| = n, we get

‖Hα‖2
Gλ

= n!e2λn‖e⊗̂α‖2
L2(Rn) = α!e2λn,

by (5.15). Therefore, for F =
∑

α∈J cαHα ∈ G∗, we have

‖F‖2
Gλ

=
∑
α∈J

c2
αα!e2λ|α|, (5.55)

for some λ ∈ R.

5.3.4 The Wick Product in Terms of Iterated Itô Integrals

The definition we have given of the Wick product is based on Theorem 5.2,
because only this setting is general enough to include the singular white noise.
However, it is useful to know how the Wick product is expressed in terms of
chaos expansion for elements of L2(P ) (see Theorem 5.4) or, more generally,
for elements of G∗. Then we have the following result.

Theorem 5.17. Suppose X =
∞∑

n=0
In(fn) ∈ G∗ and Y =

∞∑
m=0

Im(gm) ∈ G∗.

Then the Wick product of X and Y can be expressed by

X � Y =
∞∑

n,m=0

In+m(fn⊗̂gm) =
∞∑

k=0

(
∑

n+m=k

Ik(fn⊗̂gm)). (5.56)

For example, integration by parts gives that for the deterministic functions
f, g ∈ L2(R), we have

( ∫

R

f(x)dW (x)
)
�
( ∫

R

g(y)dW (y)
)

=
∫

R2

(f⊗̂g)(x, y)dW⊗2

=
∫

R

y∫

−∞

(f(x)g(y) + f(y)g(x))dW (x)dW (y)

=
∫

R

g(y)

y∫

−∞

f(x)dW (x)dW (y) +
∫

R

f(y)

y∫

−∞

g(x)dW (x)dW (y)

=
( ∫

R

f(x)dW (x)
)( ∫

R

g(y)dW (y)
)
−
∫

R

f(t)g(t)dt .

(5.57)
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Note that from (5.56) we have that

(∫

R

g(t)dW (t)
)�n

= In(g⊗n), g ∈ L2(R). (5.58)

Combining this with (1.15) we get

θ�n = ‖g‖nhn(
θ

‖g‖ ), (5.59)

with θ =
∫
R

gdW . In particular,

W �n(t) = tn/2hn(
W (t)√

t
), n = 0, 1, 2, . . . . (5.60)

Moreover, combining (5.59) with the generating formula for Hermite polyno-
mials

exp
{

tx − t2

2

}
=

∞∑
n=0

tn

n!
hn(x) (5.61)

(see Exercise 1.1), we get

exp
{∫

R

g(t)dW (t) − 1
2
‖g‖2

}
=

∞∑
n=0

‖g‖n

n!
hn(

θ

‖g‖ )

=
∞∑

n=0

1
n!

θ�n = exp� θ .

Hence

exp�
{∫

R

gdW
}

= exp
{∫

R

gdW − 1
2
‖g‖2

}
, g ∈ L2(R). (5.62)

In particular,

exp�{W (t)} = exp
{

W (t) − 1
2
t
}
, t ≥ 0. (5.63)

5.3.5 Wick Products and Skorohod Integration

We now prove the fundamental relation (5.28) between Wick products and
Skorohod integration.

Definition 5.18. A function Y : R −→ (S)∗ (also called an (S)∗-valued
process) is (S)∗-integrable if

< Y (t), f >∈ L1(R), for all f ∈ (S).
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Then the (S)∗-integral of Y , denoted by
∫

R
Y (t)dt, is the (unique) element in

(S)∗ such that

<

∫
R

Y (t)dt, f >=
∫

R

< Y (t), f > dt, for all f ∈ (S). (5.64)

Remark 5.19. The fact that (5.64) does indeed define
∫

R
Y (t)dt as an element

of (S)∗ is a consequence of [101, Proposition 8.1].

Note that if Y is (S)∗-integrable, then so is Y χ(a,b], for all a, b ∈ R, and
we put ∫ b

a

Y (t)dt :=
∫

R

Y (t)χ(a,b](t)dt.

Theorem 5.20. Assume that Y (t), t ∈ R, is a Skorohod integrable stochastic

process (recall Definition 2.2). Then Y (t) �
•

W (t), t ∈ R, is integrable in (S)∗

and ∫
R

Y (t)δW (t) =
∫

R

Y (t) �
•

W (t)dt. (5.65)

Proof Recall L2(P ) ⊆ (S)∗. We may assume that, for any t, Y (t) has the
representation

Y (t) =
∑
α∈J

cα(t)Hα =
∞∑

n=0

In

(
fn(·, t)

)
.

Then the right-hand side of (5.65) can be written as∫
R

( ∑
α∈J

cα(t)Hα

)
�
(∑

k

ek(t)Hε(k)

)
dt =

∑
α,k

(cα, ek)L2(R)Hα+ε(k) . (5.66)

For the left-hand side we obtain, using (5.8) and (5.14),
∫

R

Y (t)δW (t) =
∫

R

∞∑
n=0

In

(
fn(·, t)

)
δW (t)

=
∞∑

n=0

∫
R

In

( ∑
|α|=n

cα(t)e⊗̂α
)
δW (t)

=
∞∑

n=0

∫
R

In

( ∑
|α|=n

∞∑
k=1

(cα, ek)
L2(R)

ek(t)e⊗̂α
)
δW (t)

=
∞∑

n=0

In+1

( ∑
|α|=n

∞∑
k=1

(cα, ek)
L2(R)

(
e⊗̂α⊗̂ek

))

=
∞∑

n=0

∑
|α|=n

∞∑
k=1

(cα, ek)
L2(R)

In+1

(
e⊗̂(α+ε(k))

)

=
∑
α,k

(cα, ek)
L2(R)

Hα+ε(k) .

(5.67)

Comparing (5.66) and (5.67), we get (5.65). 
�
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Corollary 5.21. If Y (t) =
∑n

i=1 ciχ(ti,ti+1](t), t ∈ R, with ci ∈ (S)∗ for
i = 1, ..., n and t1 < · · · < tn. Then we have

∫
R

Y (t) �
•

W (t)dt =
n∑

i=1

ci �
(
W (ti+1) − W (ti)

)
.

In view of the aforementioned theorem, the following terminology is
natural.

Definition 5.22. Suppose Y is an (S)∗-valued process such that∫
R

Y (t) �
•

W (t)dt ∈ (S)∗,

then we call this integral the generalized Skorohod integral of Y .

Combining the aforementioned properties with the fundamental relation
(5.28) for Skorohod integration, we get a powerful calculation technique for
stochastic integration. First of all, note that, by (5.28),

T∫

0

•
W (t)dt = W (T ) . (5.68)

(See Problem 5.3). Moreover, using (5.30) one can deduce that
T∫

0

X � Y (t) �
•

W (t)dt = X �
T∫

0

Y (t) �
•

W (t)dt, (5.69)

if X does not depend on t. Compare this with the fact that for Skorohod
integrals we generally have

T∫

0

X · Y (t)δW (t) �= X ·
T∫

0

Y (t)δW (t) , (5.70)

even if X does not depend on t.
To illustrate the use of Wick calculus, let us again consider Example 2.5:

T∫

0

W (t) [W (T ) − W (t)]δW (t) =

T∫

0

W (t) � (W (T ) − W (t)) �
•

W (t)dt

=

T∫

0

W (t) � W (T ) �
•

W (t)dt −
T∫

0

W �2(t) �
•

W (t)dt

= W (T ) �
T∫

0

W (t) �
•

W (t)dt − 1

3
W �3(T ) =

1

6
W �3(T )

=
1

6
[W 3(T ) − 3TW (T )],

where we have correspondingly used (5.39), (5.31), (5.69), and (5.60).
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We proceed to establish some useful properties of generalized Skorohod
integrals.

Lemma 5.23. Suppose f ∈ (S) and G(t) ∈ (S)−q for all t ∈ R, for some
q ∈ N. Put

q̂ = q +
1

log 2
.

Then ∫
R

| < G(t) �
•

W (t), f > |dt ≤ ‖f‖q̂

(∫
R

‖G(t)‖2
−qdt

)1/2

.

Proof Suppose G(t) =
∑

α∈J aα(t)Hα, f =
∑

β∈J bβHβ . Then

< G(t) �
•

W (t), f >= <
∑
α,k

aα(t)ek(t)Hα+ε(k) ,
∑
β∈J

bβHβ >

=
∑
α,k

aα(t)ek(t)bα+ε(k)(α + ε(k))! .

Hence
∫

R

| < G(t) �
•

W (t), f > |dt ≤
∑
α,k

|bα+ε(k) |α!(αk + 1)

∫
R

|aα(t)ek(t)|dt

≤
∑
α,k

|bα+ε(k) |α!(αk + 1)
(∫

R

a2
α(t)dt

)1/2

≤
(∑

α,k

b2
α+ε(k)(α + ε(k))!(2N)q̂(α+ε(k))

)1/2

·
(∑

α,k

(∫
R

a2
α(t)dt

)
α!(αk + 1)(2N)−q̂(α+ε(k))

)1/2

≤‖f‖q̂

(∑
α,k

(∫
R

a2
α(t)dt

)
α!(αk+1)(2k)

− αk
log 2 (2N)−qα

)1/2

≤‖f‖q̂

(∫
R

‖G(t)‖2
−qdt

)1/2

. ��

Using this result we obtain the following theorem.

Theorem 5.24. (1) Suppose G : R −→ (S)−q satisfies
∫

R

‖G(t)‖2
−qdt < ∞, for some q ∈ N.

Then ∫
R

G(t) �
•

W (t)dt exists in (S)∗.
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(2) Suppose F (t), Fn(t), n = 1, 2, ..., are elements of (S)−q for all t ∈ R and
∫

R

‖Fn(t) − F (t)‖2
−qdt −→ 0, n → ∞.

Then ∫
R

Fn(t) �
•

W (t)dt −→
∫

R

F (t) �
•

W (t)dt, n → ∞,

in the weak∗-topology on (S)∗.

Proof (1) The proof follows from Lemma 5.23 and Definition 5.18.
(2) By Lemma 5.23 we have

| <

∫
R

(
Fn(t) − F (t)

)
�

•
W (t)dt, f > | ≤

∫
R

| <
(
Fn(t) − F (t)

)
�

•
W (t), f > |dt

≤‖f‖q̂

∫
R

‖Fn(t) − F (t)‖2
−qdt −→ 0, n → ∞. ��

5.4 Exercises

Problem 5.1. Prove equation (5.4). [Hint. First consider step functions φ of
the form φ(t) =

∑
i eiχ(ai,ai+1](t), t ∈ R.]

Problem 5.2. Prove equation (5.22), that is, that

d

dt
W (t) =

•
W (t),

where the derivative exists in (S)∗.

Problem 5.3. Prove that the (S)∗-valued process
•

W is (S)∗-integrable (cf.
Definition 5.18) and that

∫ T

0

•
W (t)dt = W (T ), T > 0.

Problem 5.4. Prove (5.26), that is, that

(
•

W )�2(t) ∈ (S)∗, t ∈ R.

Problem 5.5. (*) Use the identity (5.28) and Wick calculus to compute the
following Skorohod integrals:

(a)
T∫
0

W (T )δW (t);

(b)
T∫
0

T∫
0

g(s)dW (s)δW (t), for the deterministic function g ∈ L2([0, T ]);
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(c)
T∫
0

W 2(t0)δW (t), where t0 ∈ [0, T ] is fixed;

(d)
T∫
0

exp(W (T ))δW (t).

Compare with your calculations in Problem 2.5!

Problem 5.6. Show that (S) and (S)∗ are vector spaces.

Problem 5.7. (a) Let f ∈ L2(R) be deterministic. Prove that

d

dt

∫ t

−∞
f(s)dW (s) = f(t)

•
W (t) in (S∗).

(b) Let u be a Skorohod integrable process. Prove that

d

dt

∫ t

−∞
u(s)δW (s) = u(t) �

•
W (t) in (S∗).

Problem 5.8. (a) Solve the stochastic differential equation

dX(t) = X(t)
[
µdt + σdW (t)

]
, X(0) = x > 0, (5.71)

where the parameters µ, σ, and the initial value x are constants, via the
following guidelines. First, rewrite the equation in the form

d

dt
X(t) = X(t) �

[
µ + σ

•
W (t)

]
, X(0) = x > 0, (5.72)

and regard it as an ordinary differential equation in the (S)∗-valued func-
tion X(t), t > 0. Then use the Wick calculus in (S)∗.

(b) Equation (5.72) also makes sense if the initial value X(0) is not constant,
but a given element in (S)∗ (e.g., X(0) ∈ L2(P )). What would the solution
of (5.72) be in this case?

Problem 5.9. (a) Proceed as in Problem 5.8, but this time with the stochas-
tic differential equation

dX(t) = αdt + βX(t)dW (t), X(0) = x ∈ R,

which can be written as the following differential equation in (S)∗:

dX(t)
dt

= α + βX(t) �
•

W (t), X(0) = x ∈ R.

(b) What can be said about the solution if we only know that X(0) ∈ (S)∗?
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The Hida–Malliavin Derivative
on the Space Ω = S ′(R)

6.1 A New Definition of the Stochastic Gradient
and a Generalized Chain Rule

In Chap. 3 we have introduced the Malliavin derivative in terms of chaos ex-
pansions. However, the original definition was tailored for the Wiener space
where the derivative is given as a differential operator. See Appendix. Al-
though the Wiener space is a natural space to work on when dealing with
the Brownian motion, this original approach has the disadvantage that the
directional derivative in the direction γ = γ(t), t ∈ [0, T ], where

γ(t) =
∫ t

0

g(s)ds, g ∈ L2([0, T ]),

is represented by a gradient with respect to g, cf. (A.12) and (A.13).
If, however, we follow the suggestion of Hida [98] and work on the space

Ω = S ′(R) instead (as in Chap. 5), then we obtain a complete agreement
between the directional derivative and the corresponding stochastic gradient
(or the Hida–Malliavin derivative). We now explain this in more detail.

From now on we assume that the Brownian motion W (t), t ∈ R, is con-
structed on the space (Ω,B, P ) with Ω = S ′(R) as in Chap. 5.

Definition 6.1. (1) Let F ∈ L2(P ) and let γ ∈ L2(R) be deterministic. Then
the directional derivative of F in (S)∗ (respectively, in L2(P )) in the
direction γ is defined by

DγF (ω) = lim
ε→0

1
ε

[
F (ω + εγ) − F (ω)

]
(6.1)

whenever the limit exists in (S)∗ (respectively, in L2(P )).
(2) Suppose there exists a function ψ : R −→ (S)∗ (respectively, ψ : R −→

L2(P )) such that

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 85
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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∫
R

ψ(t)γ(t)dt converges in (S)∗ (respectively, in L2(P )) and

DγF =
∫

R

ψ(t)γ(t)dt, for all γ ∈ L2(R), (6.2)

then we say that F is Hida–Malliavin differentiable in (S)∗ (respectively,
in L2(P )) and we write

ψ(t) = DtF, t ∈ R.

We call DtF the Hida–Malliavin derivative in (S)∗ (respectively, in
L2(P )) or the stochastic gradient of F at t.

When it is clear from the context if DtF is a Malliavin derivative in (S)∗ or
in L2(P ), we will not write further specifications than “Malliavin derivative”
and “Malliavin differentiable.”

Example 6.2. (1) Suppose F (ω) =< ω, f >=
∫

R
f(t)dW (t), f ∈ L2(R). Then

DγF =
1
ε

[
< ω + εγ, f > − < ω, f >

]
=< γ, f >=

∫
R

f(t)γ(t)dt.

Therefore, F is Hida–Malliavin differentiable and

Dt

(∫
R

f(t)dW (t)
)

= f(t), t − a.a.

(2) Let F ∈ L2(P ) be Hida–Malliavin differentiable in L2(P ) for a.a. t. Sup-
pose that ϕ ∈ C1(R) and ϕ′(F )DtF ∈ L2(P × λ). Then if γ ∈ L2(R) we
have

Dγ

(
ϕ(F )

)
= lim

ε→0

1
ε

[
ϕ(F (ω + εγ)) − ϕ(F (ω))

]

= lim
ε→0

1
ε

[
ϕ(F (ω) + εDγF ) − ϕ(F (ω))

]

=
1
ε
ϕ′(F (ω))εDγF = ϕ′(F )DγF

=
∫

R

ϕ′(F )DtFγ(t)dt.

This proves that ϕ(F ) is also Hida–Malliavin differentiable and we have
the chain rule

Dt

(
ϕ(F )

)
= ϕ′(F )DtF, (6.3)

see also Lemma A.12.

More generally, the same proof gives the following extension of Theorem 3.4
and justifies Theorem 3.5.
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Theorem 6.3. Chain rule. Let F1, ..., Fm ∈ L2(P ) be Hida–Malliavin dif-
ferentiable in L2(P ). Suppose that ϕ ∈ C1(Rm), DtFi ∈ L2(P ), for all t ∈ R,
and ∂ϕ

∂xi
(F )D·Fi ∈ L2(P × λ) for i = 1, ...,m, where F = (F1, ..., Fm). Then

ϕ(F ) is Hida–Malliavin differentiable and

Dtϕ(F ) =
m∑

i=1

∂ϕ

∂xi
(F )DtFi. (6.4)

It follows from the above that if hn(x), x ∈ R, is the Hermite polynomial
of order n and f ∈ L2(R), then

Dt

(
hn(< ω, f >)

)
= nhn−1

(
< ω, f >

)
f(t).

Therefore, we obtain that if fn ∈ L̃2(Rn) then

Dt

(
In(fn)

)
= nIn−1

(
fn(·, t)

)
. (6.5)

We conclude that the Hida–Malliavin derivative defined above coincides
with the Malliavin derivative defined in Chap. 3 on the space D1,2. See also
Appendix. To simplify the terminology, we also use the term Malliavin deriv-
ative in this setting.

Corollary 6.4. Let F = (F1, ..., Fm) with Fi ∈ D1,2 for all i = 1, ...,m. Let
ϕ ∈ C1(Rm), with

∣∣ ∂ϕ
∂xi

∣∣ bounded for all i = 1, ...,m. Then ϕ(F ) ∈ D1,2 and

Dtϕ(F ) =
m∑

i=1

∂ϕ

∂xi
(F )DtFi. (6.6)

It is useful to note how the Malliavin derivative can be expressed in terms
of the Wiener–Itô chaos expansion (see Theorem 5.2). To this aim observe
that from (5.7) and the chain rule (6.3) we have

DtHα =
m∑

k=1

∏
j �=k

hαj
(θj)αkhαk−1(θk)ek(t) =

m∑
k=1

αkek(t)Hα−ε(k) . (6.7)

More generally, we have the following definition.

Definition 6.5. If F =
∑

α∈J cαHα ∈ (S)∗, we define DtF as the Malliavin
derivative of F at t in (S)∗ the following expansion:

DtF =
∑
α∈J

∞∑
k=1

cααkek(t)Hα−ε(k) (6.8)

whenever this sum converges in (S)∗. We denote Dom(Dt) the set of all F ∈
(S)∗ for which the above series converges in (S)∗.
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Remark 6.6. Note that L2(P ) ⊆ Dom(Dt) ⊆ (S)∗. See Problem 6.1.

Lemma 6.7. Suppose F ∈ Dom(Dt) for a.a. t and q ∈ N. Then

(1) ∫
R

‖DtF‖2
−q̂dt ≤ ‖F‖2

−q, q̂ ≥ 2q +
1

log 2
.

(2) Suppose FN ∈ Dom(Dt) for a.a. t and for all N = 1, 2, .... Suppose
FN −→ F , N → ∞, in (S)∗. Then there exists a subsequence FNk

,
k = 1, 2, ..., such that

DtFNk
−→ DtF, k → ∞, in (S∗), for a.a. t ∈ R.

Proof (1) Suppose F =
∑

α∈J cαHα. Then by (6.8) we have

DtF =
∑
α∈J

∞∑
k=1

cααkek(t)Hα−ε(k) =
∑
β∈J

∞∑
k=1

cβ+ε(k)(βk + 1)ek(t)Hβ =
∑
β∈J

gβ(t)Hβ ,

where

gβ(t) =
∞∑

k=1

cβ+ε(k)(βk + 1)ek(t).

Since F ∈ (S)∗, there exists q ∈ N such that

‖F‖2
−q :=

∑
α∈J

c2
αα!(2N)−qα < ∞.

Note that
∫

R

g2
β(t)dt =

∫
R

( ∞∑
k=1

cβ+ε(k)(βk + 1)ek(t)
)2

dt =
∞∑

k=1

c2
β+ε(k)(βk + 1)2.

Therefore, using (x + 1)xe−x ≤ 1 for all x ≥ 0, we get
∫

R

‖DtF‖2
−q̂dt =

∫
R

∑
β∈J

g2
β(t)β!(2N)−q̂βdt

=
∑
β∈J

∞∑
k=1

c2
β+ε(k)(βk + 1)2β!(2N)−q̂β

=
∑
β∈J

∞∑
k=1

c2
β+ε(k)(βk + ε(k))!βk(βk + 1)(2k)−

βk
log 2 (2N)−2qβk

≤
∑
β∈J

∞∑
k=1

c2
β+ε(k)(βk + ε(k))!(2N)−q(β+ε(k))

≤
∑
α∈J

c2
αα!(2N)−qα = ‖F‖2

−q,

which gives (1).
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(2) For the given F and FN , N = 1, 2, ..., we have
∫

R

‖Dt(FN − F )‖2
−q̂dt ≤ ‖FN − F‖2

−q −→ 0, N → ∞,

by (1), if q ∈ N is large enough. Hence there exists a subsequence FNk
,

k = 1, 2, ..., such that

‖Dt(FNk
− F )‖2

−q −→ 0, k → ∞, for a.a. t ∈ R. 
�

6.2 Calculus of the Hida–Malliavin Derivative
and Skorohod Integral

6.2.1 Wick Product vs. Ordinary Product

The Malliavin derivative can be used to obtain an explicit relation beween the
Wick product and the ordinary product in the case when one of the factors is
a first order chaos element. In fact the following result holds true.

Theorem 6.8. Suppose g ∈ L2(R) and F ∈ D1,2. Then

F �
∫

R

g(t)dW (t) = F

∫
R

g(t)dW (t) −
∫

R

g(t)DtFdt. (6.9)

Proof To ease the notation, let ‖ · ‖ = ‖ · ‖L2(R) and (·, ·) = (·, ·)L2(R). For
y ∈ R we define (5.62),

Gy := exp�
{

y

∫
R

g(t)dW (t)
}

= exp
{

y

∫
R

g(t)dW (t) − 1
2
y2‖g‖2

}
.

Choose F = exp� { ∫
R

f(t)dW (t)
}

= exp
{ ∫

R
f(t)dW (t)− 1

2‖f‖2
}
, where f ∈

L2(R). Then

F � Gy = exp�
{∫

R

f(t)dW (t)
}
� exp�

{
y

∫
R

g(t)dW (t)
}

= exp�
{∫

R

[
f(t) + yg(t)

]
dW (t)

}

= exp
{∫

R

[
f(t) + yg(t)

]
dW (t) − 1

2
‖f + yg‖2

}

= exp�
{∫

R

f(t)dW (t)
}

exp�
{∫

R

yg(t)dW (t)
}

exp
{
− y(f, g)

}

= F Gy exp
{
− y(f, g)

}
.
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Now differentiating with respect to y, we get

d

dy

(
F � Gy

)
= F �

(
Gy �

∫
R

g(t)dW (t)
)

(6.10)

and
d

dy

(
F Gy exp

{
− y(f, g)

})

= F Gy

[ ∫
R

g(t)dW (t) exp
{
− y(f, g)

}
− (f, g) exp

{
− y(f, g)

}]
.

(6.11)

Comparing (6.10) and (6.11) we get

F �
(
Gy �

∫
R

g(t)dW (t)
)

= F Gy exp
{
− y(f, g)

}[ ∫
R

g(t)dW (t) − (f, g)
]
.

In particular, putting y = 0 we get

F �
∫

R

g(t)dW (t) = F

∫
R

g(t)dW (t) − F

∫
R

f(t)g(t)dt

= F

∫
R

g(t)dW (t) −
∫

R

g(t)DtFdt.

This proves the result if F = exp� { ∫
R

f(t)dW (t)
}

for some f ∈ L2(R). Since
linear combinations of such F ’s are dense in D1,2, the result follows by an
approximation argument. 
�
Example 6.9. Choose F =

∫
R

f(t)dW (t) with f ∈ L2(R). Then (6.9) gives
(∫

R

f(t)dW (t)
)
�
(∫

R

g(t)dW (t)
)

=
(∫

R

f(t)dW (t)
)(∫

R

g(t)dW (t)
)

−
∫

R

f(t)g(t)dt, (6.12)

which is in agreement with (5.57).

Remark 6.10. A general formula for the relation between Wick products and
ordinary products can be found in [108].

6.2.2 Closability of the Hida–Malliavin Derivative

We now apply Theorem 6.8 to obtain the following useful result (see also
Lemma A.15).

Theorem 6.11. Integration by parts. Let G,X ∈ D1,2 and γ ∈ L2(R).
Then

E
[
XDγG

]
= E

[
XG < ω, γ >

]
− E

[
G

∫
R

γ(t)DtXdt
]

(6.13)

where, as before, < ω, γ >=
∫

R
γ(t)dW (t).
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Proof By the Girsanov theorem in [106, Corollary 2.10.4 (b)], we have

E
[
XG(ω + εγ)

]
= E

[
G(ω) ·

(
exp�{< ω, εγ >} � X

)]

for all ε > 0. Hence, by Theorem 6.8,

E
[
XDγG

]
= E

[
X lim

ε→0

G(ω + εγ) − G(ω)
ε

]

= E
[

lim
ε→0

1
ε
G(ω)

((
exp�{< ω, εγ >} − 1

)
� X

)]

= E
[
G(ω)

(
< ω, γ > �X

)]

= E
[
G
(

< ω, γ > X −
∫

R

γ(t)DtXdt
)]

= E
[
GX < ω, γ >

]
− E

[
G

∫
R

γ(t)DtXdt
]
. 
�

From this we obtain the following important result.

Theorem 6.12. Closability of the Hida–Malliavin derivative. Suppose
G,GN ∈ D1,2 for N = 1, 2, ... and that limN→∞ GN = G in L2(P ) and that
the sequence DGN , N = 1, 2, ... converges in L2(P × λ) to some limit. Then
limN→∞ DGN = DG in L2(P × λ).

Proof We may assume that G = 0. For all X ∈ D1,2 and all N we have

E
[
XDγGN

]
= E

[
XGN < ω, γ >

]
− E

[
GN

∫
R

γ(t)DtXdt
]
,

by Theorem 6.11. Hence,

E
[
X

∫
R

DtGNγ(t)dt
]

= E
[
XDγGN

]
−→ 0, N → ∞.

Since this holds for all X ∈ D1,2 and all γ ∈ L2(R), we conclude that

lim
N→∞

DGN = 0 weakly in L2(P × λ).

By assumption the sequence DGN , N = 1, 2, ..., converges (strongly) in
L2(P × λ). Hence, limN→∞ DGN = 0 (strongly) in L2(P × λ). 
�

6.2.3 Wick Chain Rule

We now apply this to obtain some versions of the Wick chain rule for Malliavin
derivatives.



92 6 The Hida–Malliavin Derivative on the Space Ω = S ′(R)

Theorem 6.13. Wick chain rule.

(1) Let F,G ∈ D1,2 and F � G ∈ D1,2. Then

Dt(F � G) = F � DtG + DtF � G, t ∈ R.

(2) Let F ∈ D1,2 and F �n ∈ D1,2. Then

Dt(F �n) = nF �(n−1) � DtF (n = 1, 2, ...).

(3) Let F ∈ D1,2 be Malliavin differentiable and assume that

exp� F =
∞∑

n=0

1
n!

F �n ∈ D1,2.

Then
Dt exp� F = exp� F � DtF.

Proof (1) By Theorem 6.12, it suffices to prove this in the case when

F = exp�(< ω, f >) = exp(< ω, f > −1
2
‖f‖2

L2(R))

and
G = exp�(< ω, g >) = exp(< ω, g > −1

2
‖g‖2

L2(R)),

where f, g ∈ L2(R) are deterministic, <ω, f> =
∫

R
f(s)dW (s), and <ω, g> =∫

R
g(s)dW (s). In this case we have, by Theorem 6.3,

Dt

(
F � G

)
= Dt

(
exp�(< ω, f >) � exp�(< ω, g >)

)

= Dt exp�(< ω, f + g >)=Dt

(
exp

{
< ω, f+g> −1

2
‖f + g‖2

L2(R)

})

= exp
{

< ω, f + g > −1
2
‖f + g‖2

L2(R)

}(
f(t) + g(t)

)
= exp� (<ω, f + g>

)(
f(t) + g(t)

)
.

On the other hand, again by Theorem 6.3,

DtF � G + F � DtG = Dt

(
exp

{
< ω, f > −1

2
‖f‖2

L2(R)

})
� G

+ F � Dt

(
exp

{
< ω, g > −1

2
‖g‖2

L2(R)

})

= exp
{

< ω, f > −1
2
‖f‖2

L2(R)

}
f(t) � G

+ F � exp
{

< ω, g > −1
2
‖g‖2

L2(R)

}
g(t)

= (F � G)(f(t) + g(t))
= exp�(< ω, f + g >)(f(t) + g(t)).

This ends the proof of (1).
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(2) This part of the proof is left as an exercise, see Problem 6.2.
(3) By (2) we have

Dt

( N∑
n=0

1
n!

F �n
)

=
N−1∑
n=1

1
(n − 1)!

F �(n−1) �DtF −→ exp� F �DtF, N → ∞.

So if we put

HN =
N∑

n=0

1
n!

F �n, H =
∞∑

n=0

1
n!

F �n,

then
lim

N→∞
HN = H in L2(P )

and
lim

N→∞
DHN = exp� G � DF in L2(P × λ).

Hence DtH = exp� G � DtF , by Theorem 6.12. 
�

Example 6.14. Consider F = In(f) and G = Im(g), with f ∈ L̃2([0, T ]n) and
g ∈ L̃2([0, T ]m). Then F � G = In+m(f⊗̂g). So F � G ∈ D1,2.

6.2.4 Integration by Parts, Duality Formula,
and Skorohod Isometry

We end this section by establishing some fundamental properties of Skorohod
integrals.

Theorem 6.15. Integration by parts. Suppose u(t), 0 ≤ t ≤ T , is
Skorohod integrable and F ∈ D1,2. Suppose that

E
[ ∫ T

0

u2(t)
(
DtF

)2
dt
]

< ∞. (6.14)

Then F u(t), 0 ≤ t ≤ T , is Skorohod integrable and

∫ T

0

F u(t)δW (t) = F

∫ T

0

u(t)δW (t) −
∫ T

0

u(t)DtFdt. (6.15)

Proof First assume that u(t), 0 ≤ t ≤ T , is a simple function, that is, it has
the form of a finite linear combination of the form u(t) =

∑
i aiχ(ti,ti+1](t),

0 ≤ t ≤ T , where ai ∈ D1,2 for all i. Then by applying Theorem 6.8 twice
we get
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∫ T

0

F u(t)δW (t) =
∑

i

(
Fai

)
� ∆W (ti)

=
∑

i

Fai∆W (ti) −
∑

i

∫ ti+1

ti

Dt

(
Fai

)
dt

= F
∑

i

ai∆W (ti) −
∑

i

∫ ti+1

ti

Dt

(
Fai

)
dt

= F
(∑

i

ai � ∆W (ti) +
∑

i

∫ ti+1

ti

Dtaidt
)
−
∑

i

∫ ti+1

ti

Dt

(
Fai

)
dt

= F

∫ T

0

u(t)δW (t) −
∫ T

0

u(t)DtFdt.

Now approximate the general u by a sequence um of simple functions in
Dom (δ) ⊆ L2(P×λ) converging to u in L2(P×λ). We omit the details. 
�

Since Skorohod integrals have expectation null, we obtain the follow-
ing immediate consequence of Theorem 6.15. This result is an extension of
Corollary 4.4.

Corollary 6.16. Duality formula. Let F and u(t), 0 ≤ t ≤ T , be as in
Theorem 6.15. Then

E
[
F

∫ T

0

u(t)δW (t)
]

= E
[ ∫ T

0

u(t)DtFdt
]
. (6.16)

The following result gives an expression for the L2(P )-norm of a Skorohod
integral in terms of Malliavin derivatives. This is often more useful than the
isometry given in (2.4).

Theorem 6.17. Isometry for Skorohod integrals. Let u be a measurable
process such that u(s) ∈ D1,2 for a.a. s and

E
[ ∫ T

0

u2(t)dt +
∫ T

0

∫ T

0

|Dtu(s)Dsu(t)|dsdt
]

< ∞.

Then u is Skorohod integrable and

E
[( ∫ T

0

u(s)δW (s)
)2]

= E
[ ∫ T

0

u2(t)dt +
∫ T

0

∫ T

0

Dtu(s)Dsu(t)dsdt
]
.

(6.17)

Proof First assume that u satisfies, in addition to the hypothesis given in
the statement, also the conditions of Theorem 3.18 and Theorem 6.15. Then,
with F =

∫ T

0
u(s)δW (s), we have
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E
[( ∫ T

0

u(t)δW (t)
)2]

= E
[
F

∫ T

0

u(t)δW (t)
]

= E
[ ∫ T

0

u(t)DtFdt
]

= E
[ ∫ T

0

u(t)
[
u(t) +

∫ T

0

Dtu(s)δW (s)
]
dt
]

= E
[ ∫ T

0

u2(t)dt +
∫ T

0

∫ T

0

Dtu(s)Dsu(t)dsdt
]
,

where we have used Theorem 6.15 and Theorem 3.18, correspondingly. The
general case follows by an approximation argument. 
�

Remark 6.18. Let u be as in Theorem 6.17 and assume that, in addition, u is
F-adapted. Then, by Corollary 3.13 (2)

Dtu(s) = 0, t > s,

and therefore

Dtu(s)Dsu(t) = 0, a.a. (s, t) ∈ [0, T ] × [0, T ].

Thus the isometry (6.17) reduces to

E
[( ∫ T

0

u(t)δW (t)
)2]

= E
[ ∫ T

0

u2(t)dt
]
.

This, as expected, is the classical isometry for Itô stochastic integrals. Recall in
fact that, in the case of F-adapted integrands, the Skorohod integral coincides
with the Itô integral, see Theorem 2.9.

6.3 Conditional Expectation on (S)∗

It is natural to try to extend the concept of conditional expectation to (S)∗

as follows.

Definition 6.19. If F =
∑

α∈J cαHα ∈ (S)∗ and t > 0, we define the (gen-
eralized) conditional expectation E[F |Ft] of F with respect to Ft by

E[F |Ft] :=
∑
α∈J

cαE[Hα|Ft] (6.18)

when convergent in (S)∗.
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Note that if F = In(e⊗̂α) (cf. (5.14)) then

E[F |Ft] = In[e⊗̂α(x)χ[0,t](max
i

xi)]

= In

[ ∑
|β|=n

( ∫ t

0

e⊗̂α(y)e⊗̂β(y)dy
)
e⊗̂β(x)

]

= In

[ ∑
|β|=n

aα,βe⊗̂β(x)
]

=
∑
|β|=n

aα,βHβ ,

where

aα,β =
∫ t

0

e⊗̂α(y)e⊗̂β(y)dy.

In particular, ∑
|β|=n

a2
α,β ≤ 1.

Therefore, ∑
|β|=n

β!a2
α,β = ‖E[F |Ft]‖2

L2(P ) = α! (6.19)

However, it is not clear from this if E[F |Ft] ∈ (S)∗ for all F ∈ (S)∗. But we
do have the following result.

Lemma 6.20. Suppose that F, G, E[F |Ft], and E[G|Ft] belong to (S)∗, then

E[F � G|Ft] = E[F |Ft] � E[G|Ft]. (6.20)

Proof We may assume without loss of generality that F = In(fn) and G =
Im(gm) for some fn ∈ L̃2(Rn) and gm ∈ L̃2(Rm). Then

E[F � G|Ft] = E[In(fn) � Im(gm)|Ft]

= E[In+m(fn⊗̂gm)|Ft]

= In+m(fn⊗̂gm(x1, ..., xn, y1, ..., ym)χ[0,t](max
i,j

{xi, yj}))

= In(fn(x1, ..., xn)χ[0,t](max
i

xi))�Im(gm(y1, ..., ym)χ[0,t](max
j

yj))

= E[F |Ft] � E[G|Ft]. ��

Corollary 6.21. Let F,G be as in Lemma 6.20 and assume in addition that
F,G ∈ L1(P ). Then

E[F � G] = E[F ] · E[G]. (6.21)

Proof Set t = 0 in Lemma 6.20. 
�
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Corollary 6.22. Let F ∈ (S)∗ and suppose that

exp� F :=
∞∑

n=0

1
n!

F �n ∈ (S)∗

and also E[F |Ft] ∈ (S)∗ and exp� E
[
F |Ft

]
∈ (S)∗. Then

E[exp� F |Ft] = exp�{E[F |Ft]}. (6.22)

In particular, if, in addition, F ∈ L1(P ), we have

E[exp� F ] = exp{E[F ]}. (6.23)

Proof By Lemma 6.20 we have

E[exp� F |Ft] = E[
∞∑

n=0

1
n!

F �n|Ft]

=
∞∑

n=0

1
n!

E[F |Ft]�n = exp�{E[F |Ft]}. 
�

The conditional expectation of white noise has a particularly simple form.

Lemma 6.23.
E[

•
W (s)|Ft] =

•
W (s)χ[0,t](s). (6.24)

Proof Consider

E[
•

W (s)|Ft] = E[
∞∑

i=1

ei(s)Hε(i) |Ft]

=
∞∑

i=1

ei(s)E[I1(ei)|Ft] =
∞∑

i=1

ei(s)I1(eiχ[0,t])

=
∞∑

i=1

ei(s)I1

( ∞∑
j=1

(eiχ[0,t], ej)L2(R)ej

)

=
∞∑

j=1

[ ∞∑
i=1

(eiχ[0,t], ej)L2(R)ei(s)
]
I1(ej)

=
∞∑

j=1

[ ∞∑
i=1

(ejχ[0,t], ei)L2(R)ei(s)
]
I1(ej)

=
∞∑

j=1

ej(s)χ[0,t](s)I1(ej) =
•

W (s)χ[0,t](s). 
�

We apply this to prove the following useful result.
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Theorem 6.24. Suppose Y (s), s∈R, is Skorohod integrable and E[Y (s)|Ft]∈
(S)∗ for all s ∈ R. Then

E[
∫

R

Y (s)δW (s)|Ft] =
∫ t

0

E[Y (s)|Ft]δW (s). (6.25)

Proof By Theorem 5.20, Lemma 6.20, and Lemma 6.23 we have

E[
∫

R

Y (s)δW (s)|Ft] = E[
∫

R

Y (s) �
•

W (s)ds|Ft]

=
∫

R

E[Y (s)|Ft] � E[
•

W (s)|Ft]ds

=
∫

R

E[Y (s)|Ft] �
•

W (s)χ[0,t](s)ds

=
∫ t

0

E[Y (s)|Ft]δW (s). 
�

Corollary 6.25. Let Y (s), s ∈ R, be as in Theorem 6.24. Then

E[
∫ ∞

t

Y (s)δW (s)|Ft] = 0. (6.26)

6.4 Conditional Expectation on G∗

If we restrict ourselves to G∗ (see Sect. 5.3.3), the conditional expectation
operator is easier to handle. First, it can be defined as follows.

Definition 6.26. Let F =
∑∞

n=0 In(fn) ∈ G∗. Then

E[F |Ft] =
∞∑

n=0

In(fnχ[0,t]n). (6.27)

Note that
‖E[F |Ft]‖Gλ

≤ ‖F‖Gλ
λ ∈ R. (6.28)

In particular,
E[F |Ft] ∈ G∗, for all F ∈ G∗. (6.29)

Therefore, the results stated above for (S)∗ have simpler formulations when
restricted to G∗.

Lemma 6.27. Suppose F,G ∈ G∗. Then

E[F � G|Ft] = E[F |Ft] � E[G|Ft].

Lemma 6.28. Suppose F ∈ G∗ and exp� F ∈ G∗. Then

E[exp� F |Ft] = exp� E[F |Ft].
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From now on we use the following notation. Let e1, e2, ... be the Hermite
functions and set

Xi = Xi(ω) =< ω, ei >:=
∫

R

ei(s)dW (s), i = 1, 2, ..., (6.30)

and

X
(t)
i = X

(t)
i (ω) :=

∫ t

0

ei(s)dW (s), i = 1, 2, ..., (6.31)

and
X =

(
X1,X2, ...

)
, X(t) =

(
X

(t)
1 ,X

(t)
2 , ...

)
. (6.32)

Then
X�α = X�α1

1 � · · · � X�αm
m = Hα

if α = (α1, ..., αm) ∈ J .

Note that we can restate (6.27) in Definition 6.26 as follows: let F =∑
α∈J cαX�α ∈ G∗. Then

E[F |Ft] =
∑
α∈J

cα

(
X(t)

)�α
.

In fact, we have E[Xi|Ft] = X
(t)
i .

Definition 6.29. Let T > 0 be constant. We say that F ∈ G∗ is FT -
measurable if

E[F |FT ] = F.

Then the above arguments yield the following result.

Corollary 6.30. The element F ∈ G∗ is FT -measurable if and only if F can
be written as

F =
∑
α∈J

cα

(
X(T )

)�α

(convergence in G∗) for some real numbers cα, α ∈ J .

6.5 A Generalized Clark–Ocone Theorem

A drawback with the classical Clark–Ocone theorem (Theorem 4.1) is that it
requires F ∈ D1,2. For several reasons it is of interest to extend the Clark–
Ocone theorem to F ∈ L2(P ). Mathematically this is natural because the
Itô representation theorem is indeed valid for all F ∈ L2(P ). Moreover, in
financial applications it is important to be able to deal with claims that are
not necessarily in D1,2, such as binary options of the form

F = χ[K,∞)(W (T )), (K > 0 constant).

To obtain such a generalization, we apply the white noise machinery devel-
oped in the previous sections. This was first done in the paper [2] and our
presentation is based on that paper. We first establish some auxiliary results.
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Lemma 6.31. Let P (x) =
∑

α cαxα be a polynomial in x = (x1, ..., xn) ∈ R
n.

Let X = (X1, ...,Xn) be as in (6.27)–(6.29). Then

DtP (X) =
n∑

i=1

∂P

∂xi
(X1, ...,Xn)ei(t) =

∑
α

cα

∑
i

αiX
α−ε(i)

ei(t) (6.33)

and

DtP
�(X) =

n∑
i=1

( ∂P

∂xi

)�
(X1, ...,Xn)ei(t) =

∑
α

cα

∑
i

αiX
�(α−ε(i))ei(t).

(6.34)

Proof These statements (6.33) and (6.34) are just reformulations of the chain
rules in Theorem 6.3 and Theorem 6.13. 
�

Lemma 6.32. Chain rule. Let P (x)=
∑

α cαxα be a polynomial in
x=(x1, ..., xn)∈R

n. Consider X(t)=(X(t)
1 , ...,X

(t)
n ), t≥0, with X

(t)
i , i=1, ..., n,

as defined in (6.31). Then

d

dt
P �(X(t)) =

n∑
j=i

( ∂P

∂xj

)�
(X(t)) � ej(t)

•
W (t) in (S)∗. (6.35)

Proof By Problem 5.7 we have

d

dt

∫ t

0

ej(s)dW (s) = ej(t)
•

W (t).

Hence, the result follows by the Wick chain rule (Theorem 6.13). 
�
We can now prove a preliminary version of the extended Clark–Ocone

formula.

Lemma 6.33. The Clark–Ocone formula for polynomials. Let F ∈ G∗

be FT -measurable and assume that

F = P �(X)

for some polynomial P (x) =
∑

α cαxα, where X = (X1, ...,Xn) is as in (6.30)
and (6.32). Then F = P �(X(T )) and

F = E[F ] +
∫ T

0

E
[
DtF |Ft

]
dW (t).

Proof Since F is FT -measurable, we have

F = E
[
F |FT

]
= P �(E[X|FT

])
= P �(X(T )).
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Moreover, we have

∫ T

0

E
[
DtF |Ft

]
dW (t) =

∫ T

0

E
[ n∑

j=1

( ∂P

∂xj

)�
(X)ej(t)|Ft

]
dW (t)

=
∫ T

0

n∑
j=i

( ∂P

∂xj

)�
(X(t))ej(t) �

•
W (t)dt

=
∫ T

0

d

dt
P �(X(t))dt = P �(X(T )) − P �(X(0))

= F − P �(0) = F − E[F ],

using Lemma 6.31, Lemma 6.20, and Lemma 6.32. 
�
We proceed to extend this result to L2(P ). To this aim, the following

lemma is crucial.

Lemma 6.34. Let F ∈ G∗. Then we have

(1) The estimate ∫
R

‖DtF‖2
G−q−1

dt ≤ e2q‖F‖2
G−q

(6.36)

holds for all q ∈ N,
(2) DtF ∈ G∗, for a.a. t ≥ 0,
(3) Suppose FN ∈ G∗, N = 1, 2, ..., and

FN −→ F, N → ∞, in G∗.

Then there exists a subsequence FNk
, k = 1, 2, ..., such that

DtFNk
−→ DtF, k → ∞, in G∗, for a.a. t ≥ 0

and

E[DtFNk
|Ft] −→ E[DtF |Ft], k → ∞, in G∗ for a.a. t.

Proof (1) Let F =
∑

α∈J cαHα. Then by (6.7) we have

DtF =
∑
α∈J

cα

∞∑
i=1

αiei(t)Hα−ε(i)

=
∑
β∈J

( ∞∑
i=1

cβ+ε(i)(βi + 1)ei(t)
)
Hβ

=
∑
β∈J

gβ(t)Hβ ,
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where

gβ(t) =
∞∑

i=1

cβ+ε(i)(βi + 1)ei(t).

Since F ∈ G∗, there exists q < ∞ such that

‖F‖2
G−q

:=
∑
α∈J

c2
αα!e−2q|α| =

∞∑
n=0

∑
|α|=n

c2
αα!e−2qn < ∞,

see (5.55). We can now prove that

‖DF ‖2
G−q−1

:=
∑
β∈J

g2
β(t)β!e−2(q+1)|β| < ∞, for a.a. t.

In fact, note that
∫

R

g2
β(t)dt =

∫
R

( ∞∑
i=1

cβ+ε(i)(βi + 1)ei(t)
)2

dt =
∞∑

i=1

c2
β+ε(i)(βi + 1)2.

Therefore, using that (x + 1)e−x ≤ 1 for all x ≥ 0,

∑
β∈J

(∫
R

g2
β(t)dt

)
β!e−2(q+1)|β| =

∑
β∈J

( ∞∑
i=1

c2
β+ε(i)(βi + 1)2

)
β!e−2(q+1)|β|

≤
∑
β∈J

(|β| + 1)e−2(q+1)|β|
∞∑

i=1

c2
β+ε(i)(β + ε(i))!

≤
∑
β∈J

e−(2q+1)|β|
∑

α∈J : |α|=|β|+1

c2
αα!

=
∞∑

n=0

∑
|α|=n+1

c2
αα!e−(2q+1)n

≤e2q‖F‖2
G−q

< ∞.

This proves ∫
R

‖DtF‖2
G−q−1

dt ≤ e2q‖F‖2
G−q

.

(2) From the estimate in (1), we have that

DtF ∈ G−q−1 ⊂ G∗, for a.a. t.

(3) We may assume that F = 0. By (1) we get that

‖DtFN‖G−q−1 −→ 0, N → ∞, in L2(R).

So there exists a subsequence ‖DtFNk
‖G−q−1 , k = 1, 2, ..., such that

DtFNk
−→ 0, k → ∞, in G∗, a.a. t.

This proves the first part of (3). The same argument combined with (6.28)
yields the second part of (3). 
�
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The following theorem was first proved in [2].

Theorem 6.35. The Clark–Ocone theorem for L2(P ). Let F ∈ L2(P )
be FT -measurable. Then the process

(t, ω) −→ E
[
DtF |Ft

]
(ω)

is an element of L2(P × λ) and

F = E[F ] +
∫ T

0

E
[
DtF |Ft

]
dW (t), (6.37)

where DtF is the Malliavin derivative of F in G∗.

Proof Let F =
∑

α∈J cαHα be the chaos expansion of F and put

FN =
∑

α∈JN

cαHα.

Here JN = {α ∈ J : |α| ≤ N, l(α) ≤ N}, where l(α) = max{i : αi �= 0} is
the length of α. Then, by Lemma 6.33 we have

FN = E[FN ] +
∫ T

0

E
[
DtFN |Ft

]
dW (t),

for all N . By the Itô representation theorem we know that there exists a
unique F-adapted process u = u(t), t ∈ [0, T ], such that

E
[ ∫ T

0

u2(t)dt
]

< ∞

and

F = E[F ] +
∫ T

0

u(t)dW (t). (6.38)

Since FN −→ F , N → ∞, in L2(P ), we get

E
[ ∫ T

0

(
E
[
DtFN |Ft

]
−u(t))2dt

]
=E

[
(FN−F−E[FN ]+E[F ])2

]
−→0, N →∞.

Therefore,

E
[
DtFN |Ft

]
−→ u, N → ∞, in L2(P × λ). (6.39)

On the other hand, by Lemma 6.34 (3),

E
[
DtFNk

|Ft

]
−→ E

[
DtF |Ft

]
, k → ∞, in G∗ (6.40)

for some subsequence FNk
, k = 1, 2, .... Combining (6.39) and (6.40) we con-

clude that
u(t) = E

[
DtF |Ft

]
P − a.e.

for a.a. t. Hence (6.37) follows from (6.38). 
�
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We now extend this even further to a Clark–Ocone theorem for G∗. To this
end, we first prove some auxiliary results.

Lemma 6.36. Let G ∈ G−q ⊂ (S)∗ for some q ∈ N and put

q̂ =
2q

log 2
.

Let f ∈ (S). Then
| < G, f > | ≤ ‖G‖G−q

‖f‖q̂,

where ‖ · ‖q̂ is the (S)q̂-norm defined in (5.17), and < G, f > is the action of
G ∈ (S)∗ on f ∈ (S).

Proof Suppose G =
∑

α∈J aαHα and f =
∑

β∈J bβHβ . Then

| < G, f > | = |
∑
α∈J

aαbαα!|

= |
∞∑

m=0

∑
|α|=m

aαbαα!|

≤
∞∑

m=0

( ∑
|α|=m

a2
αα!
)1/2( ∑

|α|=m

b2
αα!
)1/2

≤
( ∞∑

m=0

( ∑
|α|=m

a2
αα!
)
e−2qm

)1/2( ∞∑
m=0

( ∑
|α|=m

b2
αα!
)
e2qm

)1/2

= ‖G‖G−q

( ∑
α∈J

b2
αα!(2N)q̂α

)1/2

= ‖G‖G−q
‖f‖q̂. 
�

Lemma 6.37. Let f ∈ (S) and let G(t) ∈ G∗ for all t ∈ R. Choose q ∈ N and
put

q̂ =
2q

log 2
.

Then ∫
R

| < G(t) �
•

W (t), f > |dt ≤ ‖f‖2q̂

(∫
R

‖G(t)‖2
G−q

dt
)1/2

,

where ‖f‖2q̂ is the (S)2q̂-norm defined in (5.17).

Proof Suppose G(t) =
∑

α∈J aα(t)Hα and f =
∑

β∈J bβHβ . Then

< G(t) �
•

W (t), f >= <
∑
α,k

aα(t)ek(t)Hα+ε(k) ,
∑
β∈J

bβHβ >

=
∑
α,k

aα(t)ek(t)bα+ε(k)(α + ε(k))!
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Hence∫
R

| < G(t) �
•

W (t), f > |dt ≤
∑
α,k

|bα+ε(k) |α!(αk + 1)
∫

R

|aα(t)ek(t)|dt

≤
∑
α,k

|bα+ε(k) |
(∫

R

a2
α(t)dt

)1/2

α!(αk + 1)

≤
(∑

α,k

b2
α+ε(k)(α + ε(k))!(2N)2q̂(α+ε(k))

)1/2

·
(∑

α,k

(∫
R

a2
α(t)dt

)
α!(αk+1)(2N)−2q̂(α+ε(k))

)1/2

≤ ‖f‖2q̂

(∑
α,k

(∫
R

a2
α(t)dt

)
α!(αk+1)e−4q(αk+1)

)1/2

≤ ‖f‖2q̂

(∫
R

‖G(t)‖2
G−q

dt
)1/2

. 
�

Lemma 6.38. Suppose F , FN , N=1, 2, ..., are elements of G∗ and FN−→F ,
N → ∞, in G∗. Then

lim
N→∞

∫ T

0

E
[
DtFN |Ft

]
�

•
W (t)dt =

∫ T

0

E
[
DtF |Ft

]
�

•
W (t)dt,

where the convergence is in (S)∗.

Proof Note that since∫
R

‖E
[
DtF |Ft

]
‖2
G−q−1

dt ≤
∫

R

‖DtF‖2
G−q−1

dt

≤ e−2q‖F‖2
G−q

by (6.36), we have that∫
R

| < E
[
DtF |Ft

]
�

•
W (t), f > |dt < ∞

by Lemma 6.37. Therefore, E
[
DtF |Ft

]
�

•
W (t) is integrable in (S)∗ and sim-

ilarly with E
[
DtFN |Ft

]
�

•
W (t) for all N (see Definition 5.18). Moreover, by

Lemma 6.37 and (6.36),

| <

∫ T

0

E
[
DtFN |Ft

]
�

•
W (t)dt −

∫ T

0

E
[
DtF |Ft

]
�

•
W (t)dt, f > |

≤ ‖f‖2q̂

(∫
R

‖E
[
Dt(FN − F )|Ft]‖2

G−q
dt
)1/2

≤ ‖f‖2q̂e
q‖FN − F‖G−q+1 −→ 0, N → ∞,

if q∈N is large enough. Since this holds for all f∈(S), the result follows. 
�
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We now have all the ingredients for the proof of the second main theorem
of this section, which was first proved in [2].

Theorem 6.39. The Clark–Ocone theorem for G∗. Let F ∈ G∗

be FT -measurable. Then DtF ∈ G∗ and E[DtF |Ft] ∈ G∗ for a.a. t,

E[DtF |Ft] �
•

W (t), t ∈ [0, T ], is integrable in (S)∗ and

F = E[F ] +
∫ T

0

E
[
DtF |Ft

]
�

•
W (t)dt,

where E[F ] = E[F |F0] is the generalized expectation of F (see Defini-
tion 5.6) (a).

Proof If F =
∑

α∈J aαHα, define FN =
∑

α∈JN
aαHα, as in the proof of

Theorem 6.35. Then by Lemma 6.33 we have

FN = E[FN ] +
∫ T

0

E
[
DtFN |Ft

]
�

•
W (t)dt,

for all N . Since FN −→ F , N → ∞, in G∗ we have

F = lim
N→∞

FN

=E[F ] + lim
N→∞

∫ T

0

E
[
DtFN |Ft

]
�

•
W (t)dt

=E[F ] +
∫ T

0

E
[
DtF |Ft

]
�

•
W (t)dt,

by Lemma 6.38. 
�
Example 6.40. The digital option. Let us return to the payoff

F = χ[k,∞)(W (T ))

of a digital option, mentioned in the beginning of this section. By combining
the Clark–Ocone theorem for L2(P ) (see Theorem 6.35) with results from
Chap. 7 about the Donsker delta function, we obtain the representation

χ[K,∞)(W (T ))=P
{
W (T ) ≥ K

}
+
∫ T

0

1
2π(T − t)

exp
(
− (K − W (t))2

2(T − t)

)
dW (t).

(6.41)
See Problem 7.1 for details. See also Corollary 7.13.

To end this section we present the analog of Theorem 4.5 in the white
noise setting. Using white noise techniques the Clark–Ocone formula under
change of measure as presented in Theorem 4.5 can be extended to square
integrable random variables that are not necessarily Malliavin differentiable.
As indicated earlier, where we derived a generalized Clark–Ocone theorem
(Theorem 6.35) under the original measure, such a representation is especially
convenient when it comes to finding portfolio strategies of payoff functions
that are not Malliavin differentiable.



6.6 Exercises 107

Theorem 6.41. The generalized Clark–Ocone formula under change
of measure. Let Q(dω) = Z(ω, T )P (dω) be the change of measure as
given in (4.3) such that Z(t), 0 ≤ t ≤ T , is a P -martingale. Require that
F ∈ L2(P ) ∩ L2(Q) is a FT -measurable random variable. Denote by Dt the
(Hida–) Malliavin derivative on the space of generalized random variables G∗.
Further, suppose that u(t), t ∈ [0, T ], is a square integrable F-adapted mea-
surable process satisfying the following conditions:

(1)
∫ T

0
Dt(u(s))dW (s) exists in the sense of Definition 5.22 and is contained

in G∗ for all 0 ≤ t ≤ T

(2)Z(T )F ∈ L2(P )

Then

F = EQ [F ] +
∫ T

0

EQ

[
DtF − F

∫ T

t

Dtu(s)dW̃ (s)|Ft

]
dW̃ (t),

where W̃ (t) = W (t) +
∫ t

0
u(s)ds is a Brownian motion under measure Q.

Proof The proof is based on white noise techniques as developed in Sect. 6.5
and can be found in [183]. 
�

6.6 Exercises

Problem 6.1. Prove L2(P ) ⊆ Dom(Dt) ⊆ (S)∗. See Remark 6.6.

Problem 6.2. The Wick chain rule. Let F be Malliavin differentiable and
let n ∈ N. Show that

Dt(F �n) = nF �(n−1) � DtF.

Problem 6.3. Verify that if g ∈ L2(R), n ∈ N, then

Wn(T ) �
∫ T

0

g(t)δW (t) = Wn(T )
∫ T

0

g(t)δW (t) − nWn−1(T )
∫ T

0

g(t)dt.

Problem 6.4. (*) Show that the singular noise
•

W does not belong to the
domain of the Hida–Malliavin derivative as given in (6.8).

Problem 6.5. Generalized Bayes formula. Let Q(dω) = Z(T )P (dω),
where Z(t), 0 ≤ t ≤ T , is the Doleans–Dade exponential in (4.4). Further,
let G ∈ G∗ and assume that Z(T )G belongs to G∗. Show that the following
generalized Bayes formula holds:

EQ[G |Ft] =
EQ[Z(T )G |Ft]

Z(t)
.
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Problem 6.6. Consider the digital option with payoff given by

F = χ[K,∞)(W (T )).

Use Theorem 6.41 and relation 6.41 to derive a replicating hedging strategy
for this option in the case of the Black–Scholes market of Example 4.10. [Hint.
Employ the arguments of Sect. 4.3 and Problem 6.5.]



7

The Donsker Delta Function and Applications

In this chapter we use white noise calculus to define the Donsker delta function
of a Brownian motion. The Donsker delta function of a Brownian motion can
be considered the time derivative of local time of a Brownian motion on a
distribution space. We aim at employing this concept to determine explicit
formulae for replicating portfolios in a Black–Scholes market for a class of
contingent claims.

7.1 Motivation: An Application of the Donsker Delta
Function to Hedging

As a motivation we start by considering the following problem from mathe-
matical finance. Fix T > 0 and consider the following financial market with
two securities:

• A risk-free asset (e.g., a bank account), where the price S0(t), t ∈ [0, T ],
per unit at time t is given by the differential equation

dS0(t) = ρ(t)S0(t)dt, S0(0) = 1. (7.1)

• A risky asset (e.g. a stock), where the price S1(t), t ∈ [0, T ], per unit at
time t is given by the stochastic differential equation

dS1(t) = µ(t)S1(t)dt + σ(t)S1(t)dW (t), S1(0) > 0 constant. (7.2)

Here ρ(t), µ(t), and σ(t), t ∈ [0, T ], are given deterministic functions with the
property that ∫ T

0

(
|ρ(s)| + |µ(s)| + σ2(s)

)
ds < ∞.

For simplicity, we assume that σ is bounded away from zero. This market was
discussed in Sect. 4.3. For convenience of the reader we repeat the arguments
here.

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 109
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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Since this simple generalization of the Black–Scholes market is complete, it
is well known that any claim F can be hedged, that is, there exists a replicating
(self-financing) portfolio for F .

The problem we study is as follows:

• How do we find explicitly such a replicating portfolio for F?

We want to describe this more in detail: Let (θ0(t), θ1(t)), t ∈ [0, T ], be a
portfolio. Then the value V (t) of this portfolio at time t is defined by

V (t) = θ0(t)S0(t) + θ1(t)S1(t). (7.3)

The portfolio is called self-financing if

dV (t) = θ0(t)dS0(t) + θ1(t)dS1(t). (7.4)

This means that no external funds are added to the portfolio and that no
funds are extracted from the portfolio as time evolves. We consider only self-
financing portfolios. From (7.3) we get

θ0(t) =
V (t) − θ1(t)S1(t)

S0(t)
. (7.5)

Substituting this in (7.4) and using (7.1) and (7.2), we get

dV (t) =
(
V (t) − θ1(t)S1(t)

)dS0(t)
S0(t)

+ θ1(t)dS1(t)

= ρ(t)V (t)dt + θ1(t)S1(t) ((µ(t) − ρ(t)) dt + σ(t)dW (t)) .

Since σ(t) �= 0 for a.a. t, this can be written

dV (t) = ρ(t)V (t)dt + σ(t)θ1(t)S1(t)(α(t)dt + dW (t)), (7.6)

where

α(t) =
µ(t) − ρ(t)

σ(t)
. (7.7)

Multiplying (7.6) by the integrating factor e−
∫ t
0 ρ(s)ds, we get

d
(
e−

∫ t
0 ρ(s)dsV (t)

)
= e−

∫ t
0 ρ(s)dsσ(t)θ1(t)S1(t)(α(t)dt + dW (t)).

Hence

e−
∫ t
0 ρ(s)dsV (T ) = V (0)+

∫ T

0

e−
∫ t
0 ρ(s)dsσ(t)θ1(t)S1(t)(α(t)dt+dW (t)). (7.8)

Now suppose that F is a given European contingent T -claim, that is, F is a
given FT -measurable, lower bounded random variable. To hedge such a claim
means to find a constant V (0) and a self-financing portfolio (θ0(t), θ1(t)),
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t ∈ [0, T ], such that the corresponding value process V (t), t ∈ [0, T ], starts up
with value V (0) for t = 0 and ends up with the value

V (T ) = F P -a.s. (7.9)

at time T . The amount V (0) is then the market value of F at time 0. We
also require that the process V (t), 0 ≤ t ≤ T , is (ω, t)-a.s. lower bounded. By
(7.8) combined with (7.5) we see that it suffices to find V (0) and a process
u(t) such that

e−
∫ T
0 ρ(s)dsF = V (0) +

∫ T

0

u(t)(α(t)dt + dW (t)) (7.10)

and

P

(∫ T

0

u2(s)ds < ∞
)

= P

(∫ T

0

|u(s)α(s)| ds < ∞
)

= 1,

such that
∫ t

0
u(s, ω)(α(s)ds + dW (s)), 0 ≤ t ≤ T , is lower bounded. If such a

process is found, we put

θ1(t) = e
∫ t
0 ρ(s)dsσ(t)−1S1(t)−1u(t)

and solve for θ0(t) using (7.5). It is well known and easy to see by the Girsanov
theorem that if α is such that∫ T

0

α2(s)ds < ∞ P -a.s.,

and satisfies the Novikov condition, then V (0) is unique and given by

V (0) = EQ

[
e−

∫ T
0 ρ(s)dsF

]
(7.11)

(provided this quantity is finite), where EQ denotes the expectation with
respect to the measure Q defined on FT by

dQ = exp
{
−
∫ T

0

α(s)dW (s) − 1
2

∫ T

0

α2(s)ds
}

dP, (7.12)

so that

W̃ (t) :=
∫ t

0

α(s)ds + W (t) (7.13)

is a Brownian motion with respect to Q. To find u(t), there are several known
methods:

(a) If the claim F is of Markovian type, that is,

F = h(S1(T )),

for some (deterministic) function h : R −→ R, then u(t) can (in principle)
be found by solving a deterministic boundary value problem for a par-
abolic partial differential equation. See Sect. 4.4 for details. See also, for
example, [39, 73, 163].
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(b) For some not necessarily Markovian type claims F one can (in principle)
apply the generalized Clark–Ocone theorem see Theorem 4.5 to express
u(t) as

u(t) = EQ [DtF | Ft] (7.14)

for the Malliavin derivative Dt. See Sect. 4.3, in the case of a European
call option. The problems with this formula are the following:
• It is in general difficult to compute conditional expectations
• The classical Malliavin derivative DtF exists only under additional

restrictions on F , that is, F ∈ D1,2, see Problem 7.3. In the previous
chapter we solved this difficulty by extending the Clark–Ocone formula
to L2(P ) and even G∗ (see Theorem 6.35 and Theorem 6.39).

The purpose of this chapter is to give an alternative approach based on
white noise calculus and the Donsker delta function. In particular, we deal
with claims of the type

F = f(Y (T )),

where

Y (t) =
∫ t

0

ψ(s)ds +
∫ t

0

φ(s)dW (s), 0 ≤ t ≤ T.

See Theorem 7.23 and Corollary 7.24 together with the remarks following the
corollary. Although the question of hedging posed at the beginning of the
chapter could also be solved by method (a) and method (b), it is conceivable
that the white noise approach can cover some cases that are not well adapted
to Methods (a) and (b). Moreover, it may give new insights. See (7.36) and
the corresponding remark. The following presentation is based on [2, 3].

7.2 The Donsker Delta Function

The Donsker delta function is a generalized white noise functional, which has
been treated in several papers within white noise analysis (see, e.g., [99, 139,
138] and also [101] and the references therein). For completeness we give an
independent presentation here.

Definition 7.1. Let Y : Ω −→ R be a random variable, which also belongs to
the Hida distribution space (S)∗. Then a continuous function

δY (·) : R −→ (S)∗

is called Donsker delta function of Y if it has the property that
∫

R

g(y)δY (y)dy = g(Y ) a.e. (7.15)

for all (measurable) g : R −→ R such that the integral on the left-hand side
converges.
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Proposition 7.2. Suppose Y is a normally distributed random variable with
mean m and variance v > 0 (on our white noise space). Then δY is unique
and is given by the expression

δY (y) =
1√
2πv

exp�
{
− (y − Y )�2

2v

}
∈ (S)∗. (7.16)

Proof Let GY (y) denote the right-hand side of (7.16). It follows from the
characterization theorem for (S)∗ (see Theorem 5.10 and Theorem 5.12) that
GY (y) ∈ (S)∗ for all y and that y �−→ GY (y) is continuous for y ∈ R. We
verify that GY satisfies (7.15), that is, that

∫
R

g(y)GY (y)dy = g(Y ) a.e. (7.17)

First, let us assume that g has the form

g(y) = eλy for some λ ∈ C. (7.18)

Then by taking the Hermite transform of the left-hand side of (7.17), we get

H
(∫

R

g(y)GY (y)dy

)
=
∫

R

g(y)H (GY (y)) dy

=
∫

R

eλy 1√
2πv

exp
{
−

(
y − Ỹ

)2

2v

}
dy, (7.19)

where Ỹ = Ỹ (z) is the Hermite transform of Y at z = (z1, z2, ...) ∈ C
N.

See Sect. 5.3 for an introduction to Hermite transforms. The expression (7.19)
may be regarded as the expectation of eλZ , where Z is a normally distributed
random variable with mean Ỹ and variance v. Now set Z = Y −m− Ỹ is such
a random variable. Hence (7.19) can be written as E

[
eλ(Y −m−Ỹ )

]
, which by

the well known formula for the characteristic function of a normal random
variable is equal to exp

{
λỸ + 1

2λ2v
}

. We conclude that

H
(∫

R

g(y)GY (y)dy

)
= exp

{
λỸ +

1
2
λ2v

}

= H
(

exp�
{

λY +
1
2
λ2v

})

= H (exp {λY }) = H(g(Y )).

This proves that (7.17) holds for functions g given by (7.18). Therefore, (7.17)
also holds for linear combinations of such functions. By a well known density
argument, (7.17) holds for all g such that the integral in (7.15) converges.
Uniqueness follows easily from (7.15). 
�
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Lemma 7.3. Let ψ : [0, T ] −→ R, φ : [0, T ] −→ R be deterministic functions
such that

∫ T

0
|ψ(s)| ds < ∞ and ‖φ‖2

L2([0,T ]) =
∫ T

0
φ2(s)ds < ∞. Define

Y (t) =
∫ t

0

ψ(s)ds +
∫ t

0

φ(s)dW (s), 0 ≤ t ≤ T. (7.20)

Then

exp�
{
− (y − Y (T ))�2

2 ‖φ‖2
L2([0,T ])

}

= exp
{
− y2

2 ‖φ‖2
L2([0,T ])

}
+
∫ T

0

exp�
{
− (y − Y (t))�2

2 ‖φ‖2
L2([0,T ])

}

� y − Y (t)
‖φ‖2

L2([0,T ])

�
(

Ψ(t) + φ(t)
•

W (t)
)

dt, (7.21)

where
•

W denotes the white noise of W (5.21).

Proof This follows directly from some fundamental results on Wick calculus
(see Problem 5.7) plus the chain rule in (S)∗ (see Proposition 5.14). 
�

We are coming to the first main result in this section:

Theorem 7.4. Let φ : [0, T ] −→ R, α : [0, T ] −→ R be deterministic functions
such that

0 < ‖φ‖2
L2([0,T ]) =

∫ T

0

φ2(s)ds < ∞ and 0 ≤
∫ T

0

α2(s)ds < ∞. (7.22)

Define

Y (t) =
∫ t

0

φ(s)dW (s) +
∫ t

0

φ(s)α(s)ds, 0 ≤ t ≤ T. (7.23)

Let f : R −→ R be bounded. Then

f(Y (T )) = V (0) +
∫ T

0

u(t) �
(

α(t) +
•

W (t)
)

dt, (7.24)

where

V (0) =
∫

R

f(y)√
2π ‖φ‖L2([0,T ])

exp
{
− y2

2 ‖φ‖2
L2([0,T ])

}
dy (7.25)

and

u(t)

= φ(t) ·
∫

R

f(y)√
2π ‖φ‖L2([0,T ])

exp�
{
− (y − Y (t))�2

2 ‖φ‖2
L2([0,T ])

}
� y − Y (t)
‖φ‖2

L2([0,T ])

dy. (7.26)
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Proof The proof is a consequence of Proposition 7.2 and Lemma 7.3 for
ψ(s) = φ(s)α(s). 
�

In view of applications of Theorem 7.4 we need the following two results:

Proposition 7.5. Let φ ∈ L2(R) with ‖φ‖L2(R) = 1. Suppose that

X =
∞∑

k=0

akw(φ)�k ∈ (S)∗ ,

where w(φ) =
∫

R
φ(s)dW (s) (see (5.2)). Define f(z) =

∑∞
k=0 akzk for z ∈ C.

Assume that y �−→ f(x+iy) is integrable with respect to the measure e−y2/2dy
on R for all x ∈ R. Set

F (x) =
∫

R

f(x + iy)e−y2/2 dy√
2π

.

Further require that V := F (w(φ)) ∈ L2(P ). Then X = V P -a.e., that is,

X =
∫

R

f(x + iy)e−y2/2 dy√
2π

∣∣∣∣
x=w(φ)

P -a.e. (7.27)

Proof For a proof of this result the reader is referred to Sect. 4.1 of [87]. 
�

Proposition 7.6. Let p(x) = ax2 + bx + c, where a, b, c are real constants.
Let ψ be as in (7.20) and suppose that 2 |a| ‖ψ‖2

L2(R) < 1. Define

Y =
∫

R

ψ(s)dW (s).

Then

exp�
{

aY �2 + bY + c
}

= K−1
ψ exp

{
K−2

ψ

(
aY 2 + bY + c +

(
4ac − b2

)
‖ψ‖2

L2(R)

2

)}
, (7.28)

where the constant Kψ is defined by

Kψ =
√

1 + 2a ‖ψ‖2
L2(R). (7.29)

Proof We want to expand the Wick product along a base with φ :=
ψ/ ‖ψ‖L2(R) as its first base element. Note that Y = ‖ψ‖L2(R) w(φ). Adopting
the notation of Proposition 7.5 let us consider

f(z) := exp
{

a ‖ψ‖2
L2(R) z2 + b ‖ψ‖L2(R) z + c

}
.
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Choose x ∈ R. Then

F (x) : =

∫
R

f(x + iy) exp
{
− y2

2

} dy√
2π

=

∫
R

exp
{

a ‖ψ‖2
L2(R)

(
x2 − y2 + 2ixy

)
+ b ‖ψ‖L2(R) (x + iy) + c

}

× exp
{−y2

2

}
dy√
2π

=

∫
R

exp
{

a ‖ψ‖2
L2(R) x2 + b ‖ψ‖L2(R) x + c

}

exp
{

i
(
2xa ‖ψ‖L2(R) + b

)
‖ψ‖L2(R) y −

(
1

2
+ a ‖ψ‖2

L2(R)

)
y2
}

dy√
2π

= exp
{

a ‖ψ‖2
L2(R) x2 + b ‖ψ‖L2(R) x + c

}

· 1√
1 + 2a ‖ψ‖2

L2(R)

exp
{
−

(
2xa ‖ψ‖L2(R) + b

)2
‖ψ‖2

L2(R)

2 + 4a ‖ψ‖2
L2(R)

}
.

In the aforementioned calculation, we employed the well-known formula

1√
2π

∫
R

exp
{
iαt − β2t2

}
dt =

1√
2β

exp
{
− α2

4β

}
.

The latter implies that

V := F (w(φ)) = exp
{
a ‖ψ‖2

L2(R) w(φ)2 + b ‖ψ‖L2(R) w(φ) + c
}

· 1√
1 + 2a ‖ψ‖2

L2(R)

exp
{
−

(
2aw(φ) ‖ψ‖L2(R) + b

)2

‖ψ‖2
L2(R)

2 + 4a ‖ψ‖2
L2(R)

}

=
1√

1 + 2a ‖ψ‖2
L2(R)

exp
{
a ‖ψ‖2

L2(R) w(φ)2 + b ‖ψ‖L2(R) w(φ) + c
}

· exp
{
−

2a2 ‖ψ‖2
L2(R) w(φ)2 + 2ab ‖ψ‖2

L2(R) w(φ) + 1
2b2 ‖ψ‖2

L2(R)

1 + 2a ‖ψ‖2
L2(R)

}
.

So

V =
1√

1 + 2a ‖ψ‖2
L2(R)

· exp
{a ‖ψ‖2

L2(R) w(φ)2 + 2a2 ‖ψ‖4
L2(R) w(φ)2 + b ‖ψ‖L2(R) w(φ)

1 + 2a ‖ψ‖2
L2(R)

}
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· exp
{2ab ‖ψ‖3

L2(R) w(φ) + c + 2ac ‖ψ‖2
L2(R)

1 + 2a ‖ψ‖2
L2(R)

}

· exp
{
−

2a2 ‖ψ‖2
L2(R) w(φ)2 − 2ab ‖ψ‖2

L2(R) w(φ) − 1
2b2 ‖ψ‖2

L2(R)

1 + 2a ‖ψ‖2
L2(R)

}
.

Hence

V =
1√

1 + 2a ‖ψ‖2
L2(R)

exp
{(a + 2a2 ‖ψ‖2

L2(R) − 2a2
)
‖ψ‖2

L2(R) w(φ)2

1 + 2a ‖ψ‖2
L2(R)

}

· exp
{(b + 2ab ‖ψ‖2

L2(R) − 2ab ‖ψ‖L2(R)

)
‖ψ‖L2(R) w(φ)

1 + 2a ‖ψ‖2
L2(R)

}

· exp
{c + (2ac − 1

2b2) ‖ψ‖2
L2(R)

1 + 2a ‖ψ‖2
L2(R)

}
.

Since w(φ) is Gaussian, we see that V ∈ L2(P ). Thus, relation (7.28) follows
from Proposition 7.5. 
�

Corollary 7.7. Retain the conditions of the previous proposition. Then

exp�
{

a (y − Y )�2
}

= K−1
ψ exp

{
aK−2

ψ (y − Y )2
}

. (7.30)

Proof Just note that b2 − 4ac = 0 in this case. 
�

Corollary 7.8. Let φ(t), Y (t) be as in Theorem 7.4. Assume that

‖φ‖2
L2([t,T ]) =

∫ T

t

φ(s)ds > 0

for t < T . Then

1
‖φ‖L2([0,T ])

exp�
{
− (y − Y (t))�2

2 ‖φ‖2
L2([0,T ])

}
=

1
‖φ‖L2([t,T ])

exp
{
− (y − Y (t))2

2 ‖φ‖2
L2([t,T ])

}
.

(7.31)

Proof Set ψ(s) = φ(s)χ[0,t] in Corollary 7.7 and compute a and Kψ. 
�

Lemma 7.9. Suppose that φ(t), Y (t), and ‖φ‖L2([t,T ]) satisfy the conditions
of Corollary 7.8. Then
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1
‖φ‖L2([0,T ])

exp�
{
− (y − Y (t))�2

2 ‖φ‖2
L2([0,T ])

}
� (y − Y (t))
‖φ‖2

L2([0,T ])

=
1

‖φ‖L2([t,T ])

exp
{
− (y − Y (t))2

2 ‖φ‖2
L2([t,T ])

}
· (y − Y (t))
‖φ‖2

L2([t,T ])

. (7.32)

Proof Differentiation of both sides of (7.31) with respect to y (see
Proposition 5.14) yields the result. 
�

The next result provides a more explicit (and familiar) representation than
the one given in Theorem 7.4.

Theorem 7.10. Require φ(t), Y (t) to be as in Theorem 7.4. Further assume
that

‖φ‖L2([t,T ]) > 0 (7.33)

for all t < T . Let f : R −→ R be bounded. Then

f(Y (T )) = V (0) +
∫ T

0

g(t) (α(t)dt + dW (t)) ,

where

V (0) =
∫

R

f(y)√
2π ‖φ‖L2([0,T ])

exp
{
− y2

2 ‖φ‖2
L2([0,T ])

}
dy (7.34)

and

g(t) = φ(t)
∫

R

f(y)√
2π ‖φ‖L2([t,T ])

exp
{
− (y − Y (T ))2

2 ‖φ‖2
L2([t,T ])

} y − Y (T )
‖φ‖2

L2([t,T ])

dy. (7.35)

Proof We apply Theorem 7.4, and therefore we consider the process

u(t) := φ(t)
∫

R

f(y)√
2π ‖φ‖L2([0,T ])

exp�
{
− (y − Y (t))�2

2 ‖φ‖2
L2([0,T ])

}
� y − Y (t)
‖φ‖2

L2([0,T ])

dy.

It follows from Lemma 7.9 that u(t) = g(t). Thus

E

[∫ T

0

u2(t)dt

]
= E

[∫ T

0

g2(t)dt

]
< ∞.

So Theorem 7.10 is a consequence of Theorem 7.4, since
∫ T

0
g(t) �

•
W tdt =∫ T

0
g(t)dBt in the L2-case (see Theorem 5.20). 
�

Remark 7.11. The conclusion of Theorem 7.10 still holds without the condition
(7.33), if we interpret g(t) as zero when ‖φ‖L2([t,T ]) = 0.
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Remark 7.12. Although the expression (7.35) clearly exhibits computational
tractability compared to the Wick version (7.26), it should be mentioned that
(7.26) may convey some insight, which is not evident from (7.35). For example,
we might ask for the limiting behavior as t −→ T of the replicating portfolio
g(t) in (7.35). If φ(t) is continuous at t = T , then (7.26) implies

lim
t−→T

g(t) = lim
t−→T

u(t)

= φ(T )
∫

R

f(y)√
2π ‖φ‖L2([0,T ])

exp�
{
− (y−Y (T ))�2

2 ‖φ‖2
L2([0,T ])

}
� y−Y (T )
‖φ‖2

L2([0,T ])

dy.

(7.36)

This limit clearly exists in (S)∗.

Corollary 7.13. The digital payoff F =χ[K,∞) (Y (T )) takes the representation

χ[K,∞) (Y (T )) = V (0) +
∫ T

0

g(t) (α(t)dt + dW (t)) ,

where

V (0) =
∫ ∞

K

1√
2π ‖φ‖L2([0,T ])

exp
{
− y2

2 ‖φ‖2
L2([0,T ])

}
dy (7.37)

and

u(t) =
φ(t)√

2π ‖φ‖L2([t,T ])

· exp
{
− (K − Y (t))2

2 ‖φ‖2
L2([t,T ])

}
. (7.38)

Proof Relation (7.37) follows from (7.35) for f(y) = χ[K,∞) (y) by performing
integration with respect to y. 
�

Remark 7.14. To be precise, the hedging strategy with respect to a contingent
T -claim of type F = h(Z(T )) with

Z(t) =
∫ t

0

φ(s)dW (s), t ∈ [0, T ],

can be determined as follows: set Y (t) = Z(t) +
∫ t

0
α(s)φ(s)ds and let

f(x) := e−
∫ T
0 ρ(s)dsh

(
x −

∫ T

0

α(s)φ(s)ds

)
.

Then e−
∫ T
0 ρ(s)dsF = f(Y (T )) and V (0) and u(t) in (7.10) can be explicitly

computed from the expressions given in Theorem 7.10.



120 7 The Donsker Delta Function and Applications

7.3 The Multidimensional Case

In this section, we generalize the results of the previous section to the multidi-
mensional case. Let W (t) = (W1(t), ...,Wn(t))T be a n-dimensional Brownian

motion and
•

W (t) = (
•

W1(t), ...,
•

Wn(t)) be the n-dimensional white noise.

Definition 7.15. Let Y = (Y1, ..., Yn) : Ω −→ R
n be a random variable such

that Yi ∈ (S)∗ , i = 1, ..., n. Then a continuous function

δY (·) : R
n −→ (S)∗

is called the Donsker delta function of Y if it satisfies∫
Rn

g(y)δY (y)dy = g(Y ) a.e. (7.39)

for all measurable functions g : R
n −→ R, provided the integral on left-hand

side exists. Here, and in the sequel, dy = dy1...dyn denotes the n-dimensional
Lebesgue measure.

Proposition 7.16. Let Y : Ω −→ R
n be a normally distributed random vari-

able with mean m = E[Y ] and covariance matrix C = (cij)1≤i,j≤n . Suppose
that C is invertible with inverse A = (aij)1≤i,j≤n. Then δY (y) is uniquely
determined and given by the expression

δY (y) = (2π)−n/2
√

|A| exp�
{
− 1

2

n∑
i,j=1

aij (yi − Yi) � (yj − Yj)
}

, (7.40)

where |A| is the determinant of A.

Proof Let us denote the right-hand side of (7.40) by GY (y). We want to verify
that GY fulfills (7.39), that is,∫

Rn

g(y)GY (y)dy = g(Y ) a.e. (7.41)

To this end let us first assume that g has the form

g(y) = eλ·y = eλ1y1+...+λnyn (7.42)

for some λ = (λ1, ..., λn) ∈ C
n. Then applying the H-transform to the left-

hand side of (7.41), we obtain that

H
(∫

Rn

g(y)GY (y)dy

)

=
∫

Rn

eλ·yH (GY (y)) dy

=
∫

Rn

eλ·y (2π)−n/2
√

|A| exp
{
− 1

2

n∑
i,j=1

aij

(
yi − Ỹi

)
·
(
yj − Ỹj

)}
dy,

(7.43)
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where Ỹ (z) = (Ỹ1(z), ..., Ỹn(z)) := (H (Y1) (z), ...,H (Yn) (z)) is the Hermite
transform of Y at z = (z1, z2, ...) ∈ C

N. Relation (7.43) may be regarded as
the expectation of eλ·Z , where Z is a normally distributed random variable
with mean Ỹ and covariance matrix C = A−1. Now Z := Y − m+ Ỹ is such
a random variable. Hence (7.43) can be written as E

[
eλ·(Y −m+Ỹ )

]
, which

by the well-known formula for the characteristic function of a normal random
variable is equal to exp

{
λ · Ỹ + 1

2

∑n
i,j=1 cijλiλj

}
. By the properties of the

H-transform, we conclude that

H
(∫

Rn

g(y)GY (y)dy

)
= exp

{
λ · Ỹ +

1
2

n∑
i,j=1

cijλiλj

}

= H
(

exp�
{

λ · Y +
1
2

n∑
i,j=1

cijλiλj

})

= H
(
eλ·Y ) = H (g(Y )) .

The latter shows that (7.41) holds for all functions g given by (7.42). Hence
using, for example, the Fourier transform, we see that (7.41) is valid for all
g in the sense of (7.39). It remains to prove uniqueness: If H1 : R

n −→ (S)∗

and H2 : R
n −→ (S)∗ are two continuous functions such that

∫
Rn

g(y)Hi(y)dy = g(Y ) a.e. for i = 1, 2 (7.44)

for all g such that the integral converges, then, in particular, (7.44) must
hold for all continuous functions with compact support. But then we clearly
must have

H1(y) = H2(y) for a.a. y ∈ R
n

and hence for all y ∈ R
n by continuity. 
�

In the sequel, let ψ : [0, T ] −→ R
n, φ : [0, T ] −→ R

n×n be deterministic
functions such that

∫ T

0

|ψ(s)| ds < ∞ and ‖φ‖2 :=
n∑

i,j=1

∫ T

0

φ2
ij(s)ds < ∞. (7.45)

Define

Y (t) =
∫ t

0

φ(s)dW (s) +
∫ t

0

ψ(s)ds

=
∫ t

0

(
φ(s)

•
W (s) + ψ(s)

)
ds, 0 ≤ t ≤ T
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m = E [Y (T )] =
∫ T

0

ψ(s)ds ∈ R
n

and, for 1 ≤ i, j ≤ n,

cij = E [(Yi(T ) − mi) (Yj(T ) − mj)] =
∫ T

0

(
φ · φT

)
ij

(s)ds.

Require that the matrix C = (cij)1≤i,j≤n is invertible and set

A = (aij)1≤i,j≤n = C−1.

Further, define

H(t) = H(t, y)

= exp�
{
− 1

2

n∑
i,j=1

aij (yi − Yi(t)) � (yj − Yj(t))
}

= exp�
{
− 1

2
(y − Y (t))T � A (y − Y (t))

}
, 0 ≤ t ≤ T. (7.46)

Lemma 7.17. The value H(T ) in (7.46) takes the form

H(T ) = H(0) +
∫ T

0

H(t)

�

⎛
⎝1

2

n∑
i,j=1

aij

(
(yi − Yi(t)) �

(
φj(t)

•
W (t) + ψj(t)

)

+ (yj − Yj(t)) �
(

φi(t)
•

W (t) + ψi(t)
)))

dt, (7.47)

where φj is the jth row of the matrix φ.

Proof By the Wick chain rule (see Theorem 6.13) we get

H(T ) = H(0) +
∫ T

0

dH

dt
dt

= H(0) +
∫ T

0

H(t)

�

⎛
⎝ d

dt

⎛
⎝−1

2

n∑
i,j=1

aij (yi − Yi(t)) � (yj − Yj(t))

⎞
⎠
⎞
⎠ dt

= H(0) +
∫ T

0

H(t)

�

⎛
⎝1

2

n∑
i,j=1

aij

(
(yi − Yi(t)) �

d

dt
Yj(t) + (yj − Yj(t)) �

d

dt
Yi(t)

)⎞
⎠ dt
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= H(0) +
∫ T

0

H(t)

�

⎛
⎝1

2

n∑
i,j=1

aij

(
(yi − Yi(t)) �

(
φj(t)

•
W (t) + ψj(t)

)

+ (yj − Yj(t)) �
(

φi(t)
•

W (t) + ψi(t)
)))

dt. 
�

We can now prove the main result of this section.

Theorem 7.18. Suppose that α : [0, T ] −→ R
n is a deterministic function

such that

‖α‖2
L2([0,T ];Rn) =

∫ T

0

|α|2(s)ds < ∞. (7.48)

Let φ : [0, T ] −→ R
n×n be as in (7.45) and define

Y (t) =
∫ t

0

φ(s)dW (s) +
∫ t

0

φ(s)α(s)ds, 0 ≤ t ≤ T. (7.49)

Further let f : R
n −→ R be bounded. Then

f(Y (T )) = V (0) +
∫ T

0

u(t) �
(

α(t) +
•

W (t)
)

dt, (7.50)

where
V (0) = (2π)−n/2

√
|A|
∫

Rn

f(y) exp
{
− 1

2
yT Ay

}
dy (7.51)

and

u(t) = (2π)−n/2
√

|A|
∫

Rn

(f(y)

exp�
{
− 1

2
(y − Y (t))T � A (y − Y (t))

}

� (y − Y (t))T
Aφ(t)

)
dy. (7.52)

Proof Let us apply Proposition 7.16 and Lemma 7.17 for ψ(t) = φ(t)α(t) and
a =

∫ T

0
φ(t)α(t)dt. Then we obtain that

f(Y (T )) =
∫

Rn

f(y)δY (T )(y)dy = (2π)−n/2
√
|A|
∫

Rn

[
f(y)

exp�
{
− 1

2

n∑
i,j=1

aij (yi − Yi(T )) � (yj − Yj(T ))
}]

dy



124 7 The Donsker Delta Function and Applications

= (2π)−n/2
√

|A|
∫

Rn

f(y)H(T, y)dy

= (2π)−n/2
√

|A|
∫

Rn

f(y)H(0, y)dy

+ (2π)−n/2
√

|A|
∫

Rn

f(y)
[ ∫ T

0

H(t, y)

�
(1

2

n∑
i,j=1

aij

[
(yi − Yi(t)) �

(
φj(t)

•
W (t) + ψj(t)

)

+ (yj − Yj(t)) �
(

φi(t)
•

W (t) + ψi(t)
)])

dt
]
dy.

So

f(Y (T )) = (2π)−n/2
√

|A|
∫

Rn

f(y)H(0, y)dy

+ (2π)−n/2
√
|A|
∫ T

0

(∫
Rn

f(y)H(t, y) � (y − Y (t))T
Aφ(t)dy

)

�
(

α(t) +
•

W (t)
)

dt,

which by (7.46) is the same as (7.50)–(7.52). 
�

Lemma 7.19. Suppose that φ(t)andY (t) are as in (7.45) and (7.49). Let 0 ≤
t ≤ T and define the n × n matrix

C[t,T ] =
∫ T

t

φ(s)φT (s)ds. (7.53)

Further require that ∣∣C[t,T ]

∣∣ > 0 (7.54)

and set
A[t,T ] = C−1

[t,T ]. (7.55)

Then
√∣∣A[0,T ]

∣∣ exp�
{
− 1

2
(y − Y (t))T � A[0,T ] (y − Y (t))

}

=
√∣∣A[t,T ]

∣∣ exp
{
− 1

2
(y − Y (t))T · A[t,T ] (y − Y (t))

}
. (7.56)

Proof The proof follows the line of reasoning in the proof of Corollary 7.8.
Therefore we omit the details. 
�
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Corollary 7.20. Choose φ(t), Y (t), and
∣∣A[t,T ]

∣∣ to be as in Lemma 7.19.
Then √∣∣A[0,T ]

∣∣ exp�
{
− 1

2
(y − Y (t))T � A[0,T ] (y − Y (t))

}

� (y − Y (t))T
A[0,T ]φ(t)

=
√∣∣A[t,T ]

∣∣ exp
{
− 1

2
(y − Y (t))T · A[t,T ] (y − Y (t))

}

· (y − Y (t))T
A[t,T ]φ(t). (7.57)

Proof Differentiate (7.56) with respect to y1, ..., yn. 
�

We can now give an explicit representation of f(Y (T )) without Wick
product.

Theorem 7.21. Keep the notation and conditions of Lemma 7.19. Let f :
R

n −→ R be bounded. Then

f(Y (T )) = V (0) +
∫ T

0

u(t) (α(t)dt + dW (t)) , (7.58)

where V (0) is as in (7.51) and

u(t) = (2π)−n/2
√∣∣A[t,T ]

∣∣
∫

Rn

[
f(y)

exp
{
− 1

2
(y − Y (t))T · A[t,T ] (y − Y (t))

}

· (y − Y (t))T
A[t,T ]φ(t)

]
dy. (7.59)

Example 7.22. The general results in Theorem 7.18 and Theorem 7.21 can be
employed to analyze the replicating portfolios for some exotic options. For
example, one can study portfolios of path dependent options like a knock-out
option of the form

F = χ[K,∞)

(
max

0≤t≤T
Z(t)

)
, (7.60)

where

Z(t) =
∫ t

0

φ(s)dW (s), t ∈ [0, T ],

is a one-dimensional process. The idea is the following. Let 0 = t0 < t1 < ... <
tn = T be an equidistant partition of [0, T ], and define

φ(t) =

⎛
⎜⎜⎜⎝

χ[0,t1](t) 0 · · · 0
χ[0,t2](t) 0 · · · 0

...
...

. . .
...

χ[0,tn](t) 0 · · · 0

⎞
⎟⎟⎟⎠ ∈ R

n×n.
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Then

φφT =

⎛
⎜⎜⎜⎝

χ[0,t1](t) χ[0,t1](t) · · · χ[0,t1](t)
χ[0,t1](t) χ[0,t2](t) · · · χ[0,t2](t)

...
...

. . .
...

χ[0,t1](t) χ[0,t2](t) · · · χ[0,tn](t)

⎞
⎟⎟⎟⎠ .

Thus

C =
∫ T

0

φφT (t)dt =

⎛
⎜⎜⎜⎝

t1 t1 · · · t1
t1 t2 · · · t2
...

...
. . .

...
t1 t2 · · · tn

⎞
⎟⎟⎟⎠ .

Since
|C| = t1(t2 − t1)(t3 − t2) · ... · (tn − tn−1) = (∆t)n

,

where
∆t = ti − ti−1 =

T

n
�= 0, 1 ≤ i ≤ n,

the matrix C is invertible. Hence Theorem 7.18 can be applied to

Y (t) : =
∫ t

0

φ(s)dW (s) +
∫ t

0

φ(s)α(s)ds

=

⎛
⎜⎝

W1(t ∧ t1) +
∫ t∧t1
0

α1(s)ds
...

W1(t ∧ tn) +
∫ t∧tn

0
α1(s)ds

⎞
⎟⎠ ,

where α = (α1, ..., αn) : [0, T ] −→ R
n is as in (7.48). In this case, we observe

that

A = C−1 =
n

T

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 · · · · · · 0
−1 2 −1 · · · · · · 0
0 −1 2 −1 · · · 0
...

...
. . . . . . . . .

...
0 0 · · · −1 2 −1
0 0 · · · −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Now let f : R
n −→ R be bounded. Then

f(Y (T ))

= f

(
W1(t1) +

∫ t1

0

α1(s)ds, ...,W1(tn) +
∫ tn

0

α1(s)ds

)
.

In particular, if α1 = 0, we get the following representation by Theorem 7.18:

f (W1(t1), ...,W1(tn)) = V (0) +
∫ T

0

u1(t)dW1(t),
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where

u1(t) =
( n

2πT

)n/2
∫
Rn

f(y1, ..., yn)

· exp�
{
− n

2T

(
n−1∑
i=1

(yi − W1(t ∧ ti))
�2 + (yn − W1(t))

�2

−2
n−1∑
i=1

(yi − W1(t ∧ ti)) � (yi+1 − W1(t ∧ ti+1))

)}

� n

T

(
2

n−1∑
i=1

(yi − W1(t ∧ ti)) χ[0,ti](t) + (yn − W1(t))

−
n−1∑
i=1

(yi − W1(t ∧ ti)) χ[0,ti+1](t)

−
n−1∑
i=1

(yi+1 − W1(t ∧ ti+1)) χ[0,ti](t)

)
dy. (7.61)

Thus, we see that if F is the knock-out option

χ[K,∞)

(
max

0≤t≤T
W1(t)

)
,

then we obtain an approximation of the corresponding replicating portfolio
u(t) by choosing n large and f(y1, ..., yn) = max {yi : 1 ≤ i ≤ n} in (7.61).
With some extra work, one can obtain a similar representation without Wick
products by using Theorem 7.21.

7.4 Exercises

Problem 7.1. In this problem we combine the generalized Clark–Ocone the-
orem (see Theorem 6.35) with results about the Donsker delta function to
give an alternative proof of Corollary 7.13. More precisely, we prove the rep-
resentation (6.41) for the digital payoff

F = χ[K,∞)(W (T )).

We proceed as follows. By Theorem 6.35 we can write

F = E[F ] +
∫ T

0

E
[
DtF |Ft

]
dW (t).

To find DtF , we first represent F in terms of the Donsker delta function

δW (T )(y) =
1√
2πT

exp�
{
− (y − W (T ))�2

2T

}
,
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and we get

χ[K,∞)(W (T )) =
∫

R

χ[K,∞)(y)
1√
2πT

exp�
{
− (y − W (T ))�2

2T

}
dy.

(a) Use the Wick chain rule (see Theorem 6.13) to deduce that

Dt χ[K,∞)(W (T )) =
∫ ∞

K

1√
2πT

exp�
{
− (y − W (T ))�2

2T

}
� y − W (T )

T
dy.

(b) Use (a) and Lemma 6.27 and Lemma 6.28 to prove that

E
[
Dt χ[K,∞)(W (T ))|Ft

]
=
∫ ∞

K

1√
2πT

exp�
{
− (y−W (t))�2

2T

}
� y−W (t)

T
dy.

(c) Note that

d

dy
exp�

{
− (y − W (t))�2

2T

}
= exp�

{
− (y − W (t))�2

2T

}
� y − W (t)

T

and combine this with (b) to obtain

E
[
Dt χ[K,∞)(W (T ))|Ft

]
=

1√
2πT

exp�
{
− (K − W (t))�2

2T

}
.

(d) Finally, combine (c) with Corollary 7.8 to obtain the representation (6.41).

Problem 7.2. (*) Let Y be normally distributed with mean m and vari-
ance v. Define

Z := eY .

Show that the Donsker delta function of Z is given by

δZ(z) =
1√
2πv

1
z

exp�
{
− (log z − log Z)�2

2v

}
χ[0,∞)(z).

Problem 7.3. Define F = χ[K,∞)(W (T )), where K ∈ R is constant. Show
that F /∈ D1,2.
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The Forward Integral and Applications

8.1 A Motivating Example

The following example is based on [190]. Suppose we have a financial market
on [0, T ] (T > 0) with two investment possibilities:

(1) A risk free asset with unit price S0(t) at time t given by

dS0(t) = ρS0(t)dt, S0(0) = 1,

(2) A risky asset with unit price S1(t) at time t given by

dS1(t) = S1(t)
[
µdt + σdW (t)

]
, S1(0) > 0.

Here ρ, µ, and σ > 0 are given constants.
If we represent a portfolio in this market by the fraction π(t) of the total

wealth X(t) invested in the risky asset at time t, then the dynamics of the
wealth process Xπ(t) = X(t), t ≥ 0, of a self-financing portfolio π is

dX(t) = (1 − π(t))X(t)ρdt + π(t)X(t)[µdt + σdW (t)]
= X(t)[(ρ + (µ − ρ)π(t))dt + π(t)σdW (t)], X(0) = x > 0.

(8.1)

Let AF be the set of all F-adapted portfolios π such that
∫ T

0

π2(s)ds < ∞ P -a.s.

If π ∈ AF, then the solution X(t) = Xx(t), t ∈ [0, T ], of (8.1) is

X(t) = x exp
{∫ t

0

σπ(s)dW (s)+
∫ t

0

[
ρ+(µ− ρ)π(s)− 1

2
σ2π2(s)

]
ds
}

. (8.2)

In this classical setting it is well-known that the portfolio π∗
F

that maximizes

E
[
log Xx

π(T )
]

(T > 0) (8.3)

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 129
to Finance,
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over all π ∈ AF is given by

π∗
F
(t) =

µ − ρ

σ2
, t ∈ [0, T ], (8.4)

and the corresponding value function is

VF(x) = sup
π∈AF

E
[
log Xx

π(T )
]

= E
[
log Xx

π∗
F

(T )
]

= log x +
(
ρ +

(µ − ρ)2

2σ2

)
T, x > 0.

(8.5)

We now ask, what happens if the trader has, at any time t, more infor-
mation than Ft? More precisely, suppose G =

{
Gt, t ≥ 0} is a filtration such

that
Ft ⊆ Gt, t ∈ [0, T ] (T > 0),

representing the information available to the trader. Then if we allow the
trader’s portfolios to be G-adapted, then what would the maximal value of
(8.3) be?

In [190] the special case

Gt := Ft ∨ σ(W (T0)) (T0 > T ) (8.6)

is considered. This means that the trader knows the value of W (T0) (which is
equivalent to knowing S1(T0)) in addition to the basic information Ft at any
time t ∈ [0, T ]. We call such a trader an insider (or informed trader). In this
case we have the following result, first proved in [121].

Theorem 8.1. The process W (t), t ≥ 0, is a semimartingale with respect to
G (under the measure P ). Its semimartingale decomposition is

W (t) = Ŵ (t) +
∫ t

0

W (T0) − W (s)
T0 − s

ds, (8.7)

where Ŵ (t), t ≥ 0, is a Brownian motion with respect to G.

Using this we can interpret the integrals in (8.1) and (8.2) as integrals
with respect to a semimartingale as integrator, that is, we can write

∫ t

0

ϕ(s)dW (s) =
∫ t

0

ϕ(s)dŴ (s) +
∫ t

0

ϕ(s)
W (T0) − W (s)

T0 − s
ds

for ϕ(s) = X(s)π(s) and ϕ(s) = π(s), s ≥ 0, in (8.1) and (8.2), respectively.
Let π∗

G
denote the optimal portfolio among all insider’s portfolios AG, that

is, all G-adapted processes π such that
∫ T

0

π2(s)ds < ∞ P -a.s.
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Let VG be the value function

VG(x) = sup
π∈AG

E
[
log Xx

π(T )
]

= E
[
log Xx

π∗
G

(T )
]
, x > 0. (8.8)

In this framework, [190] proved that

π∗
G
(t) =

µ − ρ

σ2
+

W (T0) − W (t)
σ (T0 − t)

, t ∈ [0, T ], (8.9)

and
VG(x) = VF(x) +

1
2σ2

log
( T0

T0 − T

)
, x > 0. (8.10)

We could regard the difference

VG(x) − VF(x) =
1

2σ2
log
( T0

T0 − T

)

as the value of the additional information S1(T0) the insider has at her
disposal.

This example opens a few questions that we would like to address:

(1) What happens ifwe consider amore general insider filtrationG={Gt, t≥0},
that is, with the only requirement that

Ft ⊆ Gt, for all t ∈ [0, T ] ?

(2) What if we consider a more general utility function U(x), x ≥ 0, that is,
if the optimization problem is to maximize

E
[
U(Xx

π(T ))
]
?

(3) What if we allow the financial market model for the prices to have jumps?

Question (3) will be discussed in Part II of the book. To handle questions (1)
and (2) we need to find a mathematical interpretation of the integrals

“
∫ t

0

X(s)π(s)dW (s) ” and “
∫ t

0

π(s)dW (s) ”

in (8.1) and (8.2), respectively. Note that in both cases the integrands are not
adapted with respect to the filtration generated by the integrator, actually
they embody some anticipating information that the insider has and uses. We
also emphasize that, in general, the process W need not be a semimartingale
with respect to the general (larger) filtration G. Here is a simple example that
illustrates this.
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Example 8.2. Define Gt := FT , for all t ∈ [0, T ]. Suppose that W is a semi-
martingale with respect to G, with semimartingale decomposition

W (t) = A(t) + M(t), t ∈ [0, T ], with W (0) = 0,

where M is a G-martingale and A is a G-adapted process with bounded vari-
ation and A(0) = 0. Then

M(t) = E
[
M(T )|Gt

]
= E

[
M(T )|FT

]
= M(T ), t ∈ [0, T ].

Hence M(t) = M(0), t ∈ [0, T ]. Thus

W (t) = A(t) + M(0), t ∈ [0, T ],

which is a process of bounded variation. This is absurd.

The same argument applies to show that if

Gt := Ft+δ(t), for some δ(t) > 0, t ∈ [0, T ], (8.11)

then W is not a semimartingale with respect to G, (see Problem 8.1).
This shows that to be able to handle the questions above related to insider

trading, we must go beyond the semimartingale context. It turns out that the
forward integral, to be introduced in the next section, provides the natural
framework for modeling insider trading.

More about insider trading can be found in the forthcoming Sect. 8.6 and
in Chap. 16.

8.2 The Forward Integral

The forward integral with respect to Brownian motion was first defined in
the seminal paper [208] and further studied in [209, 210]. This integral was
introduced in the modeling of insider trading in [33] and then applied ex-
tensively in questions related to insider trading and stochastic control with
advanced information (see, e.g., [63, 65, 66, 110, 132, 133, 179, 181]. See also
[50] and for the use of Malliavin calculus in insider trading see, for example,
[115, 116, 146].

Definition 8.3. We say that a stochastic process ϕ = ϕ(t), t ∈ [0, T ], is
forward integrable (in the weak sense) over the interval [0, T ] with respect to
W if there exists a process I = I(t), t ∈ [0, T ], such that

sup
t∈[0,T ]

∣∣∣
∫ t

0

ϕ(s)
W (s + ε) − W (s)

ε
ds − I(t)

∣∣∣ −→ 0, ε → 0+, (8.12)

in probability. In this case we write

I(t) :=
∫ t

0

ϕ(s)d−W (s), t ∈ [0, T ],

and call I(t) the forward integral of ϕ with respect to W on [0, t].
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The following results give a more intuitive interpretation of the forward inte-
gral as a limit of Riemann sums, see [33, 133].

Lemma 8.4. Suppose ϕ is càglàd and forward integrable. Then

∫ T

0

ϕ(s)d−W (s) = lim
∆t→0

Jn∑
j=1

ϕ(tj−1)
(
W (tj) − W (tj−1)

)

with convergence in probability. Here the limit is taken over the partitions 0 =
t0 < t1 < ... < tJn

= T of t ∈ [0, T ] with ∆t := maxj=1,...,Jn
(tj − tj−1) −→ 0,

n → ∞.

Proof We may assume that ϕ is a simple stochastic process, that is,

ϕ(t) =
Jn∑
j=1

ϕ(tj−1)χ(tj−1,tj ](t), t ∈ [0, T ],

because any càglàd stochastic process on [0, T ] can be approximated pointwise
in ω and uniformly in t by such simple processes. For such ϕ we have

∫ T

0

ϕ(s)d−W (s) = lim
ε→0+

∫ T

0

ϕ(s)
W (s + ε) − W (s)

ε
ds

=
Jn∑
j=1

ϕ(tj−1) lim
ε→0+

∫ tj

tj−1

W (s + ε) − W (s)
ε

ds

=
Jn∑
j=1

ϕ(tj−1) lim
ε→0+

1
ε

∫ tj

tj−1

∫ s+ε

s

dW (u)ds

=
Jn∑
j=1

ϕ(tj−1) lim
ε→0+

1
ε

∫ tj

tj−1

∫ u

u−ε

dsdW (u)

=
Jn∑
j=1

ϕ(tj−1)
(
W (tj) − W (tj−1)

)
,

by application of the Fubini theorem. 
�

Remark 8.5. From the previous lemma we can see that, if the integrand ϕ
is F-adapted, then the Riemann sums are also an approximation to the Itô
integral of ϕ with respect to the Brownian motion. Hence in this case the
forward integral and the Itô integral coincide. In this sense we can regard
the forward integral as an extension of the Itô integral to a nonanticipating
setting. A formal proof of this statement is presented here as a consequence
of the forthcoming Lemma 8.9, see Corollary 8.10.
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Remark 8.6. The previous result gives the motivation for using forward inte-
grals in the modeling of insider trading in mathematical finance. Suppose the
price of a risky asset at time t is represented by W (t) and that a trader buys
the stochastic amount α of units of this asset at some random time τ1. He
keeps all these units up to a random time τ2: τ1 < τ2 < T , when he sells
them. The profit obtained by this transaction would be

αW (τ2) − αW (τ1).

This is in fact the result obtained with the forward integration of the portfolio

ϕ(t) = αχ(τ1,τ2](t), t ∈ [0, T ],

with respect to the Brownian motion, that is,

∫ T

0

ϕ(t)d−W (t) = αW (τ2) − αW (τ1).

In the sequel we give some useful properties of the forward integral. The
following result is an immediate consequence of the definition.

Lemma 8.7. Suppose ϕ is a forward integrable stochastic process and G
a random variable. Then the product Gϕ is forward integrable stochastic
process and ∫ T

0

Gϕ(t)d−W (t) = G

∫ T

0

ϕ(t)d−W (t).

Remark 8.8. Note that this result does not hold for the Skorohod integral, see
Example 2.4.

The next result shows that the forward integral is an extension of the
integral with respect to a semimartingale.

Lemma 8.9. Let G := {Gt, t ∈ [0, T ]} (T > 0) be a given filtration. Suppose
that

(1) W is a semimartingale with respect to the filtration G

(2) ϕ is G-predictable and the integral

∫ T

0

ϕ(t)dW (t),

with respect to W , exists.

Then ϕ is forward integrable and

∫ T

0

ϕ(t)d−W (t) =
∫ T

0

ϕ(t)dW (t).
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Proof Since W is a semimartingale with respect to G and ϕ is G-predictable,
we have by the theory of Itô integration with respect to a general (continuous)
semimartingale (see e.g. [203]) that

∫ T

0

ϕ(t)d−W (t) = lim
ε→0+

∫ T

0

ϕ(t)
W (t + ε) − W (t)

ε
dt

= lim
ε→0+

∫ T

0

1
ε

∫ s

s−ε

ϕ(t)dtdW (s)

=
∫ T

0

ϕ(t)dW (t),

since
ϕε(s) :=

1
ε

∫ s

s−ε

ϕ(t)dt, s ∈ [0, T ],

converges to ϕ in probability uniformly in s. 
�

Corollary 8.10. The forward integral as an extension of the Itô
integral. Let ϕ be F-predictable and Itô integrable. Then ϕ is forward in-
tegrable and ∫ T

0

ϕ(t)d−W (t) =
∫ T

0

ϕ(t)dW (t).

Proof It is enough to apply Lemma 8.9 with G = F. 
�

8.3 Itô Formula for Forward Integrals

We now turn to the Itô formula for forward integrals. In this connection it is
convenient to introduce a notation that is analogous to the classical notation
for Itô processes.

Definition 8.11. A forward process (with respect to W ) is a stochastic
process of the form

X(t) = x +
∫ t

0

u(s)ds +
∫ t

0

v(s)d−W (s), t ∈ [0, T ], (8.13)

(x constant), where ∫ T

0

|u(s)|ds < ∞, P -a.s.

and v is a forward integrable stochastic process. A shorthand notation for
(8.13) is that

d−X(t) = u(t)dt + v(t)d−W (t). (8.14)

The next result was first proved in [210].
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Theorem 8.12. The one-dimensional Itô formula for forward
integrals. Let

d−X(t) = u(t)dt + v(t)d−W (t)

be a forward process. Let f ∈ C1,2([0, T ] × R) and define

Y (t) = f(t,X(t)), t ∈ [0, T ].

Then Y (t), t ∈ [0, T ], is a forward process and

d−Y (t) =
∂f

∂t
(t,X(t))dt+

∂f

∂x
(t,X(t))d−X(t)+

1
2

∂2f

∂x2
(t,X(t))v2(t)dt. (8.15)

Sketch of proof. We only sketch the proof and refer to [210] for details. Assume
that f(t, x) = f(x), for t ∈ [0, T ] and x ∈ R. Let 0 = t0 < t1 < ... < tN = T
be a partition of [0, t] with ∆t := maxj=1,...N (tj − tj−1). Then by Taylor
expansion we have

f(X(t)) − f(X(0)) =
N∑

j=1

f(X(tj)) − f(X(tj−1))

=
N∑

j=1

f ′(X(tj−1))
(
X(tj) − X(tj−1)

)

+
1
2

N∑
j=1

f ′′(X̄j)
(
X(tj) − X(tj−1)

)2
,

(8.16)

for some point X̄j ∈ [X(tj−1),X(tj ]. By Lemma 8.7 we have

N∑
j=1

f ′(X(tj−1))
(
X(tj) − X(tj−1)

)

=

N∑
j=1

f ′(X(tj−1))
(∫ tj

tj−1

u(s)ds +

∫ tj

tj−1

v(s)d−W (s)
)

=

N∑
j=1

(∫ tj

tj−1

f ′(X(tj−1))u(s)ds +

∫ tj

tj−1

f ′(X(tj−1))v(s)d−W (s)

=

∫ T

0

( N∑
j=1

f ′(X(tj−1))χ(tj−1,tj ](s)
)
u(s)ds

+

∫ T

0

( N∑
j=1

f ′(X(tj−1))χ(tj−1,tj ](s)
)
v(s)d−W (s)

−→
∫ T

0

f ′(X(s))u(s)ds +

∫ T

0

f ′(X(s))v(s)d−W (s)

=

∫ T

0

f ′(X(s))d−X(s), ∆t → 0,

(8.17)
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with convergence in probability. As in the classical case one can prove also
that

N∑
j=1

f ′′(X̄j)
(
X(tj) − X(tj−1)

)2 −→
∫ T

0

f ′′(X(s))v2(s)ds, ∆t → 0 (8.18)

(in probability). Combining (8.16)–(8.18), we can obtain the result. 
�

Remark 8.13. Note the similarity with the classical Itô formula. This similarity
extends to the multidimensional case. We state the result without proof.

Theorem 8.14. The multidimensional Itô formula for forward
integrals. Let

d−Xi(t) = ui(t)dt +
m∑

j=1

vij(t)d−Wj(t) (i = 1, ..., n)

be n forward processes driven by m independent Brownian motions
W1, ...,Wm. Let f ∈ C1,2([0, T ] × R

n) and define

Y (t) := f(t,X(t)), t ∈ [0, T ].

Then Y is a forward process and

d−Y (t) =
∂f

∂t
(t,X(t))dt +

n∑
i=1

∂f

∂xi
(t,X(t))d−Xi(t)

+
1
2

n∑
i=1

n∑
k=1

∂2f

∂xi∂xk
(t,X(t))

(
vvT

)
ik

(t)dt.

(8.19)

As in the classical case we can use the Itô formula for forward integrals
to solve forward stochastic differential equations. We illustrate this by an
example.

Example 8.15. Let µ(t), t ∈ [0, T ], and σ(t), t ∈ [0, T ], be measurable processes
such that

(1) σ is forward integrable
(2)
∫ T

0
(|µ(t)| + σ2(t))dt < ∞ P -a.e.

Then the unique solution Y (t), t ∈ [0, T ], of the forward stochastic differential
equation,

d−Y (t) = µ(t)Y (t)dt + σ(t)Y (t)d−W (t), t ∈ (0, T ]

Y (0) = F,
(8.20)
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where F is an FT -measurable random variable, is

Y (t) = F exp
{∫ t

0

(µ(s) − 1
2
σ2(s))ds +

∫ t

0

σ(s)d−W (s)
}

.

To see this, we apply the Itô formula for forward integrals with f(x) = ex,
x ∈ R, and

dX(t) =
(
µ(t) − 1

2
σ2(t)

)
dt + σ(t)d−W (t).

This is the same procedure as in the classical case. To see that Y is the only
solution of (8.20), suppose that Ỹ is another solution. Put

Z(t) := Y −1(t)Ỹ (t), t ∈ [0, T ].

Then by the two-dimensional Itô formula for forward processes, we have

d−Z(t) = Ỹ (t)d−Y −1(t) + Y −1(t)d−Ỹ (t) + d−Y −1(t)d−Ỹ (t)

= Y −1(t)Ỹ (t)
[
(−µ(t) + σ2(t))dt − σ(t)d−W (t)

+ µ(t)dt + σ(t)d−W (t) + (−σ(t))σ(t)dt
]

= 0.

Since Y (0) = Ỹ (0) = F , it follows that Z(t) = 1, t ∈ [0, T ], which proves
uniqueness.

8.4 Relation Between the Forward Integral
and the Skorohod Integral

We now turn to the relation between the forward integral and the Skorohod
integral.

Definition 8.16. Let ϕ be a measurable process. We say that ϕ is forward
integrable in the strong sense if the limit

lim
ε→0+

∫ T

0

ϕ(t)
W (t + ε) − W (t)

ε
dt

exists in L2(P ).

Definition 8.17. The class D0 consists of all measurable processes ϕ such
that

(1) the trajectories ϕ(·, ω) : t −→ ϕ(t, ω) are càglàd P -a.e.
(2) the random variables ϕ(t) ∈ D1,2 for all t ∈ [0, T ]
(3) the trajectories t −→ Dsϕ(t)(ω) are càglàd s-a.e., P -a.e.
(4) the limit Dt+ϕ(t) := lims→t+ Dsϕ(t) exists with convergence in L2(P )
(5) ϕ is Skorohod integrable.
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The first version of the following result was proved in [208, Proposition 2.3].

Theorem 8.18. Suppose ϕ ∈ D0. Then ϕ is forward integrable in the strong
sense and

∫ T

0

ϕ(t)d−W (t) =
∫ T

0

ϕ(t)δW (t) +
∫ T

0

Dt+ϕ(t)dt.

Proof For all ε > 0 we have

lim
ε→0+

∫ T

0

ϕ(t)
W (t + ε) − W (t)

ε
dt = lim

ε→0+

∫ T

0

ϕ(t)
1
ε

∫ t+ε

t

1 dW (s)dt

= lim
ε→0+

[ ∫ T

0

ϕ(t) � 1
ε

∫ t+ε

t

1 dW (s)dt +
∫ T

0

1
ε

∫ t+ε

t

Dsϕ(t)dsdt
]

= lim
ε→0+

∫ T

0

(1
ε

∫ s

s−ε

ϕ(t)dt
)
�

•
W (s)ds +

∫ T

0

Dt+ϕ(t)dt,

with convergence in L2(P ) (see Chaps. 5 and 6 for the definition of Wick
product, white noise, and the related results). Define

ϕε(s) :=
1
ε

∫ s

s−ε

ϕ(t)dt, s ∈ [0, T ] (ε > 0).

Then
ϕε(s) −→ ϕ(s), ε → 0+, P -a.s. for all s.

Moreover,

E
[ ∫ T

0

ϕ2
ε(s)ds

]
≤ E

[ ∫ T

0

ϕ2(s)ds
]
, for all ε > 0.

Therefore,
ϕε −→ ϕ, ε → 0+, in L2(P × λ).

Moreover, by Definition 8.17, we have

E
[ ∫ T

0

∫ T

0

(
Duϕε(s) − Duϕ(s)

)2
dsdu

]

≤ E
[ ∫ T

0

∫ T

0

1
ε

∫ s

s−ε

(
Duϕ(t) − Duϕ(s)

)2
dtdsdu

]
−→ 0, ε → 0+.

Applying Theorem 6.17, we obtain

lim
ε→0+

∫ T

0

ϕε(s) �
•

W (s)ds = lim
ε→0+

∫ T

0

ϕε(s)δW (s) =
∫ T

0

ϕ(s)δW (s),

with convergence in L2(P ). This completes the proof. 
�
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Corollary 8.19. Let ϕ ∈ D0. Then

E
[ ∫ T

0

ϕ(t)d−W (t)
]

= E
[ ∫ T

0

Dt+ϕ(t)dt
]
.

Proof Recall that the expectation of the Skorohod integral is 0, cf. (2.6). Then
the result follows directly from Theorem 8.18. 
�

8.5 Itô Formula for Skorohod Integrals

We now combine the Itô formula for forward integrals with Theorem 8.14 to
obtain a version of the Itô formula for Skorohod integrals. See [169] and also
[5, 9].

Theorem 8.20. Let X = X(t), t ∈ [0, T ], be a Skorohod process, that is, a
process of the form

X(t) = x +
∫ t

0

α(s)ds +
∫ t

0

β(s)δW (s), (8.21)

with x ∈ R constant and the stochastic processes α and β satisfy: β ∈ D0 and∫ t

0
|α(s)|ds < ∞ P -a.s. for all t ∈ [0, T ] (T > 0). A short-hand notation of

(8.21) is
δX(t) = α(t)dt + β(t)δW (t), X(0) = x. (8.22)

Let f ∈ C1,2([0, T ] × R) and define

Y (t) := f(t,X(t)), t ≥ 0.

Suppose Dt+X(t), t ∈ [0, T ], exists in L2(P×λ) and that the stochastic process
β(t)∂f

∂x (t,X(t)), t ≥ 0, is Skorohod integrable. Then Y = Y (t), t ∈ [0, T ], is
also a Skorohod process and

δY (t) =
[∂f

∂t
(t,X(t)) +

1
2

∂2f

∂x2
(t,X(t))β2(t) +

∂2f

∂x2
(t,X(t))β(t)Dt+X(t)

]
dt

+
∂f

∂x
(t,X(t))δX(t).

(8.23)

Proof Using Theorem 8.14, we can write

X(t) = x +
∫ t

0

[
α(s) − Ds+β(s)

]
ds +

∫ t

0

β(s)d−W (s).
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By the Itô formula for forward integrals we have

d−Y (t) =
∂f

∂t
(t,X(t))dt +

∂f

∂x
(t,X(t))

[
(α(t) − Dt+β(t))dt + β(t)d−W (t)

]

+
1
2

∂2f

∂x2
(t,X(t))β2(t)dt.

Hence, again by Theorem 8.14,

δY (t) =
∂f

∂t
(t, X(t))dt +

∂f

∂x
(t, X(t))

[
(α(t) − Dt+β(t))dt +

1

2

∂2f

∂x2
(t, X(t))β2(t)dt

+
∂f

∂x
(t, X(t))β(t)δW (t) + Dt+

(∂f

∂x
(t, X(t))β(t)

)
dt

=
∂f

∂t
(t, X(t))dt +

∂f

∂x
(t, X(t))

[
α(t)dt + β(t)δW (t)

]

+
1

2

∂2f

∂x2
(t, X(t))β2(t)dt +

∂2f

∂x2
(t, X(t))β(t)Dt+X(t)dt. ��

Example 8.21. Consider the following Skorohod stochastic differential equa-
tion

δX(t) = α(t)X(t)dt + β(t)X(t)δW (t),
X(0) = x > 0.

(8.24)

Let us try a solution of the form

X̃(t) = x exp
{∫ t

0

[
α(s) − 1

2
β2(s)

]
ds +

∫ t

0

β(s)δW (s)
}

, t ∈ [0, T ]. (8.25)

By the Itô formula for Skorohod integrals, we get

δX̃(t) = X̃(t)δX̃(t) +
1
2
X̃(t)β2(t)dt + X̃(t)β(t)Dt+X̃(t)dt

= α(t)X̃(t)dt + β(t)X̃(t)δW (t) + β(t)X̃(t)Dt+X̃(t).

Hence X̃(t), t ∈ [0, T ], is a solution of (8.24) if and only if

β(t)Dt+X̃(t) = 0 for all t.

If α and β are F-adapted, the aforementioned condition holds. But nothing
can be said in general.

If β is deterministic, we can solve (8.24) by using white noise analysis, see
Problem 5.8. In this case we get that the solution is

X(t) = x exp�
{∫ t

0

α(s)ds +
∫ t

0

β(s)dW (s)
}

, t ∈ [0, T ]. (8.26)

If, in addition, α is F-adapted, then X̃(t) = X(t), t ∈ [0, T ].
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8.6 Application to Insider Trading Modeling

8.6.1 Markets with No Friction

Let us return to the financial market in Sect. 8.1, but this time with more
general coefficients, that is,

dS0(t) = ρ(t)S0(t)dt, S0(0) = 1

dS1(t) = S1(t)
[
µ(t)dt + σ(t)dW (t)

]
, S1(0) > 0,

where ρ, µm and σ �= 0 are F-adapted stochastic processes such that
∫ T

0

[
|ρ(t)| + |µ(t)| + σ2(t)

]
dt < ∞, P -a.s.

Suppose the trader is an insider, namely that the trader has access to an
information flow represented by a filtration G := {Gt ⊆ F , t ∈ [0, T ]} such
that

Ft ⊆ Gt, for all t ∈ [0, T ].

Then the portfolio π := π(t), t ∈ [0, T ], that the insider could select is allowed
to be G-adapted. Motivated by Sect. 8.1, we assume that the wealth process
X(t) = Xπ(t), t ∈ [0, T ], corresponding to π is given by the forward equation

d−X(t) = X(t)
[(

ρ(t) + (µ(t) − ρ(t))π(t)
)
dt + π(t)σ(t)d−W (t)

]

X(0) = x > 0.
(8.27)

By the Itô formula for forward integrals (cf. Theorem 8.8), the solution X(t) =
Xx(t), t ∈ [0, T ], of this equation is

X(t)=x exp
{∫ t

0

[
ρ(t)+(µ(t)−ρ(t))π(t)−1

2
σ2(t)π2(t)

]
dt+
∫ t

0

σ(t)π(t)d−W (t)
}
.

(8.28)

Remark 8.22. In this model the insider is a “small” investor in the sense that
he is a price taker and his actions on the market do not have direct impact
on the price dynamics. Equilibrium models and price formation are discussed
in [143, 11]. See also [1, 103, 111, 156].

Let
U : [0,∞) −→ [−∞,∞)

be a given utility function, which is here assumed to be nondecreasing, con-
cave, lower semi-continuous on [0,∞) and in C1(0,∞). We consider the fol-
lowing problem:

• Find π∗ ∈ AG such that

sup
π∈AG

E
[
U(Xx

π(T ))
]

= E
[
U(Xx

π∗(T ))
]
. (8.29)
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Here AG is the family of admissible controls defined as follows.

Definition 8.23. The set AG of admissible portfolios is characterized by

(1) all π ∈ AG is càglàd and G-adapted
(2) for all π ∈ AG,

E
[ ∫ T

0

[
|µ(t) − ρ(t)||π(t)| + σ2(t)π2(t)

]
dt < ∞

(3) for all π ∈ AG, the product πσ is càglàd and forward integrable with respect
to W

(4) for all π ∈ AG, 0 < E
[
U ′(Xπ(T ))Xπ(T )

]
< ∞. Here U ′(x) = d

dxU(x).
(5) For all π, β ∈ AG with β bounded, there exists δ > 0 such that π+yβ ∈ AG

and for all y ∈ (−δ, δ) the family
{
U ′(Xπ+yβ(T ))Xπ+yβ(T ) |Mπ+yβ(T )|

}
y∈(−δ,δ)

is uniformly integrable, where

Mπ(t) :=
∫ t

0

[
µ(s) − ρ(s) − σ2(s)π(s)

]
ds +

∫ t

0

σ(s)dW (s), t ∈ [0, T ].

(6) The buy–hold–sell portfolios β, that is,

β(s) = αχ(t,t+h](s), s ∈ [0, T ],

with 0 ≤ t < t + h ≤ T and α Gt-measurable, belong to AG.

We say that a portfolio π ∈ AG is a local maximum for the problem (8.29) if

E
[
U(Xπ+yβ(T ))

]
≤ E

[
U(Xπ(T ))

]

for all bounded β ∈ AG and all y ∈ (−δ, δ) with δ > 0 as in (5) above.
We now use a variational method to find a necessary and sufficient condi-

tion for π ∈ AG to be a local maximum.
First assume that π is a local maximum. Then for all bounded β ∈ AG we

have

0 =
d

dy
E
[
U(Xπ+yβ(T ))

]
|y=0

= E
[
U ′(Xπ(T ))Xπ(T )

{∫ T

0

β(s)
[
µ(s) − ρ(s) − σ2(s)π(s)

]
ds

+
∫ T

0

β(s)σ(s)d−W (s)
}]

.

(8.30)
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Now fix t, h: 0 ≤ t < t + h ≤ T and choose

β(s) = αχ(t,t+h](s), s ∈ [0, T ],

where α is an arbitrary bounded Gt-measurable random variable. Then (8.30)
gives

E
[
U ′(Xπ(T ))Xπ(T )

{∫ t+h

t

[
µ(s) − ρ(s) − σ2(s)π(s)

]
ds

+
∫ t+h

t

σ(s)d−W (s)
}

α
]

= 0.

(8.31)

Since this holds for all α, we conclude that

E
[
Fπ(T )

(
Mπ(t + h) − Mπ(t)

)
|Gt

]
= 0, (8.32)

where

Fπ(T ) =
U ′(Xπ(T ))Xπ(T )

E
[
U ′(Xπ(T ))Xπ(T )

] (8.33)

and

Mπ(t) :=
∫ t

0

[
µ(s) − ρ(s) − σ2(s)π(s)

]
ds +

∫ t

0

σ(s)dW (s), t ∈ [0, T ].

Define the probability measure Qπ on FT by

dQπ = Fπ(T )dP (8.34)

and let EQπ
[·] denote the expectation with respect to Qπ. Then (8.32) can be

written as
EQπ

[
Mπ(t + h) − Mπ(t)|Gt

]
= 0, (8.35)

which states that Mπ(t), t ∈ [0, T ], is a (G, Qπ)-martingale, that is, a martin-
gale with respect to the filtration G under the measure Qπ.

This argument can be reversed as follows. Suppose Mπ is a (G, Qπ)-
martingale. Then

EQπ

[
Mπ(t + h) − M(t)|Gt

]
= 0,

for all t, h such that 0 ≤ t < t + h ≤ T . Equivalently,

EQπ

[(
Mπ(t + h) − M(t)

)
α
]

= 0,

for all bounded Gt-measurable α. Thus (8.31) holds. Taking linear combina-
tions we see that (8.30) holds for all càglàd step processes β ∈ AG. By our
assumption (1) and Lemma 8.4, we get that (8.30) holds for all bounded
β ∈ AG. Since the function

y −→ E
[
U(Xπ+yβ(T ))

]
, y ∈ (−δ, δ),

is concave, we conclude that its maximum is achieved at y = 0.
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Hence we have the following result that was first proved in [33].

Theorem 8.24. A stochastic process π ∈ AG is a local maximum for the
problem (8.29) if and only if the stochastic process

Mπ(t) =
∫ t

0

[
µ(s)−ρ(s)−σ2(s)π(s)

]
ds+

∫ t

0

σ(s)dW (s), t ∈ [0, T ], (8.36)

is a (G, Qπ)-martingale.

Using the Girsanov theorem this result can be rewritten in the following way.

Theorem 8.25. A stochastic process π ∈ AG is a local maximum for the
problem (8.29) if and only if the stochastic process

M̂π(t) := Mπ(t) +
∫ t

0

d[Mπ, Z](s)
Z(s)

, t ∈ [0, T ], (8.37)

is a (G, P )-martingale. Here

Z(t) := EQπ

[ dP

dQπ
|Gt

]
=
(
E
[
Fπ(T )|Gt

])−1
, t ∈ [0, T ]. (8.38)

Proof If π ∈ AG is a local maximum, then by Theorem 8.24 the process
Mπ is a (G, Qπ)-martingale. By the Girsanov theorem (see e.g. [203, Theorem
III.35]) we get that

M̂π(t) := Mπ(t) +
∫ t

0

d[Mπ, Z](s)
Z(s)

, t ∈ [0, T ],

is a (G, P )-martingale, with

Z(t) := EQπ

[ dP

dQπ
|Gt

]
= E

[
(Fπ(T ))−1 Fπ(T )

E[Fπ(T )|Gt]
|Gt

]
=
(
E
[
Fπ(T )|Gt

])−1
, t ∈ [0, T ].

Conversely, if M̂π is a (G, P )-martingale, then Mπ is a (G, Qπ)-martingale
and hence π is a local maximum by Theorem 8.24. 
�
The main feature of Theorem 8.25 is that it gives an explicit connection
between a local maximum π and the semimartingale decomposition of W
with respect to G. The following result was first proved in [33].

Theorem 8.26. (1) Suppose π is a local maximum for (8.29). Then W is a
semimartingale with respect to G and its semimartingale decomposition is

dW (t) = dŴ (t) +
[
σ(t)π(t) − µ(t) − ρ(t)

σ(t)

]
dt +

d[Mπ, Z](t)
σ(t)Z(t)

, (8.39)

where Ŵ is a (G, P )-Brownian motion.
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(2) Conversely, suppose W is a semimartingale with respect to (G, P ) with
decomposition

dW (t) = dB(t) + dA(t),

where B is a (G, P )-Brownian motion and A is a G-adapted finite variation
process. Suppose

dA(t) = α(t)dt (8.40)

for some G-adapted process α (i.e., dA(t) is absolutely continuous with respect
to dt) and there exists a solution π ∈ AG of the equation

σ(t)π(t) +
1

σ(t)Z(t)
d[Mπ, Z](t)

dt
= α(t) +

µ(t) − ρ(t)
σ(t)

. (8.41)

Then π is a local maximum for (8.29).

Remark 8.27. Note that since the quadratic variation of M̂π is absolutely con-
tinuous, in fact,

[Mπ,Mπ](t) =
∫ t

0

σ2(s)ds

(see (8.37)), it follows that d[Mπ, Z](t) is also absolutely continuous with
respect to dt. Therefore,

d[Mπ, Z](t)
σ(t)Z(t)

=
1

σ(t)Z(t)
d

dt
[Mπ, Z](t) dt. (8.42)

Proof (1) If π is a local maximum, then by Theorem 8.25 the process

σ−1(t)dM̂π(t)=dW (t)+σ−1(t)
[(

µ(t)−ρ(t)−σ2(t)π(t)
)
dt− d[Mπ, Z](t)

Z(t)

]
, t ∈ [0, T ],

is a (G, P )-martingale. Since the quadratic variation of the process

σ−1(t)dM̂π(t), t ∈ [0, T ],

is t, t ∈ [0, T ], then we have that

dŴ (t) := σ−1(t)dM̂π(t), t ∈ [0, T ],

is a (G, P )-Brownian motion and (8.39) follows.
(2) Suppose W is a (G, P )-semimartingale with decomposition

dW (t) = dB(t) + dA(t)

as in (2). Let π be as in (8.41). Then

σ−1(t)dM̂π(t) = dW (t) + σ−1(t)
[(

µ(t) − ρ(t) − σ2(t)π(t)
)
dt − d[Mπ, Z](t)

Z(t)

]

= dW (t) − dA(t) = dB(t).

Hence σ−1(t)dM̂(t), t ∈ [0, T ], is a (G, P )-Brownian motion. Therefore,
dM̂π(t), t ∈ [0, T ], is a (G, P )-martingale and it follows that π is a local
maximum by Theorem 8.25. 
�
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Example 8.28. Let us assume, as in [190], that

Gt = Ft ∨ σ(W (T0)) for some T0 > T.

Then, by Theorem 8.1, W is a semimartingale with respect to (G, P ), with
decomposition

dW (t) = dB(t) +
W (T0) − W (t)

T0 − t
dt, t ∈ [0, T ].

Suppose π ∈ AG is such that (8.41) holds, that is,

σ(t)π(t) +
1

σ(t)Z(t)
d[Mπ, Z](t)

dt
=

W (T0) − W (t)
T0 − t

+
µ(t) − ρ(t)

σ(t)
. (8.43)

Then π is a local maximum for (8.29). In particular, if we choose

U(x) = log x, x > 0,

which is the case studied in [190], then we have

Fπ(T ) = 1, Qπ = P, Z ≡ 1, and [Mπ, Z] ≡ 0.

This gives

π(t) = π∗(t) =
W (T0) − W (t)
σ(t)

(
T0 − t

) +
µ(t) − ρ(t)

σ(t)
, t ∈ [0, T ], (8.44)

which is the solution of the problem (8.29) as given in [190].

8.6.2 Markets with Friction

The market model discussed so far assumes that the prices are not affected by
the actions of the insider and that there are no constraints on the sizes and
fluctuations of the insider’s portfolio. This may be a reasonable assumption in
some cases, but clearly not realistic in other situations. For example, let us go
back to Example 8.28 where the utility is logarithmic, that is, U(x) = log x,
x ≥ 0, and let us consider T0 = T , then the optimal portfolio π∗ for an insider,
given by (8.44), will involve more and more frequent and violent fluctuations
as the time approaches T . Such a portfolio would necessarily influence the
prices on the market.

We now present a market model with friction where the insider is penalized
for large volumes and/or rapid fluctuations in the trade. The presentation of
this section is based on [110].

Assume that the market consists of the two investment possibilities:

(1) A bond, with price given by

dS0(t) = ρ(t)S0(t)dt ; S0(0) = 1 ; 0 ≤ t ≤ T .
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(2) A stock, with price given by

dS1(t) = S1(t) [µ(t)dt + σ(t)dW (t)] ; 0 ≤ t ≤ T ,

where T > 0 is constant and ρ(t), µ(t), and σ(t) are given Ft-adapted
processes. We assume that

E

[∫ T

0

{
|µ(t)| + |ρ(t)| + σ2(t)

}
dt

]
< ∞

σ(t) �= 0 for a.a. (ω, t) ∈ Ω × [0, T ].

Let Gt ⊃ Ft be the information filtration available to the insider and let π(t)
be the portfolio chosen by the insider, measured in terms of the fraction of
the total wealth X(t) = Xπ(t) invested in the stock at time t ∈ [0, T ]. Then
the corresponding wealth X(t) = Xπ(t) at time t is modeled by the forward
differential equation

dX(t) = (1 − π(t))X(t)ρ(t)dt + π(t)X(t)
[
µ(t)dt + σ(t)d−W (t)

]
= X(t)

[
[ρ(t) + (µ(t) − ρ(t))π(t)]dt + σ(t)π(t)d−W (t)

]
. (8.45)

For simplicity we assume X(0) = x = 1.
We now specify the set AG,Q of the admissible portfolios π as follows.

Definition 8.29. In the sequel we let AG,Q denote a linear space of stochastic
processes π = π(t), t ∈ [0, T ], such that (8.46)–(8.49) hold, where

� π(t) is G-adapted and the σ-algebra generated by {π(t) ;π ∈ AG,Q}

is equal to Gt , for all t ∈ [0, T ], (8.46)

� π belongs to the domain of Q (see later), (8.47)

� σ(t)π(t) is forward integrable, (8.48)

� E

[∫ T

0

|Qπ(t)|2dt

]
< ∞ . (8.49)

Here Q : AG,Q → AG,Q is some linear operator measuring the size and/or the
fluctuations of the portfolio. For example, we could have

Qπ(s) = λ1(s)π(s) , (8.50)

where λ1(s) ≥ 0 is some given weight function. This models the situation
where the insider is penalized for large volumes of trade. An alternative choice
of Q would be

Qπ(s) = λ2(s)π′(s) , (8.51)

for some weight function λ2(s) ≥ 0. (π′(s) =
d

ds
π(s).) In this case the insider

is penalized for large trade fluctuations. Other choices of Q are also possible,
including combinations of (8.50) and (8.51).
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With these definitions we can now specify our problem as follows:

• Find Φ and π∗ ∈ AG,Q such that

Φ = sup
π∈AG,Q

J(π) = J(π∗) , (8.52)

where

J(π) = E

[
log(Xπ(T )) − 1

2

∫ T

0

|Qπ(s)|2ds

]
,

Q : AG,Q → AG,Q being a given linear operator as mentioned earlier. We
call Φ the value of the insider and π∗ ∈ AG,Q an optimal portfolio (if it
exists).

We now proceed to solve this problem above. Using the Itô formula (see
Theorem 8.12) we get that the solution of (8.45) is

X(t) = exp

(∫ t

0

{
ρ(s) + (µ(s) − ρ(s))π(s) − 1

2
σ2(s)π2(s)

}
ds

+
∫ t

0

σ(s)π(s)d−W (s)

)
.

Therefore, we get

J(π) = E

[∫ T

0

{
ρ(t) + (µ(t) − ρ(t))π(t) − 1

2
σ2(t)π2(t)

}
dt

+
∫ T

0

σ(t)π(t)d−W (t) − 1
2

∫ T

0

|Qπ(t)|2dt

]
. (8.53)

To maximize J(π) we use a perturbation argument as follows. Suppose an
optimal insider portfolio π = π∗ exists (in the following we omit the ∗). Let
θ ∈ AG,Q be another portfolio. Then the function

f(y) := J(π + yθ), y ∈ R,

is maximal for y = 0 and hence

0 = f ′(0) =
d

dy
[J(π + yθ)]y=0

= E

[∫ T

0

{
(µ(t) − ρ(t))θ(t) − σ2(t)π(t)θ(t)

}
dt

+
∫ T

0

σ(t)θ(t)d−W (t) −
∫ T

0

Qπ(t)Qθ(t)dt

]
. (8.54)
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Let Q∗ denote the adjoint operator of Q in the Hilbert space L2(P × λ),
namely,

E

[∫ T

0

α(t)(Qβ)(t)dt

]
= E

[∫ T

0

(Q∗α)(t)β(t)dt

]

for all α and β in AG,Q. Then we can rewrite (8.54) as

E

[∫ T

0

{
µ(t) − ρ(t) − σ2(t)π(t) −Q∗Qπ(t)

}
θ(t)dt +

∫ T

0

σ(t)θ(t)d−W (t)

]
= 0 .

(8.55)

Now we apply this to a special choice of θ. Fix t ∈ [0, T ] and h > 0 such that
t + h < T and choose

θ(s) = θ0(t)χ(t,t+h](s) ; s ∈ [0, T ] ,

where θ0(t) is Gt-measurable. Then by Lemma 8.7 we have

E

[∫ T

0

σ(s)θ(s)d−W (s)

]
= E

[∫ t+h

t

σ(s)θ0(t)d−W (s)

]

= E

[
θ0(t)

∫ t+h

t

σ(s)dW (s)

]
.

Combining this with (8.55) we get

E

[(∫ t+h

t

{
µ(s)−ρ(s)−σ2(s)π(s)−Q∗Qπ(s)

}
ds +

∫ t+h

t

σ(s)dW (s)

)
θ0(t)

]
=0 .

Since this holds for all such θ0(t), we conclude that

E [M(t + h) − M(t)|Gt] = 0 ,

where

M(t) :=
∫ t

0

{
µ(s) − ρ(s) − σ2(s)π(s)−E

[
Q∗Qπ(s)

∣∣Gs

]}
ds+

∫ t

0

σ(s)dW (s) .

(8.56)
Since σ �= 0 this proves the result stated further.

Theorem 8.30. Suppose an optimal insider portfolio π ∈ AG,Q for problem
(8.52) exists. Then

dW (t) = dŴ (t) − 1
σ(t)

{
µ(t) − ρ(t) − σ2(t)π(t) − E [Q∗Qπ(t)|Gt]

}
dt,

where Ŵ (t) :=
∫ t

0
σ−1(s)dM(s) is a Brownian motion with respect to G. In

particular, W (t), t ∈ [0, T ], is a semimartingale with respect to G.
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We now use this to find an equation for an optimal portfolio π.

Theorem 8.31. Assume that there exists a process γt(ω, s), ω ∈ Ω, s ∈ [0, T ],
such that γt(s) is Gt-measurable for all s ≤ t and

t �−→
∫ t

0

γt(ω, s)ds is of finite variation P -a.s.

and

N(t) := W (t) −
∫ t

0

γt(s)ds, t ∈ [0, T ], (8.57)

is a martingale with respect to G. Assume that π ∈ AG,Q is optimal. Then

σ2(t)π(t) + E [Q∗Qπ(t)|Gt] = µ(t) − ρ(t) + σ(t)
d

dt

(∫ t

0

γt(s)ds

)
. (8.58)

Proof By comparing (8.56) and (8.57) we get that

σ(t)dN(t) = dM(t),

that is,

−σ(t)
d

dt

(∫ t

0

γt(s)ds

)
= µ(t) − ρ(t) − σ2(t)π(t) − E [Q∗Qπ(t)|Gt] . 
�

Next we turn to a partial converse of Theorem 8.31.

Theorem 8.32. Suppose (8.57) holds. Let π be a process solving (8.58). Sup-
pose π ∈ AG,Q. Then π is optimal for problem (8.52).

Proof Substituting

dW (t) = dN(t) +
d

dt

(∫ t

0

γt(s)ds

)
dt

and

σ(t)π(t)d−W (t) = σ(t)π(t)dN(t) + σ(t)π(t)
d

dt

(∫ t

0

γt(s)ds

)
dt

into (8.53), we get

J(π) = E

[∫ T

0

{
ρ(t) + (µ(t) − ρ(t))π(t) − 1

2
σ2(t)π2(t)

+σ(t)π(t)
d

dt

(∫ t

0

γt(s)ds

)
− 1

2
|Qπ(t)|2

}
dt

]
. (8.59)
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This is a concave functional of π, so if we can find π = π∗ ∈ AG,Q such that

d

dy
[J(π∗ + yθ)]y=0 = 0 for all θ ∈ AG,Q ,

then π∗ is optimal. By a computation similar to the one leading to (8.55),
we get

d

dy
[J(π∗ + yθ)]y=0 = E

[∫ T

0

{
µ(t) − ρ(t) − σ2(t)π∗(t)

+σ(t)
d

dt

∫ t

0

γt(s)ds −Q∗Qπ(t)
}

θ(t)dt

]
.

This is 0 if π = π∗ solves (8.58). 
�

We apply this to some examples and give some further results in the sit-
uations presented.

Example 8.33. Choose
Qπ(t) = λ1(t)σ(t)π(t), (8.60)

where λ1(t) ≥ 0 is deterministic. Then (8.58) takes the form

σ2(t)π(t) + λ2
1(t)σ

2(t)π(t) = µ(t) − ρ(t) + σ(t)
d

dt

∫ t

0

γt(s)ds

or

π(t) = π∗(t) =
µ(t) − ρ(t) + σ(t) d

dt

∫ t

0
γt(s)ds

σ2(t)[1 + λ2
1(t)]

. (8.61)

Substituting this into the formula (8.59) for J(π) we obtain the following
result.

Theorem 8.34. Suppose (8.57) and (8.60) hold. Let π∗ be given by (8.61). If
π ∈ AG,Q then π∗ is optimal for problem (8.52). Moreover, the insider value is

Φ = J(π∗) (8.62)

= E

[∫ T

0

{
ρ(t) +

1
2
(1 + λ2

1(t))
−1

(
µ(t) − ρ(t)

σ(t)
+

d

dt

∫ t

0

γt(s)ds

)2
}

dt

]
.

In particular, if we consider the case mentioned in the introduction, where

Gt = Ft ∨ σ(W (T0)) for some T0 > T ,

then, by Theorem 8.1,

γt(s) = γ(s) =
W (T0) − W (s)

T0 − s
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and (8.61) becomes

π∗(t) = σ−2(t)
[
1 + λ2

1(t)
]−1

[
µ(t) − ρ(t) +

σ(t)
T0 − t

(W (T0) − W (t))
]

.

The corresponding value is, by (8.62),

J(π∗)=E

[∫ T

0

{
ρ(t)+

1
2
(1+λ2

1(t))
−1

(
µ(t) − ρ(t)

σ(t)
+

W (T0)−W (t)
T0 − t

)2
}

dt

]
.

In particular, we see that if σ(t) ≥ σ0 > 0 and

λ1(t) = (T0 − t)−β for some constant β > 0 , (8.63)

then

J(π∗) ≤ C1 + C2

∫ T

0

(T0 − t)−1+2βdt < ∞ ,

even if T0 = T . Thus if we penalize large investments near t = T0 according
to (8.63), the insider gets a finite value even if T0 = T .

Example 8.35. Next we put

Qπ(t) = π′(t) (=
d

dt
π(t)) . (8.64)

This means that the insider is being penalized for large portfolio fluctuations.
Choose AG,Q to be the set of all continuously differentiable processes π satis-
fying (8.46)–(8.49) and in addition

π(0) = π(T ) = 0 a.s. (8.65)

For simplicity assume that
σ(t) ≡ 1 .

Then (8.58) gets the form

π(t) − π′′(t) = a(t) ,

where

a(t) = µ(t) − ρ(t) +
d

dt

(∫ t

0

γt(s)ds

)
.

Using the variation of parameter method, we obtain the solution

π(t) =
∫ t

0

sinh(t − s)a(s)ds + K sinh(t) , (8.66)

where, as usual, sinh(x) = 1
2 (ex − e−x), x ∈ R, is the hyperbolic sinus function

and the constant K is chosen such that π(T ) = 0. In particular, if we again
consider the case

Gt = Ft ∨ σ(W (T0)) , T0 > T ,
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so that

γt(s) = γ(s) =
W (T0) − W (s)

T0 − s
, 0 ≤ s ≤ T .

we obtain, by (8.66),

π(t) =
∫ t

0

sinh(t − s)
[
µ(s) − ρ(s) +

W (T0) − W (s)
T0 − s

]
ds + K sinh(t) . (8.67)

The corresponding value is by (8.59),

J(π) = E

[∫ T

0

{
ρ(t) + (µ(t) − ρ(t)) π(t) − 1

2
π2(t)

+π(t)
W (T0) − W (t)

T0 − t
− 1

2
(π′(t))2

}
dt

]
.

Note that if 0 ≤ t ≤ T < T0 then

E

[
π(t)

W (T0) − W (t)

T0 − t

]
≤ E

[∫ t

0

sinh(t − s)
(W (T0) − W (s)) (W (T0) − W (t))

(T0 − s) (T0 − t)
ds

]

=

∫ t

0

sinh(t − s)
ds

T0 − s
.

Therefore

J(π)≤
∫ T

0

(∫ t

0

sinh(t−s)
ds

T0 − s

)
dt≤

∫ T

0

cosh(T − s) − 1
T − s

ds for all T0 > T .

Thus, we have proved:

Theorem 8.36. Suppose Qπ(t) = π′(t) and AG,Q is chosen as in (8.64),
(8.65) and assume that σ(t) = 1. Then the optimal insider portfolio is given
by (8.66). In particular, if we choose

Gt = Ft ∨ σ(W (T0)) with T0 > T ,

then the optimal portfolio π is given by (8.67) and the corresponding insider
value J(π) is uniformly bounded for T0 > T .

Remark 8.37. Both Example 8.33 and Example 8.35 yield ways to penalize
the insider investors so that he would not obtain infinite utility. In
Example 8.33, λ1(t) = (T0 − t)−β for some β > 0. To use this penaliza-
tion, one needs to know T0. In Example 8.35, T0 is not required to be known.

8.7 Exercises

Problem 8.1. Suppose Gt = Ft+δ(t), for some δ(t) > 0, t ∈ [0, T ]. Show that
W is not a semimartingale with respect to G = {Gt , t ∈ [0, T ]}.
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Problem 8.2. (*) Compute the following forward integrals:

(a)
∫ T

0
W (T )d−W (t)

(b)
∫ T

0
W (t)

[
W (T ) − W (t)

]
d−W (t)

(c)
∫ T

0

( ∫ T

0
g(s)dW (s)

)
d−W (t) for a given (deterministic) function g ∈

L2([0, T ])
(d)
∫ T

0
W 2(t0)d−W (t), where t0 ∈ [0, T ] is fixed

(e)
∫ T

0
exp{W (T )}d−W (t).

Problem 8.3. Solve the following forward stochastic differential equations:

(a) d−X(t) = X(t)µ(t)dt + β(t)d−W (t), t ∈ [0, T ],
X(0) = F ;

(b) d−X(t) = α(t)dt + X(t)σ(t)d−W (t), t ∈ [0, T ],
X(0) = F .

Here the coefficients µ, σ, α, and β are given stochastic processes, not necessar-
ily F-adapted, and F is a given FT -measurable random variable. We assume
that σ and β are forward integrable and that

∫ T

0

[
|µ(t)| + |α(t)| + σ2(t) + β2(t)

]
dt < ∞ P − a.s.

Problem 8.4. Use Theorem 8.18 and the basic rules for forward integration
to find the Skorohod integrals in Problem 2.5.

Problem 8.5. (a) Let µ, σ, and α be deterministic functions such that

∫ T

0

[
|µ(t)| + σ2(t) + α2(t)

]
dt < ∞ P -a.s.

and define

F = exp
{∫ T

0

α(s)dW (s)
}

.

Use Theorem 8.18 to show that the Skorohod stochastic differential
equation

{
δX(t) = µ(t)X(t)dt + σ(t)X(t)δW (t), t ∈ [0, T ]
X(0) = F

(8.68)

is equivalent to the forward stochastic differential equation
{

d−X(t) =
[
µ(t)X(t) − σDt+X(t)

]
dt + σ(t)X(t)d−W (t), t ∈ [0, T ]

X(0) = F.

(8.69)
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(b) Using Problem 5.8, the solution of (8.68) is

X(t) = F � exp
{∫ t

0

σ(s)dW (s) +
∫ t

0

[
µ(s) − 1

2
σ2(s)

]
ds
}

. (8.70)

With this expression for the stochastic process X(t), t ∈ [0, T ], show that

Dt+X(t) = α(t)X(t).

(c) Substitute this into (8.69) and solve the corresponding forward stochastic
differential equation to get

X(t) = F exp
{∫ t

0

σ(s)dW (s)+
∫ t

0

[
µ(s)− 1

2
σ2(s)−α(s)σ(s)

]
ds
}

. (8.71)

(d) Comparing (8.70) and (8.71), deduce that

exp
{∫ T

0

α(s)dW (s)
}
� exp

{∫ t

0

σ(s)dW (s)
}

= exp
{∫ T

0

α(s)dW (s)
}
· exp

{∫ t

0

σ(s)dW (s) −
∫ t

0

α(s)σ(s)ds
}

, t ∈ [0, T ].
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A Short Introduction to Lévy Processes

In this chapter we present some basic definitions and results about Lévy
processes. We do not aim at being complete in our presentation, but for a
smoother reading, we like to include the notions we constantly refer to in
this book. We can address the reader to the recent monographs, for example,
[8, 32, 114, 212] for a deeper study of Lévy processes. Our presentation follows
the survey given in [182, Chap. 1].

9.1 Basics on Lévy Processes

Let (Ω,F , P ) be a complete probability space.

Definition 9.1. A one-dimensional Lévy process is a stochastic process η =
η(t), t ≥ 0:

η(t) = η(t, ω), ω ∈ Ω,

with the following properties:

(i) η(0) = 0 P -a.s.,

(ii) η has independent increments, that is, for all t > 0andh > 0, the incre-
ment η(t + h) − η(t) is independent of η(s) and s ≤ t,

(iii) η has stationary increments, that is, for all h > 0 the increment
η(t + h) − η(t) has the same probability law as η(h),

(iv) It is stochastically continuous, that is, for every t ≥ 0 and ε > 0 then
lims→t P{|η(t) − η(s)| > ε} = 0,

(v) η has càdlàg paths, that is, the trajectories are right-continuous with left
limits.

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 159
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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A stochastic process η satisfying (i)–(iv) is called a Lévy process in law.
The jump of η at time t is defined by

∆η(t) := η(t) − η(t−).

Put R0 := R \ {0} and let B(R0) be the σ-algebra generated by the family of
all Borel subsets U ⊂ R, such that Ū ⊂ R0. If U ∈ B(R0) with Ū ⊂ R0 and
t > 0, we define

N(t, U) :=
∑

0≤s≤t

χU (∆η(s)), (9.6)

that is, the number of jumps of size ∆η(s) ∈ U for any s in 0 ≤ s ≤ t. Since
the paths of η are càdlàg we can see that N(t, U) < ∞ for all U ∈ B(R0) with
Ū ⊂ R0; see, e.g. [212]. Moreover, (9.6) defines in a natural way a Poisson
random measure N on B(0,∞) × B(R0) given by

(a, b] × U �−→ N(b, U) − N(a, U), 0 < a ≤ b, U ∈ B(R0),

and its standard extension. See e.g. [96], [78]. We call this random measure
the jump measure of η. Its differential form is denoted by N(dt, dz), t > 0,
z ∈ R0.

The Lévy measure ν of η is defined by

ν(U) := E
[
N(1, U)

]
, U ∈ B(R0). (9.7)

It is important to note that ν does not need to be a finite measure. It can be
possible that ∫

R0

min(1, |z|)ν(dz) = ∞. (9.8)

This is the case when the trajectories of η would appear with many jumps
of small size, a situation that is of interest in financial modeling (see, e.g.,
[17, 48, 75, 215] and references therein).

On the contrary, the Lévy measure always satisfies
∫

R0

min(1, z2)ν(dz) < ∞.

In fact, a measure ν on B(R0) can be a Lévy measure of some Lévy process
η if and only if the condition above holds true. This is due to the following
theorem.

Theorem 9.2. The Lévy–Khintchine formula.

(1) Let η be a Lévy process in law. Then

E
[
eiuη(t)

]
= eiΨ(u), u ∈ R (i =

√
−1), (9.9)

with the characteristic exponent



9.1 Basics on Lévy Processes 161

Ψ(u) := iαu − 1
2
σ2u2+

∫
|z|<1

(
eiuz−1− iuz

)
ν(dz) +

∫
|z|≥1

(
eiuz− 1

)
ν(dz),

(9.10)

where the parameters α ∈ R and σ2 ≥ 0 are constants and ν = ν(dz),
z ∈ R0, is a σ-finite measure on B(R0) satisfying

∫
R0

min(1, z2)ν(dz) < ∞. (9.11)

It follows that ν is the Lévy measure of η.
(2) Conversely, given the constants α ∈ R and σ2 ≥ 0 and the σ-finite

measure ν on B(R0) such that (9.11) holds, then there exists a process η
(unique in law) such that (9.9) and (9.10) hold. The process η is a Lévy
process in law.

There always exists a càdlàg version of the above Lévy process in law (see, e.g.,
[212]), which is a Lévy process,. cf. Definition 9.1. Using this càdlàg version,
we can give the representation (9.7) of the σ-finite measure ν here earlier.

We define the compensated jump measure Ñ , also compensated Poisson
random measure, by

Ñ(dt, dz) := N(dt, dz) − ν(dz)dt. (9.12)

For any t, let Ft be the σ-algebra generated by the random variables W (s)
and Ñ(ds, dz), z ∈ R0, s ≤ t, augmented for all the sets of P -zero probability.
Let us equip the given probability space (Ω,F , P ) with the corresponding
filtration

F = {Ft, t ≥ 0} .

A stochastic process θ = θ(t, z), t ≥ 0, z ∈ R0, is called F-adapted if for
all t ≥ 0 and for all z ∈ R0, the random variable θ(t, z) = θ(t, z, ω), ω ∈ Ω, is
Ft-measurable. For any F-adapted process θ such that

E
[ ∫ T

0

∫
R0

θ2(t, z)ν(dz)dt
]

< ∞ for some T > 0, (9.13)

we can see that the process

Mn(t) :=
∫ t

0

∫
|z|≥ 1

n

θ(s, z)Ñ(ds, dz), 0 ≤ t ≤ T,

is a martingale in L2(P ) and its limit

M(t) := lim
n→∞

Mn(t) :=
∫ t

0

∫
R0

θ(s, z)Ñ(ds, dz), 0 ≤ t ≤ T, (9.14)

in L2(P ) is also a martingale. Moreover, we have the Itô isometry
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E
[( ∫ T

0

∫
R0

θ(t, z)Ñ(dt, dz)
)2]

= E
[ ∫ T

0

∫
R0

θ2(t, z)ν(dz)dt
]
. (9.15)

A Wiener process is a special case of a Lévy process. In fact, we have the
following general representation theorem (see, e.g., [118, 212].

Theorem 9.3. The Lévy–Itô decomposition theorem. Let η be a Lévy
process. Then η = η(t), t ≥ 0, admits the following integral representation

η(t) = a1t + σW (t) +
∫ t

0

∫
|z|<1

zÑ(ds, dz) +
∫ t

0

∫
|z|≥1

zN(ds, dz) (9.16)

for some constants a1, σ ∈ R. Here W = W (t), t ≥ 0 (W (0) = 0), is a
standard Wiener process.

In particular, we can see that if the Lévy process has continuous trajectories,
then it is of the form

η(t) = a1t + σW (t), t ≥ 0.

It can be proved that if

E
[
|η(t)|p

]
< ∞ for some p ≥ 1,

then ∫
|z|≥1

|z|pν(dz) < ∞,

see [212]. In particular, if we assume that

E
[
η2(t)

]
< ∞, t ≥ 0, (9.17)

then we have ∫
|z|≥1

|z|2ν(dz) < ∞

and the representation (9.16) appears as

η(t) = at + σW (t) +
∫ t

0

∫
R0

zÑ(ds, dz), (9.18)

where a = a1 +
∫
|z|≥1

zν(dz). We call pure jump Lévy process a Lévy process
of the type above with σ = 0.

We assume from now on that (9.17) holds and hence that η has represen-
tation (9.18).

Motivated by the representation (9.18), it is natural to consider processes
X = X(t), t ≥ 0, admitting stochastic integral representation in the form

X(t) = x +
∫ t

0

α(s)ds +
∫ t

0

β(s)dW (s) +
∫ t

0

∫
R0

γ(s, z)Ñ(ds, dz), (9.19)
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where α(t), β(t), and γ(t, z) are predictable processes such that, for all t > 0,
z ∈ R0,∫ t

0

[
|α(s)| + β2(s) +

∫
R0

γ2(s, z)ν(dz)
]
ds < ∞, P -a.s. (9.20)

This condition implies that the stochastic integrals are well-defined and local
martingales. If we strengthened the condition to

E
[ ∫ t

0

[
|α(s)| + β2(s) +

∫
R0

γ2(s, z)ν(dz)
]
ds
]

< ∞,

for all t > 0, then the corresponding stochastic integrals are martingales.
We call such a process an Itô–Lévy process. In analogy with the Brownian

motion case, we use the short-hand differential notation

dX(t) = α(t)dt + β(t)dW (t) +
∫

R0

γ(t, z)Ñ(dt, dz); X(0) = x (9.21)

for the processes of type (9.19).
Recall that a predictable process is a stochastic process measurable with

respect to the σ-algebra generated by

A × (s, u] × B, A ∈ Fs, 0 ≤ s < u, B ∈ B(R0).

Moreover, any measurable F-adapted and left-continuous (with respect to t)
process is predictable.

9.2 The Itô Formula

The following result is fundamental in the stochastic calculus of Lévy
processes.

Theorem 9.4. The one-dimensional Itô formula. Let X = X(t), t ≥ 0,
be the Itô–Lévy process given by (9.19) and let f : (0,∞) × R −→ R be a
function in C1,2((0,∞) × R) and define

Y (t) := f(t,X(t)), t ≥ 0.

Then the process Y = Y (t), t ≥ 0, is also an Itô–Lévy process and its differ-
ential form is given by

dY (t) =
∂f

∂t
(t, X(t))dt +

∂f

∂x
(t, X(t))α(t)dt +

∂f

∂x
(t, X(t))β(t)dW (t)

+
1

2

∂2f

∂x2
(t, X(t))β2(t)dt +

∫
R0

[
f(t, X(t) + γ(t, z)) − f(t, X(t))

− ∂f

∂x
(t, X(t))γ(t, z)

]
ν(dz)dt +

∫
R0

[
f(t, X(t−) + γ(t, z)) − f(t, X(t−))

]
Ñ(dt, dz).

(9.22)
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In the multidimensional case we are given a J-dimensional Brownian mo-
tion W (t) = (W1(t), ...,WJ (t))T , t ≥ 0, and K independent compensated
Poisson random measures Ñ(dt, dz) = (Ñ1(dt, dz1), ..., ÑK(dt, dzK))T , t ≥ 0,
z = (z1, ..., zK) ∈ (R0)K , and n Itô–Lévy processes of the form

dX(t) = α(t)dt + β(t)dW (t) +
∫

(R0)K

γ(t, z)Ñ(dt, dz), t ≥ 0,

that is,

dXi(t)=αi(t)dt+
J∑

j=1

βij(t)dWj(t)+
K∑

k=1

∫
R0

γik(t, zk)Ñk(dt, dzk), i=1, ..., n.

(9.23)

With this notation we have the following result.

Theorem 9.5. The multidimensional Itô formula. Let X = X(t), t≥0,
be an n-dimensional Itô–Lévy process of the form (9.23). Let f : (0,∞) ×
R

n −→ R be a function in C1,2((0,∞) × R
n) and define

Y (t) := f(t,X(t)), t ≥ 0.

Then the process Y = Y (t), t ≥ 0, is a one-dimensional Itô–Lévy process and
its differential form is given by

dY (t) =
∂f

∂t
(t, X(t))dt +

n∑
i=1

∂f

∂xi
(t, X(t))αi(t)dt

+

n∑
i=1

J∑
j=1

∂f

∂xi
(t, X(t))βij(t)dWj(t) +

1

2

n∑
i=1

J∑
j=1

∂2f

∂xi∂xj
(t, X(t))(ββT )ij(t)dt

+

K∑
k=1

∫
R0

[
f(t, X(t) + γ(k)(t, z)) − f(t, X(t)) −

n∑
i=1

∂f

∂xi
f(t, X(t))γik(t, z)

]
νk(dzk)dt

+

K∑
k=1

∫
R0

[
f(t, X(t−) + γ(k)(t, z)) − f(t, X(t−))

]
Ñk(dt, dzk),

(9.24)

where γ(k) is the column number k of the n × k matrix γ =
[
γik

]
.

Example 9.6. The generalized geometric Lévy process. Consider the
one-dimensional stochastic differential equation for the càdlàg process Z =
Z(t), t ≥ 0:
{

dZ(t)=Z(t−)
[
α(t)dt+β(t)dW (t)+

∫
R0

γ(t, z)Ñ(dt, dz)
]
, t>0,

Z(0)=z0 > 0.
(9.25)

Here α(t), β(t), and γ(t, z), t ≥ 0, z ∈ R0, are given predictable processes
with γ(t, z) > −1, for almost all (t, z) ∈ [0,∞) × R0 and for all 0 < t < ∞
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∫ t

0

[
|α(s)| + β2(s) +

∫
R0

γ2(s, z)ν(dz)
]
ds < ∞ P -a.s.,

cf. (9.20). We claim that the solution of this equation is

Z(t) = z0e
X(t), t ≥ 0, (9.26)

where

X(t) =
∫ t

0

[
α(s) − 1

2
β2(s) +

∫
R0

[
log(1 + γ(s, z)) − γ(s, z)

]
ν(dz)

]
ds

+
∫ t

0

β(s)dW (s) +
∫ t

0

∫
R0

log(1 + γ(s, z))Ñ(ds, dz).

(9.27)

To see this we apply the one-dimensional Itô formula to Y (t) = f(t,X(t)),
t ≥ 0, with f(t, x) = z0e

x and X(t), as given in (9.27). Then we obtain

dY (t) = z0eX(t)
[(

α(t) − 1

2
β2(t) +

∫
R0

[
log(1 + γ(t, z)) − γ(t, z)

]
ν(dz)

)
dt + β(t)dW (t)

]

+ z0eX(t) 1

2
β2(t)dt+

∫
R0

z0

[
eX(t)+log(1+γ(t,z))−eX(t)−eX(t) log(1 + γ(t, z))

]
ν(dz)dt

+

∫
R0

z0

[
eX(t−)+log(1+γ(t,z)) − eX(t−)

]
Ñ(dt, dz)

= Y (t−)
[
α(t)dt + β(t)dW (t) +

∫
R0

γ(t, z)Ñ(dt, dz)
]

as required.

Example 9.7. The quadratic covariation process. Let

dXi(t) =
∫

R0

γi1(t, z)Ñ1(dt, dz) +
∫

R0

γi2(t, z)Ñ2(dt, dz), i = 1, 2 (9.28)

be two pure jump Lévy processes (see (9.23) with βij = 0. Define

Y (t) = X1(t)X2(t), t ≥ 0.

Then by the two-dimensional Itô formula we have

dY (t) =
∑

k=1,2

∫
R0

[
(X1(t) + γ1k(t, zk))(X2(t) + γ2k(t, zk)) − X1(t)X2(t)

− γ1k(t, zk)X2(t) − γ2k(t, zk)X1(t)
]
νk(dzk)dt

+
∑

k=1,2

∫
R0

[
(X1(t−) + γ1k(t, zk))(X2(t

−) + γ2k(t, zk)) − X1(t−)X2(t−)
]
Ñk(dt, dzk)

=
∑

k=1,2

∫
R0

γ1k(t, zk)γ2k(t, zk)νk(dzk)dt

+
∑

k=1,2

∫
R0

[
γ1k(t, zk)X2(t−) + γ2k(t, zk)X1(t−) + γ1k(t, zk)γ2k(t, zk)

]
Ñk(dt, dzk)

= X1(t−)dX2(t) + X2(t−)dX1(t) +
∑

k=1,2

∫
R0

γ1k(t, zk)γ2k(t, zk)Nk(dt, dzk).
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We define the quadratic covariation process [X1,X2](t), t ≥ 0, of the processes
X1 and X2 as

d[X1,X2](t) := d(X1(t)X2(t)) − X1(t−)dX2(t) − X2(t−)dX1(t). (9.29)

Hence, for the processes X1,X2 given in (9.28), we have that

d[X1,X2](t) =
∑

k=1,2

∫
R0

γ1k(t, zk)γ2k(t, zk)Nk(dt, dzk). (9.30)

In particular, note that

E
[
X1(t)X2(t)

]
= X1(0)X2(0) +

∑
k=1,2

∫ t

0

∫
R0

γ1k(s, zk)γ2k(s, zk)νk(dzk)ds.

(9.31)

9.3 The Itô Representation Theorem for Pure Jump
Lévy Processes

We now proceed to prove the Itô representation theorem for Lévy processes.
Since we already know the representation theorem in the continuous case, that
is, Ñ ≡ 0 (see [178] and Problem 1.4), we concentrate on the pure jump case
in this section. We assume that

η(t) =
∫ t

0

∫
R0

zÑ(ds, dz), t ≥ 0, (9.32)

that is, a = σ = 0 in (9.18).
The following representation theorem was first proved by Itô [120]. Here

we follow the presentation given in [153]. The proof is based on two lemmata.
Let us consider the filtration F of the σ-algebras Ft generated by η(s),

s ≤ t (t ≥ 0).

Lemma 9.8. The set of all random variables of the form{
f(η(t1), ..., η(tn)) : ti ∈ [0, T ], i = 1, ..., n; f ∈ C∞

0 (Rn), n = 1, 2, ...
}

is dense in the subspace L2(FT , P ) ⊂ L2(P ) of FT -measurable square inte-
grable random variables.

Proof The proof follows the same argument as in Lemma 4.3.1 in [178]. See
also, for example, [153]. 
�
Lemma 9.9. The linear span of all the so-called Wick/Doléans–Dade expo-
nentials

exp
{∫ T

0

∫
R0

h(t)zχ[0, R](z)Ñ(dt, dz) −
∫ T

0

∫
R0

[
eh(t)zχ[0,R](z)

−1 − h(t)zχ[0, R](z)
]
ν(dz)dt

}
, h ∈ C(0, T ), R > 0,

is dense in L2(FT , P ).
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Proof The proof follows the same argument as in Lemma 4.3.2 in [178]. See
also, for example, [153]. 
�

We are ready now for the first main result of this section. Note that the
representation is in terms of a stochastic integral with respect to Ñ and not
with respect to η.

Theorem 9.10. The Itô representation theorem. Let F ∈ L2(P ) be FT -
measurable. Then there exists a unique predictable process Ψ = Ψ(t, z), t ≥
0, z ∈ R0, such that

E
[ ∫ T

0

∫
R0

Ψ2(t, z)ν(dz)dt
]

< ∞

for which we have

F = E[F ] +
∫ T

0

∫
R0

Ψ(t, z)Ñ(dt, dz). (9.33)

Proof First assume that F = Y (T ), where

Y (t) = exp
{∫ t

0

∫
R0

h(s)zχ[0, R](z)Ñ(ds, dz) −
∫ t

0

∫
R0

[
eh(s)zχ[0,R](z)

−1 − h(s)zχ[0, R](z)
]
ν(dz)ds

}
, t ∈ [0, T ],

for some h ∈ C(0,∞), that is, F is a Wick/Doléans–Dade exponential. Then
by the Itô formula (cf. Theorem 9.4 and see Problem 9.2)

dY (t) = Y (t−)
∫

R0

[
eh(t)zχ[0,R](z) − 1

]
Ñ(dt, dz).

Therefore,

F =Y (T ) = Y (0)+
∫ T

0

1dY (t)=1+
∫ T

0

∫
R0

Y (t−)
[
eh(t)zχ[0,R](z)−1

]
Ñ(dt, dz).

So for this F the representation (9.33) holds with

Ψ(t, z) = Y (t−)
[
eh(t)zχ[0,R](z) − 1

]
.

Note that

E
[
Y 2(T )

]
= 1 + E

[ ∫ T

0

∫
R0

Y 2(t−)
(
eh(t)zχ[0,R](z) − 1

)2
ν(dz)dt

]
.

If F ∈ L2(FT , P ) (i.e., an FT -measurable random variable in L2(P )) is arbi-
trary, we can choose a sequence Fn of linear combinations of Wick/Doléan–
Dade exponentials such that Fn −→ F in L2(P ). See Lemma 9.9. Then we
have
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Fn = E[Fn] +
∫ T

0

∫
R0

Ψn(t, z)Ñ(dt, dz),

for all n = 1, 2, ..., where

E[F 2
n ] = (E[Fn])2 + E

[ ∫ T

0

∫
R0

Ψ2
n(t, z)ν(dz)dt

]
< ∞.

Then by the Itô isometry we have the expression

E
[
(Fm −Fn)2

]
=
(
E[Fm −Fn]

)2 + E
[ ∫ T

0

∫
R0

(
Ψm(t, z)−Ψn(t, z)

)2
ν(dz)dt

]
,

which vanishes for m,n → ∞. Therefore, Ψn, n = 1, 2, ..., is a Cauchy sequence
in L2(P ×λ×ν); hence, it converges to a limit Ψ ∈ L2(P ×λ×ν). This yields
(9.33), in fact

F = lim
n→∞

Fn = limn→∞
{

EFn +
∫ T

0

∫
R0

Ψn(t, z)Ñ(dt, dz)
}

= EF +
∫ T

0

∫
R0

Ψ(t, z)Ñ(dt, dz).

The uniqueness is given by the convergence in L2-spaces and the Itô isometry.
�

Example 9.11. Choose F = η2(T ). To find the representation (9.33) for F we
define

Y (t) = η2(t) =
(∫ t

0

∫
R0

zÑ(ds, dz)
)2

, t ∈ [0, T ].

By the Itô formula

dη2(t) =
∫

R0

[
(η(t) + z)2 − η2(t) − 2η(t)z

]
ν(dz)dt

+
∫

R0

[
(η(t−) + z)2 − η2(t−)

]
Ñ(dt, dz)

=
∫

R0

z2ν(dz)dt +
∫

R0

[
2η(t−) + z

]
zÑ(dt, dz)

(see Problem 9.2). Hence we get

η2(T ) = T

∫
R0

z2ν(dz) +
∫ T

0

∫
R0

[
2η(t−) + z

]
zÑ(dt, dz). (9.34)

Remark 9.12. Note that it is not possible to write

η2(T ) = E
[
η2(T )

]
+
∫ T

0

ϕ(t)dη(t) (9.35)
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for some predictable process ϕ. In fact, the representation (9.35) is equiva-
lent to

η2(T ) = E
[
η2(T )

]
+
∫ T

0

∫
R0

ϕ(t)zÑ(dt, dz),

which contradicts (9.34), in view of the uniqueness of the Itô stochastic integral
representation.

9.4 Application to Finance: Replicability

The fact that the representation (9.35) is not possible has a special interpre-
tation in finance: it means that the claim F = η2(T ) is not replicable in a
certain financial market driven by the Lévy process η. We now make this more
precise.

Consider a securities market with two kinds of investment possibilities:

• A risk free asset with a price per unit fixed as

S0(t) = 1, t ≥ 0, (9.36)

• n risky assets with prices Si(t), t ≥ 0 (i = 1, ..., n), given by

dSi(t) = Si(t−)
[
σi(t)dW (t) +

∫
R0

γi(t, z)Ñ(dt, dz)
]
, (9.37)

where W (t) =
(
W1(t), ...,Wn(t)

)T , t ≥ 0, is an n-dimensional Wiener

process and Ñ(dt, dz) =
(
Ñ1(dt, dz), ..., Ñn(dt, dz)

)T , t ≥ 0, z ∈ R0,
corresponds to n independent compensated Poisson random measures.
The parameters σi(t) =

(
σi1(t), ..., σin(t)

)
, t ≥ 0 (i = 1, ..., n), and

γi(t, z) =
(
γi1(t, z), ..., γin(t, z)

)
, t ≥ 0, z ∈ R0 (i = 1, ..., n), are pre-

dictable processes that satisfy

E
[ n∑

i,j=1

∫ T

0

[
σ2

ij(t) +
∫

R0

γ2
ij(t, z)ν(dz)

]
dt
]

< ∞. (9.38)

A random variable F ∈ L2(FT , P ) represents a financial claim (or T -
claim). The claim F is replicable if there exists a predictable process ϕ(t) =(
ϕ1(t), ..., ϕn(t)

)T , t ≥ 0, such that

n∑
i=1

∫ T

0

ϕ2
i (t)S

2
i (t−)

[ n∑
j=1

σ2
ij(t) +

∫
R0

γ2
ij(t, z)ν(dz)

]
dt < ∞ (9.39)

and

F = E[F ] +
n∑

i=1

∫ T

0

ϕi(t)dSi(t). (9.40)
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If this is the case, then ϕ is a replicating portfolio for the claim F . See Sect. 4.3.
Let A denote the set of all predictable processes satisfying (9.39). These

constitute the set of admissible portfolios in this context.
Let us now consider the general Lévy process η(t), t ≥ 0:

dη(t) = dW (t) +
∫

R0

zÑ(dt, dz).

Theorem 9.13. Let F ∈ L2(FT , P ) be a claim on the market (9.36)–(9.37),
with stochastic integral representation of the form

F = E[F ] +
∫ T

0

α(t)dW (t) +
∫ T

0

∫
R0

β(t, z)Ñ(dt, dz). (9.41)

Then F is replicable if and only if the integrands α = (α1, ..., αn) and β =
(β1, ..., βn) have the form

αj(t) =
n∑

i=1

ϕi(t)Si(t)σij(t), t ≥ 0, (9.42)

βj(t, z) =
n∑

i=1

ϕi(t)Si(t−)γij(t, z), t ≥ 0, z ∈ R0 (j = 1, ..., n), (9.43)

for some process ϕ ∈ A. In this case ϕ is a replicating portfolio for F .

Proof First assume that F is replicable with replicating portfolio ϕ. Then
clearly

F − E[F ] =
n∑

i=1

∫ T

0

ϕi(t)dSi(t)

=
∫ T

0

n∑
i=1

ϕi(t)Si(t)σi(t)dW (t)

+
∫ T

0

∫
R0

n∑
i=1

ϕi(t)Si(t−)γi(t, z)Ñ(dt, dz).

In view of the uniqueness, comparing this with the representation (9.41), we
obtain the results (9.42)–(9.43). The argument works both ways, so that if
(9.42)–(9.43) hold, then the above computation lead to representation (9.40)
and the claim F is replicable. 
�

We refer to [25, 29] for further arguments on the aforementioned result.

Remark 9.14. Note that any F ∈ L2(FT , P ) admits representation in form
(9.41) (see, e.g., [71, 120]).

Example 9.15. Returning to Example 9.11 we can see that in a securities
market model of the type:
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• A risk free asset with price per unit S0(t) = 1, t ≥ 0,
• One risky asset with price per unit S1(t), t ≥ 0, given by

dS1(t) = Si(t−)
∫

R0

zÑ(dt, dz), (9.44)

the claim F = η2(T ) is not replicable since its representation is given by
(9.34):

η2(T ) = T

∫
R0

z2ν(dz) +
∫ T

0

∫
R0

(2η(t−) + z)zÑ(dt, dz),

with β(t, z) = (2η(t−) + z)z, t ≥ 0, z ∈ R0, which is not of the form (9.43).

Financial markets in which all claims are replicable are called complete.
Otherwise the market is called incomplete. The market model presented here
above is an example of an incomplete market.

9.5 Exercises

Problem 9.1. (*) Let X(t), t ≥ 0, be a one-dimensional Itô–Lévy process:

dX(t) = α(t)dt + β(t)dW (t) +
∫

R0

γ(t, z)Ñ(dt, dz).

Use the Itô formula to express dY (t) = df(X(t) in the standard form:

dY (t) = a(t)dt + b(t)dW (t) +
∫

R0

c(t, z)Ñ(dt, dz)

in the following cases:

(a) Y (t) = X2(t), t ≥ 0,
(b) Y (t) = exp{X(t)}, t ≥ 0,
(c) Y (t) = cos X(t), t ≥ 0.

Problem 9.2. (*) Let h ∈ L2([0, T ]) be a càglàd real function. Define

X(t) :=
∫ t

0

∫
R0

h(s)zÑ(ds, dz) −
∫ t

0

∫
R0

(
eh(s)z − 1 − h(s)z

)
ν(dz)ds

and put
Y (t) = exp{X(t)}, t ∈ [0, T ].

Show that
dY (t) = Y (t−)

∫
R0

(
eh(t)z − 1

)
Ñ(dt, dz).

In particular, Y (t), t ∈ [0, T ], is a local martingale.
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Problem 9.3. Use the Itô formula to solve the following stochastic differential
equations.

(a) The Lévy–Ornstein–Uhlenbeck process:

dY (t) = ρ(t)Y (t)dt +
∫

R0

γ(t, z)Ñ(dt, dz), t ∈ [0, T ],

where ρ ∈ L1([0, T ]) and γ is a predictable process satisfying (9.20).
(b) A multiplicative noise dynamics:

dY (t) = α(t)dt + Y (t−)
∫

R0

γ(t, z)Ñ(dt, dz), t ∈ [0, T ],

where α, γ are predictable processes satisfying (9.20).

Problem 9.4. (a) Integration by parts. Let

dXi(t) = αi(t)dt + βi(t)dW (t) +
∫

R0

γi(t, z)Ñ(dt, dz) (i = 1, 2),

be two Itô–Lévy processes. Use the two-dimensional Itô formula to show
that

d
(
X1(t)X2(t)

)
= X1(t−)dX2(t) + X2(t−)dX1(t) + β1(t)β2(t)dt

+
∫

R0
γ1(t, z)γ2(t, z)N(dt, dz).

(b)The Itô–Lévy isometry. In the aforementioned processes, choose αi =
Xi(0) = 0 for i = 1, 2 and assume that E[X2

i (t)] < ∞ for i = 1, 2. Show
that

E
[
X1(t)X2(t)

]
= E

[ ∫ T

0

(
β1(t)β2(t) +

∫
R0

γ1(t, z)γ2(t, z)ν(dz)
)
dt
]
.

Problem 9.5. The Girsanov theorem. Let u = u(t), t ∈ [0, T ], and
θ(t, z) ≤ 1, t ∈ [0, T ], z ∈ R0, be predictable processes such that the process

Z(t) := exp
{
−
∫ t

0

u(s)dW (s) − 1
2

∫ t

0

u2(s)ds +
∫ t

0

∫
R0

log(1−θ(s, z))Ñ(ds, dz)

+
∫ t ∫

R0

(log(1 − θ(s, z)) + θ(s, z))ν(dz)ds
)
, t ∈ [0, T ],

exists and satisfies E[Z(T )] = 1.

(a) Show that

dZ(t) = Z(t−)
[
− u(t)dW (t) −

∫
R0

θ(t, z)Ñ(dt, dz)
]
.

Thus, Z is a local martingale.
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(b) Let

dX(t) = α(t)dt + β(t)dW (t) +
∫

R0

γ(t, z)Ñ(dt, dz), t ∈ [0, T ],

be an Itô–Lévy process. Find d
(
Z(t)X(t)

)
. In particular, note that if u

and θ are chosen such that

β(t)u(t) +
∫

R0

γ(t, z)θ(t, z)ν(dz) = α(t),

then Z(t)X(t), t ∈ [0, T ], is a local martingale.
(c) Use the Bayes rule to show that if we define the probability measure Q on

(Ω,FT ) by
dQ = Z(T )dP,

then the process X is a local martingale with respect to Q. This is a version
of the Girsanov theorem for Lévy processes.

Problem 9.6. (*) Let

η(t) =
∫ t

0

∫
R0

zÑ(dz, dz), t ∈ [0, T ].

Find the integrand ψ for the stochastic integral representation

F = E[F ] +
∫ T

0

∫
R0

ψ(t, z)Ñ(dt, dz)

of the following random variables:

(a) F =
∫ T

0
η(t)dt

(b) F = η3(T )
(c) F = exp{η(T )}
(d) F = cos η(T ) [Hint. If x ∈ R and i =

√
−1, then eix = cos x + i sin x].

Moreover, in each case above, decide if F is replicable in the following
Bachelier–Lévy type market model on the time interval [0, T ]:

risk free asset: dS0(t) = 0, S0(0) = 1
risky asset: dS1(t) = dη(t), S1(0) ∈ R.
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The Wiener–Itô Chaos Expansion

In this chapter we show that it is possible to obtain a chaos expansion similar
to the one in Chap. 1 in the context of pure jump Lévy processes η = η(t),
t ≥ 0. However, in this case, the corresponding iterated integrals must be
taken with respect to the compensated Poisson measure associated with η,

η(t) =
∫ t

0

∫
R0

zÑ(dt, dz), t ≥ 0, (10.1)

and not with respect to η itself. Our method will be basically the same as for
Theorem 1.10; therefore, we do not give all the details.

10.1 Iterated Itô Integrals

Let L2((λ× ν)n) = L2(([0, T ]×R0)n) be the space of deterministic real func-
tions f such that

‖f‖L2((λ×ν)n) =
(∫

([0,T ]×R0)n

f2(t1, z1, . . . , tn, zn)dt1ν(dz1) · · · dtnν(dzn)
)1/2

<∞,

where, we recall, λ(dt) = dt denotes the Lebesgue measure on [0, T ].
The symmetrization f̃ of f is defined by

f̃(t1, z1, ..., tn, zn) =
1
n!

∑
σ

f(tσ1 , zσ1 , ..., tσn
, zσn

),

the sum being taken over all permutations σ = (σ1, ..., σn) of {1, ..., n}. Note
that the symmetrization is over the n pairs (t1, z1), ..., (tn, zn) and not over the
2n variables t1, z1, ..., tn, zn. A function f ∈ L2((λ × ν)n) is called symmetric
if f = f̃ . We denote the space of all symmetric functions in L2((λ × ν)n) by
L̃2((λ × ν)n).

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 175
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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Define

Gn :=
{
(t1, z1, ..., tn, zn) : 0 ≤ t1 ≤ ... ≤ tn ≤ T, zi ∈ R0, i = 1, ..., n

}

and let L2(Gn) be the set of the real functions g on Gn, such that

‖g‖L2(Gn) :=
(∫

Gn

g2(t1, z1, ..., tn, zn)dt1ν(dz1) · · · dtnν(dzn)
)1/2

< ∞.

Note that, for f ∈ L̃2((λ × ν)n), we have f|Gn
∈ L2(Gn) and

‖f‖2
L2((λ×ν)n) = n!‖f‖2

L2(Gn).

Definition 10.1. For any g ∈ L2(Gn), the n-fold iterated integral Jn(f) is
the random variable in L2(P ) defined as

Jn(g) :=
∫ T

0

∫
R0

· · ·
∫ t−2

0

∫
R0

g(t1, z1, ..., tn, zn)Ñ(dt1, dz1) · · · Ñ(dtn, dzn).

We set J0(g) = g for any g ∈ R.

If f ∈ L̃2((λ × ν)n), we also define

In(f) :=
∫

([0,T ]×R0)n

f(t1, z1, ..., tn, zn)Ñ⊗n(dt, dz) := n!Jn(f), (10.2)

where Ñ⊗n(dt, dz) = Ñ(dt1, dz1) · · · Ñ(dtn, dzn). We also call In(f) the n-fold
iterated integral of f . For any g ∈ L̃2((λ × ν)m) and f ∈ L̃2((λ × ν)n), we
have the following relations

E[Im(g)In(f)] =
{

0, n �= m
(g, f)L2((λ×ν)n), n = m

(m,n = 1, 2, ...), (10.3)

where

(g, f)L2((λ×ν)n) :=
∫
([0,T ]×R0)n g(t1, z1, ..., tn, zn)f(t1, z1, ..., tn, zn)dt1ν(dz1)

· · · dtnν(dzn).

10.2 The Wiener–Itô Chaos Expansion

We can now formulate the chaos expansion with respect to the Poisson random
measure. See [120].

Theorem 10.2. Wiener–Itô chaos expansion for Poisson random
measures. Let F ∈ L2(P ) be a FT -measurable random variable. Then F
admits the representation
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F =
∞∑

n=0

In(fn) (10.4)

via a unique sequence of elements fn ∈ L̃2((λ× ν)n), n = 1, 2, .... Here we set
I0(f0) := f0 for the constant values f0 ∈ R. Moreover, we have that

‖F‖2
L2(P ) =

∞∑
n=0

n!‖fn‖2
L2((λ×ν)n). (10.5)

Proof The proof follows the lines of the proof of Theorem 1.10; here we sketch
only the arguments.

By the Itô representation theorem, there exists a predictable process
ψ1(t1, z1), (t1, z1) ∈ [0, T ] × R0, such that

F = E[F ] +
∫ T

0

∫
R0

Ψ1(t1, z1)Ñ(dt1, dz1),

where

‖F‖2
L2(P ) =

(
E[F ]

)2 + E
[ ∫ T

0

∫
R0

Ψ2
1 (t1, z1)dt1ν(dz1)

]
< ∞.

Hence for almost all (t1, z1) ∈ [0, T ] × R0, there exists a predictable process
Ψ2(t1, z1, t2, z2), (t2, z2) ∈ [0, t1] × R0, such that

Ψ(t1, z1) = E[Ψ(t1, z1)] +
∫ T

0

∫
R0

Ψ2(t1, z1, t2, z2)Ñ(dt2, dz2).

This gives

F = E[F ] +
∫ T

0

∫
R0

E
[
Ψ1(t1, z1)

]
Ñ(dt1, dz1)

+
∫ T

0

∫
R0

∫ t−1

0

∫
R0

Ψ2(t1, z1, t2, z2)Ñ(dt2, dz2)Ñ(dt1, dz1).

Define

g0 := E[F ]
g1(t1, z1) := E[Ψ1(t1, z1)], (t1, z1) ∈ [0, T ] × R0.

We repeat the same argument for (t2, z2) – almost all the random variables of
the integrand process Ψ2(t1, z1, t2, z2) and again for the new integrands. This
yields

F =
k−1∑
n=0

J(gn) +
∫

Gk

Ψk(t1, z1, ..., tk, zk)Ñ⊗k(dt, dz).
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Proceeding as in the proof of Theorem 1.10, we can see that the residual term
here above vanishes, that is,∫

Gk

ΨkÑ⊗k(dt, dz) −→ 0, k → ∞,

with the convergence in L2(P ). This gives the chaos expansion

F =
∞∑

n=0

Jn(gn)

in L2(P ) with gn ∈ L2(Gn), n = 1, 2, .... Extend the function gn on the whole
([0, T ] × R0)n by putting gn := 0 on ([0, T ] × R0)n \ Gn and define fn := g̃n.
Then

In(fn) = n!Jn(fn) = n!Jn(g̃n) = Jn(gn).

Thus we obtain the claim

F =
∞∑

n=0

In(fn).

Moreover, the isometry (10.5) is obtained directly from (10.3). 
�

Example 10.3. Let F = η2(T ). From (9.34) we have

η2(T ) = T

∫
R0

z2ν(dz) +
∫ T

0

∫
R0

(
2η(t−)z + z2

)
Ñ(dt, dz)

= T

∫
R0

z2ν(dz) +
∫ T

0

∫
R0

z2
1Ñ(dt1, dz1)

+
∫ T

0

∫
R0

∫ t−2

0

∫
R0

2z1z2Ñ(dt2, dz2)Ñ(dt1, dz1)

=
2∑

n=0

In(fn),

(10.6)

with

f0 := T

∫
R0

z2ν(dz)

f1(t1, z1) := z2
1

f2(t1, z1, t2, z2) = z1z2.

Example 10.4. Let F = Y (T ), where

Y (t) = exp
{∫ t

0

∫
R0

h(s)zÑ(ds, dz)

−
∫ t

0

∫
R0

(
eh(s)z − 1 − h(s)z

)
ν(dz)ds

}
, t ∈ [0, T ],
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with h ∈ L2([0, T ]) is a càglàd real function. Then by the Itô formula we have

dY (t) = Y (t−)
∫

R0

(
eh(t)z − 1

)
Ñ(dt, dz)

and thus

Y (T ) = 1 +
∫ T

0

∫
R0

Y (t−)
(
eh(t)z − 1

)
Ñ(dt, dz).

Repeating the argument, we get

Y (T ) = 1 +
∫ T

0

∫
R0

(
1 +

∫ t−1

0

∫
R0

Y (t−2 )
(
eh(t2)z2 − 1

)
Ñ(dt2, dz2)

)

·
(
eh(t1)z1 − 1

)
Ñ(dt1, dz1)

= 1 +
∫ T

0

∫
R0

(
eh(t1)z1 − 1

)
Ñ(dt1, dz1)

+
∫ T

0

∫
R0

∫ t−1

0

∫
R0

Y (t−2 )
(
eh(t2)z2−1

)(
eh(t1)z1−1

)
Ñ(dt2, dz2)Ñ(dt1, dz1).

Proceeding by iteration, we obtain

Y (T ) =
k−1∑
n=0

In(fn)

+
∫ T

0

∫
R0

...

∫ t−2

0

∫
R0

Y (t−1 )
k∏

i=1

(
eh(ti)zi−1

)
Ñ(dt1, dz1) · · · Ñ(dtk, dzk),

where

fn(t1, z1, ..., tn, zn) :=
1
n!

n∏
i=1

(
eh(ti)zi − 1

)

=
1
n!
(
eh(t)z − 1

)⊗n(t1, z1, ..., tn, zn),

(10.7)

which leads to the chaos expansion

Y (T ) =
∞∑

n=0

In(fn),

with convergence in L2(P ). To prove this we need to verify that

E
[( ∫ T

0

∫
R0

...

∫ t−2

0

∫
R0

Y (t−1 )
(
eh(t)z − 1

)⊗k
Ñ⊗k(dt, dz)

)2]
−→ 0, k → ∞.
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This follows from the estimate
∫ T

0

∫
R0

...

∫ t2

0

∫
R0

E
[
Y 2(t−1 )

]∣∣(eh(t)z − 1
)⊗k∣∣2dt1ν(dz1) · · · dtkν(dzk)

≤ E
[
Y 2(T )

] 1
k!

(∫ T

0

∫
R0

(
eh(t1)z1 − 1

)2
dt1ν(dz1)

)k

−→ 0, k → ∞.

10.3 Exercises

Problem 10.1. (*) Let

η(t) =
∫ t

0

∫
R0

zÑ(ds, dz), t ∈ [0, T ].

Find the chaos expansion of

(a) F = η3(T )
(b) F = exp η(T )
(c) F =

∫ T

0
g(s)dη(s), where g ∈ L2([0, T ])

(d) F =
∫ T

0
g(s)η(s)ds, where g ∈ L2([0, T ])

Problem 10.2. With η as in Problem 10.1, let F
η = {Fη

t , t ∈ [0, T ]} be the
P -augmented filtration of η. Find F ∈ L2(P ), Fη

T -measurable, for which it is
not possible to write a chaos expansion in terms of dη, that is,

F = E
[
F
]
+

∞∑
n=1

n!
∫ T

0

∫ tn

0

· · ·
∫ t2

0

fn(t1, ..., tn)dη(t1) · · · dη(tn)

for a sequence fn ∈ L̃2([0, T ]n), n = 1, 2, ... [Hint. See Example 9.15].
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Skorohod Integrals

We now use the chaos expansions of Theorem 10.2 to define the Skorohod
integral with respect to the compensated Poisson random measure Ñ . The
approach will be similar to the approach used in Chap. 2 for Brownian motion.

11.1 The Skorohod Integral

Definition 11.1. Let X = X(t, z), 0 ≤ t ≤ T, z ∈ R0, be a stochastic process
(more precisely a random field) such that X(t, z) is an FT -measurable random
variable for all (t, z) ∈ [0, T ] × R0 and

E
[
X2(t, z)

]
< ∞, (t, z) ∈ [0, T ] × R0.

Then for each (t, z), the random variable X(t, z) has an expansion of the form

X(t, z) =
∞∑

n=0

In(fn(·, t, z)), where fn(·, t, z) ∈ L̃2((λ × ν)n).

Let f̃n(t1, z1, ..., tn, zn, tn+1, zn+1) be the symmetrization of fn(t1, z1, ..., tn,
zn, t, z) as a function of the n+1 pairs (t1, z1), ..., (tn, zn), (t, z) = (tn+1, zn+1).
Suppose that

∞∑
n=0

(n + 1)!‖f̃n‖2
L2((λ×ν)n+1) < ∞. (11.1)

Then we say that X ∈ Dom(δ) and we define the Skorohod integral δ(X) of
X with respect to Ñ by

δ(X) =
∫ T

0

∫
R0

X(t, z)Ñ(δt, dz) :=
∞∑

n=0

In+1(f̃n). (11.2)

This definition was first given in [124], see also, for example, [125].
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Remark 11.2. (1) Note that

E
[( ∫ T

0

∫
R0

X(t, z)Ñ(δt, dz)
)2]

=
∞∑

n=0

(n + 1)!‖f̃n‖2
L2((λ×ν)n+1) < ∞,

(11.3)
so δ(X) ∈ L2(P );

(2) Condition (11.1) implies that

‖X‖2
L2(P×λ×ν) := E

[ ∫ T

0

∫
R0

X2(t, z)ν(dz)dt
]

< ∞,

so Dom(δ) ⊆ L2(P × λ × ν), see Problem 11.1;
(3) Moreover,

E
[ ∫ T

0

∫
R0

X(t, z)Ñ(δt, dz)
]

= 0. (11.4)

See Problem 11.1.

Next we consider Skorohod integrals with respect to

η(t) =
∫ T

0

∫
R0

zÑ(dt, dz), t ≥ 0.

Let Y = Y (t), t ≥ 0, be a measurable stochastic process such that

X(t, z) := Y (t)z, (t, z) ∈ [0, T ] × R0,

is Skorohod integrable with respect to Ñ . Then we define the Skorohod integral
of Y with respect to η by

∫ T

0

Y (t)δη(t) :=
∫ T

0

∫
R0

Y (t)zÑ(δt, dz). (11.5)

11.2 The Skorohod Integral as an Extension of the Itô
Integral

Just as in Chap. 2 we can now prove that the Skorohod integral is an extension
of the Itô integral.

Theorem 11.3. (a) Let X = X(t, z), t ∈ [0, T ], z ∈ R0, be a predictable
process such that

E
[ ∫ T

0

∫
R0

X2(t, z)ν(dz)dt
]

< ∞. (11.6)

Then X is both Itô and Skorohod integrable with respect to Ñ and
∫ T

0

∫
R0

X(t, z)Ñ(δt, dz) =
∫ T

0

∫
R0

X(t, z)Ñ(dt, dz). (11.7)
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(b) Let Y = Y (t), t ∈ [0, T ], be a predictable process such that

E
[ ∫ T

0

Y 2(t)dt
]

< ∞. (11.8)

Then Y is both Itô and Skorohod integrable with respect to η and

∫ T

0

Y (t)δη(t) =
∫ T

0

Y (t)dη(t). (11.9)

Proof The proof is similar to the proof of Theorem 2.9 and therefore omitted.
�

Example 11.4. What is
∫ T

0
η(T )δη(t)? Since

η(T ) =
∫ T

0

∫
R0

zÑ(dt, dz) = I1(f1(t1, z1)),

where f1(t1, z1) = z1, we have

∫ T

0

η(T )δη(t) =
∫ T

0

∫
R0

η(T )zÑ(δt, dz)

=
∫ T

0

∫
R0

I1(z1z)Ñ(δt, dz) = I2(z1z2)

= 2
∫ T

0

∫
R0

∫ t−2

0

∫
R0

z1z2Ñ(dt1, dz1)Ñ(dt2, dz2)

= 2
∫ T

0

∫
R0

z2η(t−2 )Ñ(dt2, dz2) = 2
∫ T

0

η(t−2 )dη(t2).

By the Itô formula we get

2
∫ T

0

η(t−)dη(t) = η2(T ) −
∫ T

0

∫
R0

z2N(dt, dz).

Hence,

∫ T

0

η(T )δη(t) = 2
∫ T

0

η(t−)dη(t) = η2(T ) −
∫ T

0

∫
R0

z2N(dt, dz). (11.10)

Additional properties of the Skorohod integral will be proved in Sect. 12.3
(the relation between the Skorohod integral and the Malliavin derivative)
and in Sect. 13.3 (the relation between the Skorohod integral and the Wick
product).
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11.3 Exercises

Problem 11.1. Prove that Dom(δ) ⊆ L2(P × λ × ν) [Hint Use (11.1)].

Problem 11.2. Prove (11.3) and (11.4).

Problem 11.3. (*) Find the following Skorohod integrals:

(a)
∫ T

0

( ∫ T

0
g(s)dη(s)

)
f(t)δη(t), where f, g are càglàd functions in L2([0, T ])

(b)
∫ T

0

( ∫ T

0
f(t)dη(t)

)
g(s)δη(s), with f, g as in (a)

(c) By comparing (a) and (b) deduce the following Fubini type formula for
Skorohod integrals

∫ T

0

( ∫ T

0

g(s)dη(s)
)
f(t)δη(t) =

∫ T

0

( ∫ T

0

f(t)dη(t)
)
g(s)δη(s) (11.11)

Problem 11.4. Let g ∈ L2(ν) = L2(R0) and define

X =
∫ T

0

∫
R0

g(z)Ñ(dt, dz).

Express the following Skorohod integrals in terms of iterated Itô integrals:

(a)
∫ T

0

∫
R0

XÑ(δt, dz),

(b)
∫ T

0

∫
R0

X2Ñ(δt, dz).
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The Malliavin Derivative

12.1 Definition and Basic Properties

In the Brownian motion case we saw that there were several ways of defining
the Malliavin derivative:

(1) Either as a stochastic gradient, using the concept of directional derivatives,
either on the Wiener space as in Appendix A (see Definition A.10) or on
the space Ω = S ′(R0) as in Chap. 6 (see Definition 6.1).

(2) Or by means of the chaos expansion in terms of iterated integrals with
respect to Brownian motion (see Lemma A.20).

In the Brownian motion case, those approaches are equivalent and they lead
to “essentially” the same differential operator.

We now consider the pure jump martingale case, when

η(t) :=
∫ t

0

∫
R0

zÑ(ds, dz), t ∈ [0, T ].

In this case, it turns out that the two approaches do not give the same oper-
ator and it is necessary to make a choice about which gives the most useful
derivative concept. For several reasons we choose the approach based on the
chaos expansions (see Theorem 9.15). For example, this is a definition that
gives us a Clark–Ocone type theorem for compensated Poisson random mea-
sures similar to Theorem 4.1 for the Brownian motion, see Theorem 12.16.
For the other approach to the Malliavin calculus we refer to [35, 58].

Definition 12.1. The stochastic Sobolev space D1,2 consists of all FT -
measurable random variables F ∈ L2(P ) with chaos expansion

F =
∞∑

n=0

In(fn), fn ∈ L̃2((λ × ν)n),
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satisfying the convergence criterion

‖F‖2
D1,2

:=
∞∑

n=1

nn!‖fn‖2
L2((λ×ν)n) < ∞. (12.1)

Comparing the aforementioned condition with (10.5) we see that D1,2 is
strictly contained in the space of all FT -measurable random variables in
L2(P ).

Definition 12.2. We define the operator D:

L2(P ) ⊃ D1,2 	 F =⇒ DF ∈ L2(λ × ν × P )

by

Dt,zF =
∞∑

n=1

nIn−1(fn(·, t, z)), F ∈ D1,2. (12.2)

Here In−1(fn(·, t, z)) means that the (n − 1)-fold iterated integral of
fn is regarded as a function of its (n − 1) first pairs of variables
(t1, z1), ..., (tn−1, zn−1), while the final pair (t, z) is kept as a parameter.
In view of Definition 3.1 for the Brownian motion, it is natural to call Dt,zF
the Malliavin derivative of F at (t, z).

Note that we indeed have that DF ∈ L2(P × λ × ν) because

‖DF‖2
L2(λ×ν×P ) =

∫ T

0

∫
R0

E
[
(Dt,zF )2]ν(dz)dt

=
∫ T

0

∫
R0

∞∑
n=1

n2(n − 1)!‖fn(·, t, z)‖2
L2((λ×ν)n−1)ν(dz)dt

=
∞∑

n=1

nn!‖fn‖2
L2((λ×ν)n) = ‖F‖2

D1,2
< ∞.

(12.3)

Example 12.3. Choose F =
∫ T

0

∫
R0

f(t, z)Ñ(dt, dz), with the deterministic in-
tegrand f ∈ L2(λ × ν). Then F = I1(f) and hence

Dt,zF = I0(f(·, t, z)) = f(t, z). (12.4)

In particular, if F = η(T ) :=
∫ T

0

∫
R0

zÑ(dt, dz), then

Dt,zη(T ) = z. (12.5)

Example 12.4. Let F = η2(T ), then by (10.6) we have

η2(T ) = I0(f0) + I1(f1) + I2(f2),
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where

f0 = T

∫
R0

z2ν(dz)

f1(t1, z1) = z2
1

f2(t1, z1, t2, z2) = z1z2.

Hence, by (12.2),

Dt,zη
2(T ) = z2 + 2I1(f2(·, t, z))

= z2 + 2
∫ T

0

∫
R0

z1zÑ(dt1, dz1)

= z2 + 2η(T )z.

(12.6)

Since Dt,zη(T ) = z (see (12.5)) we conclude that

Dt,zη
2(T ) = 2η(T )Dt,zη(T ) +

(
Dt,zη(T )

)2

=
(
η(T ) + Dt,zη(T )

)2 − η2(T ).
(12.7)

This shows that D does not satisfy the usual chain rule of a differential opera-
tor. In fact, it illustrates that D is a difference operator and not a differential
operator.

Example 12.5. Let F = Y (T ), as in Example 10.4. Then by (10.7) we have

Dt,zF =
∞∑

n=1

nIn−1(fn(·, t, z)) =
∞∑

n=1

n

n!
(eh(t)z − 1)In−1(eh(t)z − 1)⊗(n−1)

= (eh(t)z − 1)
∞∑

n=1

1
(n − 1)!

In−1(eh(t)z − 1)⊗(n−1)

= F (eh(t)z − 1).

Theorem 12.6. Closability of the Malliavin derivative. Suppose F ∈
L2(P ) and Fk, k = 1, 2, ..., are in D1,2 and that

(1)Fk −→ F , k → ∞ in L2(P )
(2)Dt,zFk, k = 1, 2, ..., converges in L2(λ × ν × P ).

Then F ∈ D1,2 and

Dt,zFk −→ Dt,zF, k → ∞, in L2(λ × ν × P ).

Proof Let F =
∑∞

n=0 In(fn) and Fk =
∑∞

n=0 In(f (k)
n ), k = 1, 2, .... From (1)

we know that

f (k)
n −→ fn, k → ∞, in L2((λ × ν)n)
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for all n = 0, 1, .... Since (2) holds, we deduce that

∞∑
n=0

nn!‖f (k)
n −f (j)

n ‖2
L2((λ×ν)n) =‖Dt,zFk−Dt,zFj‖2

L2(λ×ν×P )−→0, k, j → ∞.

Hence by the Fatou lemma,

lim
k→∞

∞∑
n=0

nn!‖f (k)
n − fn‖2

L2((λ×ν)n)

≤ lim
k→∞

(
lim inf
j→∞

∞∑
n=0

nn!‖f (k)
n − f (j)

n ‖2
L2((λ×ν)n)

)
= 0,

which means that F ∈ D1,2 and

Dt,zFk −→ Dt,zF, k → ∞, in L2(λ × ν × P ). 
�

12.2 Chain Rules for Malliavin Derivative

As in Example 12.5, let us consider

G1 = exp
{∫ T

0

∫
R0

h1(s)zÑ(ds, dz)
}

, (12.8)

with h1 ∈ L2([0, T ]). Its derivative can be written as

Dt,zG1 = G1(eh1(t)z − 1). (12.9)

Let D
E
1,2 denote the set of linear combinations of such exponentials. Now

choose G2 = exp{
∫ T

0

∫
R0

h2(t)zÑ(dt, dz)} ∈ D
E
1,2. Then from the above

Dt,z(G1G2) = Dt,z

(
exp

{∫ T

0

∫
R0

(h1(t) + h2(t))zÑ(dt, dz)
})

= G1G2

(
e(h1(t)+h2(t))z − 1

)
=
(
G1 + G1(eh1(t)z − 1)

)(
G2 + G2(eh2(t)z − 1)

)
− G1G2

=
(
G1 + Dt,zG1

)(
G2 + Dt,zG2

)
− G1G2

= G1Dt,zG2 + G2Dt,zG1 + Dt,zG1 Dt,zG2.

By linearity this continues to hold if we replace G1 and G2 by linear combi-
nations F1, F2 of such exponentials. This proves the following result.

Theorem 12.7. Product rule. Let F,G ∈ D
E
1,2. Then FG ∈ D

E
1,2 and

Dt,z

(
FG
)

= FDt,zG + GDt,zF + Dt,zFDt,zG. (12.10)
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By induction it follows that if F ∈ D
E
1,2 then

Dt,z(Fn) = (F + Dt,zF )n − Fn. (12.11)

For a related result see also Lemma 6.1 in [171]. For an extension to
the so-called normal martingales, see, for example, Proposition 1 in [195] or
Proposition 5 in [198].
More generally we have the following result.

Theorem 12.8. Chain rule. Let F ∈ D1,2 and let ϕ be a real continuous
function on R. Suppose ϕ(F ) ∈ L2(P ) and ϕ(F + Dt,zF ) ∈ L2(P × λ × ν).
Then ϕ(F ) ∈ D1,2 and

Dt,zϕ(F ) = ϕ(F + Dt,zF ) − ϕ(F ). (12.12)

Proof First assume that ϕ has compact support and F ∈ D
E
1,2. Then

ϕ(F ) =
1√
2π

∫
R

eiyF ϕ̂(y)dy,

where
ϕ̂(y) =

1√
2π

∫
R

e−ixyϕ(x)dx

is the Fourier transform of ϕ. By (12.11) and Theorem 12.6 we get that

Dt,zϕ(F ) =
1√
2π

∫
R

∞∑
n=0

1
n!

(iy)n
(
(F + Dt,zF )n − F

)
ϕ̂(y)dy

=
1√
2π

∫
R

(
eiy(F+Dt,zF ) − eiyF

)
ϕ̂(y)dy

=ϕ(F + Dt,zF ) − ϕ(F ),

so the result holds in this case. For general F ∈ D1,2 we proceed by approxi-
mation. Choose Fn ∈ D

E
1,2, n = 1, 2, ..., such that Fn −→ F , n → ∞, in D1,2,

see (12.1). Then ϕ(Fn) −→ ϕ(F ) in L2(P ) and ϕ(Fn + Dt,zFn) − ϕ(Fn) −→
ϕ(F +Dt,zF )−ϕ(F ) in D1,2. Hence the result holds for all F ∈ D1,2 in the case
of ϕ with compact support. The extension to the case when ϕ(F ) ∈ L2(P )
and ϕ(F + Dt,zF ) ∈ L2(P × λ × ν) follows by a similar limit argument. 
�

Example 12.9. The chain rule (12.12) is useful for the evaluation of Malliavin
derivatives. To illustrate this, consider the following:

(1) The derivative of η2(T ) is

Dt,zη
2(T ) =

(
η(T ) + Dt,zη(T )

)2 − η2(T )

=
(
η(T ) + z

)2 − η2(T ) = 2η(T )z + z2,

which is what we found in (12.6).
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(2) With

G = exp
(∫ T

0

∫
R0

h(t)zÑ(dt, dz)
)

as in (12.8), the chain rule (12.12) gives

Dt,zG = exp
(∫ T

0

∫
R0

h(t)zÑ(dt, dz) + h(t)z
)
− G

= G
(
eh(t)z − 1),

which is (12.9).
(3) Let F = (η(T )−K)+ be a European call payoff, where K > 0 is a constant.

Then
Dt,zF =

(
η(T ) + z − K

)+ −
(
η(T ) − K

)+
. (12.13)

12.3 Malliavin Derivative and Skorohod Integral

In this section we explore the relationship between the Malliavin derivative
and the Skorohod integral following the same lines as in the Brownian motion
case. We also derive useful rules of calculus.

12.3.1 Skorohod Integral as Adjoint Operator to the Malliavin
Derivative

For the following result we can also refer to [29, 54, 69, 171].

Theorem 12.10. Duality formula. Let X(t, z), t ∈ R+, z ∈ R, be Skorohod
integrable and F ∈ ID1,2. Then

E

[∫ ∞

0

∫
IR

X(t, z)Dt,zFν(dz)dt

]
= E

[
F

∫ ∞

0

∫
IR

X(t, z)Ñ(δt, dz)
]

.

(12.14)

Proof The proof of this is the same as the proof of the corresponding result
in the Brownian motion case. See Theorem 3.14. 
�

12.3.2 Integration by Parts and Closability of the Skorohod
Integral

The following result is basically Theorem 7.1 in [171], here presented in the
setting of Poisson random measures.

Theorem 12.11. Integration by parts. Let X(t, z), t ∈ R+, z ∈ R, be a
Skorohod integrable stochastic process and F ∈ D1,2 such that the product
X(t, z) · (F + Dt,zF ), t ∈ R+, z ∈ R, is Skorohod integrable. Then
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F

∫ ∞

0

∫
IR

X(t, z)Ñ(δt, dz) (12.15)

=
∫ ∞

0

∫
IR

X(t, z)
(
F + Dt,zF

)
Ñ(δt, dz) +

∫ ∞

0

∫
IR

X(t, z)Dt,zFν(dz)dt.

Proof First assume that F ∈ DE
1,2. Let G ∈ D

E
1,2. Then we obtain by

Theorem 12.10 and Theorem 12.7

E

[
G

∫ ∞

0

∫
IR

FX(t, z)Ñ(δt, dz)
]

= E

[∫ ∞

0

∫
IR

FX(t, z)Dt,zGν(dz)dt

]

= E

[
GF

∫ ∞

0

∫
IR

X(t, z)Ñ(δt, dz)
]
− E

[
G

∫ ∞

0

∫
IR

X(t, z)Dt,zFν(dz)dt

]

−E

[
G

∫ ∞

0

∫
IR

X(t, z)Dt,zFÑ(δt, dz)
]

= E

[
G

(
F

∫ ∞

0

∫
IR

X(t, z)Ñ(δt, dz) −
∫ ∞

0

∫
IR

X(t, z)Dt,zFν(dz)dt

−
∫ ∞

0

∫
IR

X(t, z)Dt,zFÑ(δt, dz)
)]

.

The proof then follows by a density argument applied to F and G. 
�

Remark 12.12. Using the Poisson interpretation of Fock space, the formula
(12.15) has been shown to be an expression of the multiplication formula
for Poisson stochastic integrals. See [124, 219], Proposition 2 and Relation
(6) of [196], Definition 7 and Proposition 6 of [200], Proposition 2 of [198],
and Proposition 1 of [194]. Moreover, formula (12.15) has been known for
some time to quantum probabilitists in identical or close formulations. See
Proposition 21.6 and Proposition 21.8 in [187], Proposition 18 in [34], and
Relation (5.6) in [7], see also [126].

Theorem 12.13. Closability of the Skorohod integral. Suppose that
Xn(t, z), t ∈ R+, z ∈ R, is a sequence of Skorohod integrable random fields
and that the corresponding sequence of integrals

I(Xn) :=
∫ ∞

0

∫
IR

Xn(t, z)Ñ(δt, dz), n = 1, 2, ...

converges in L2(P ). Moreover, suppose that

lim
n→∞

Xn = 0 in L2(P × λ × ν).

Then we have
lim

n→∞
I(Xn) = 0 in L2(P ).
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Proof By Theorem (12.10) we have that
(
I(Xn), F

)
L2(P )

=
(
Xn,Dt,zF

)
L2(P×λ×ν)

−→ 0, n → ∞,

for all F ∈ D1,2. Then we conclude that limn→∞ I(Xn) = 0 weakly in L2(P ).
And since the sequence I(Xn), n = 1, 2, ..., is convergent in L2(P ), the result
follows. 
�

Remark 12.14. In view of Theorem 12.13 we can see that if Xn, n = 1, 2, ...,
is a sequence of Skorohod integrable random fields such that

X = lim
n→∞

Xn in L2(P × λ × ν).

Then we can define the Skorohod integral of X as

I(X) :=
∫ ∞

0

∫
IR

X(t, z)Ñ(δt, dz)= lim
n→∞

∫ ∞

0

∫
IR

Xn(t, z)Ñ(δt, dz) =: lim
n→∞

I(Xn),

provided that this limit exists in L2(P ).

12.3.3 Fundamental Theorem of Calculus

The following result is basically Theorem 4.2 in [171], here presented for Pois-
son random measures, see, for example, [64].

Theorem 12.15. Fundamental theorem of calculus. Let X = X(s, y),
(s, y) ∈ [0, T ] × R0, be a stochastic process such that

E
[ ∫ T

0

∫
R0

X2(s, y)ν(dy)ds
]

< ∞.

Assume that X(s, y) ∈ D1,2 for all (s, y) ∈ [0, T ] × R0, and that Dt,zX(·, ·) is
Skorohod integrable with

E
[ ∫ T

0

∫
R0

(∫ T

0

∫
R0

Dt,zX(s, y)Ñ(δs, dy)
)2

ν(dz)dt
]

< ∞.

Then ∫ T

0

∫
R0

X(s, y)Ñ(δs, dy) ∈ D1,2

and

Dt,z

∫ T

0

∫
R0

X(s, y)Ñ(δs, dy) =
∫ T

0

∫
R0

Dt,zX(s, y)Ñ(δs, dy) + X(t, z).

(12.16)
In particular, if X(s, y) = Y (s)y, then

Dt,z

∫ T

0

Y (s)δη(s) =
∫ T

0

Dt,zY (s)δη(s) + zY (t). (12.17)



12.3 Malliavin Derivative and Skorohod Integral 193

Proof First suppose that

X(s, y) = In(fn(·, s, y)),

where fn(t1, z1, ..., tn, zn, s, y) is symmetric with respect to (t1, z1), ..., (tn, zn).
By Definition 3.1 we have

∫ ∞

0

∫
IR

X(s, y)Ñ(δs, dy) = In+1(f̂n), (12.18)

where
f̂n(t1, z1, ..., tn, zn, tn+1, zn+1)

=
1

n + 1
[fn(tn+1, zn+1, ·, t1, z1) + ... + fn(tn+1, zn+1, ·, tn, zn)

+fn(t1, z1, ·, tn+1, zn+1)]

is the symmetrization of fn with respect to the variables (t1, z1), ..., (tn, zn),
(tn+1, zn+1) = (s, y). Therefore, we get

Dt,z

(∫ ∞

0

∫
IR

X(s, y)Ñ(δs, dy)
)

= In(fn(t, z, ·, t1, z1) + ... + fn(t, z, ·, tn, zn)

+fn(·, t, z)).

On the other hand we see that
∫ ∞

0

∫
IR

Dt,zX(s, y)Ñ(δs, dy) (12.19)

=
∫ ∞

0

∫
IR

nIn−1(fn(·, t, z, s, y))Ñ(δs, dy) = nIn(f̂n(·, t, z, ·)),

where

f̂n(t1, z1, ..., tn−1, tn−1, t, z, tn, zn)=
1
n

[fn(t, z, ·, t1, z1) + ... + fn(t, z, ·, tn, zn)]

is the symmetrization of fn(t1, zn, ..., tn−1, zn−1, t, z, tn, zn) with respect to
(t1, z1), ..., (tn−1, zn−1), (tn, zn) = (s, y). A comparison of (12.18) and (12.19)
yields formula (12.16).

Next consider the general case

X(s, y) =
∑
n≥0

In(fn(·, s, y)).

Define

Xm(s, y) =
m∑

n=0

In(fn(·, s, y)), m = 1, 2, ...
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Then (12.16) holds for Xm. Since

∥∥∥∥
∫ ∞

0

∫
IR

Dt,zXm(s, y)Ñ(δs, dy) −
∫ ∞

0

∫
IR

Dt,zX(s, y)Ñ(δs, dy)
∥∥∥∥

2

L2(P×λ×ν)

=
∑

n≥m+1

n2n!
∥∥∥f̂n

∥∥∥2

L2((λ×ν)n+1)
−→ 0, m −→ ∞,

the proof follows by the closedness of Dt,z. 
�

12.4 The Clark–Ocone Formula

In this section we state and prove a jump diffusion version of the Clark–Ocone
formula (see Theorem 4.1). For this result we refer to, for example, [153].

Theorem 12.16. Let F ∈ D1,2. Then

F = E[F ] +
∫ T

0

∫
R0

E[Dt,zF |Ft]Ñ(dt, dz), (12.20)

where we have chosen a predictable version of the conditional expectation
process E[Dt,zF |Ft], t ≥ 0.

Proof The proof is similar to the one for the Brownian motion case (Theorem
4.1). Let us consider the chaos expansion of F =

∑∞
n=0 In(fn), where fn ∈

L̃2((λ × ν)n), n = 1, 2, .... Then the following equalities hold true:

∫ T

0

∫
R0

E[Dt,zF |Ft]Ñ(dt, dz) =

∫ T

0

∫
R0

E[

∞∑
n=1

nIn−1(fn(·, t, z))|Ft]Ñ(dt, dz)

=

∫ T

0

∫
R0

∞∑
n=1

n(n − 1)!E[Jn−1(fn(·, t, z))|Ft]Ñ(dt, dz)

=
∞∑

n=1

n!

∫ T

0

∫
R0

E
[ ∫ T

0

∫
R0

· · ·
∫ t−2

0

∫
R0

fn(t1, z1, ..., tn−1, zn−1, t, z)Ñ(dt1, dz1)

· · · Ñ(dtn−1, dzn−1)|Ft

]
Ñ(dt, dz)

=
∞∑

n=1

n!Jn(fn) =
∞∑

n=1

In(fn) = F − E[F ]. ��

Remark 12.17. Comparing (12.20) with the Itô representation (9.33), we can
see that the difference is that (12.20) provides an explicit formula for the
process Ψ(t, z), t ≥ 0, z ∈ R0.
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Example 12.18. Suppose F ∈ D1,2 has the form F = ϕ(η(T )) for some contin-
uous real function ϕ(x), x ∈ R. Then by the Clark–Ocone theorem combined
with the Markov property of the process η, we get

ϕ(η(T )) = E
[
ϕ(η(T ))

]
+
∫ T

0

∫
R0

E[ϕ(η(T ) + z) − ϕ(η(T ))|Ft]Ñ(dt, dz)

= E
[
ϕ(η(T ))

]
+
∫ T

0

∫
R0

E[ϕ(y + η(T − t) + z)

− ϕ(y + η(T − t))]|y=η(t)Ñ(dt, dz).

(12.21)

12.5 A Combination of Gaussian and Pure Jump Lévy
Noises

We now outline how the results of the previous sections can be generalized to
the case of combinations of independent Gaussian and pure jump Lévy noise.
Let us sketch a framework for treating this combination of noises. Here we
follow the ideas in [2], though this work is settled in the white noise framework.
The white noise setting will also be treated later in this book (see Chap. 13).

Another approach to deal with the noise generated by general stochastic
measures with independent values can be found in [61]. See also [71].

Denote the probability space on which W = W (t), t ≥ 0, is a Wiener
process by (Ω0,FW

T , PW ) (see Sect. 1.1) and denote the one on which
Ñ(dt, dz) = N(dt, dz) − ν(dz)dt is a compensated Poisson random mea-
sure by (Ω0,F Ñ

T , P Ñ ) (see Sect. 9.1).
Let (Ω1,F (1)

T , µ1), ..., (ΩN ,F (N)
T , µN ) be N independent copies of

(Ω0,FW
T , PW ) and let (ΩN+1,F (N+1)

T , µN+1), ..., (ΩN+R,F (N+R)
T , µN+R)

be R independent copies of (Ω0,F Ñ
T , P Ñ ), for some N,R ∈ N ∪ {0}. We set

Ω = Ω1 × ... × ΩN+R, FT = F (1)
T ⊗ ... ⊗F (N+R)

T , P = µ1 × ... × µN+R.

(12.22)

In the sequel, we call the space (Ω,F , P ) the Wiener–Poisson space.
We can consider the product of the form

Hα(ω) :=
L∏

k=1

Iα(k)(fk,α(k))(ωk) (12.23)

for any α ∈ J L, which is the set of indices of the form α = (α(1), ..., α(L)),
with α(k) = 0, 1, ..., for k = 1, ..., L. Here Iα(k)(fk,α(k)) is the α(k)-fold iterated
Itô integral with respect to the Wiener process, if k = 1, ..., N , or to the
compensated Poisson random measure, if k = N + 1, ..., L.
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The elements Hα, α ∈ J L, constitute an orthogonal basis in L2(P ). Any
real FT -measurable random variable F ∈ L2(P ) can be written as

F =
∑

α∈J L

Hα

for an appropriate choice of deterministic symmetric integrands in the iterated
Îto integrals.

Definition 12.19. (1) We say that F ∈ D1,2 if

‖F‖2
D1,2

:=
N∑

k=1

∑
α∈J L

α(k)α(k)!‖fk,α(k)‖2

L2([0,T ]α
(k)

)
(12.24)

+
L∑

k=N+1

∑
α∈J L

α(k)α(k)!‖fk,α(k)‖2

L2(([0,T ]×R0)α(k)
)
< ∞.

(2) If F ∈ D1,2, we define the Malliavin derivative DF of F as the gradient

DF =
(
D1,tF, ...,DN,tF,DN+1,t,zF, ...,DL,t,zF

)
, (12.25)

where

Dk,tF =
∑

α∈J L

α(k)
Hα−ε(k)(t), t ∈ [0, T ] (k = 1, ..., N),

and

Dk,t,zF =
∑

α∈JL

α(k)
Hα−ε(k)(t, z), t ∈ [0, T ], z ∈ R0 (k = N + 1, ..., L).

Here ε(k) = (0, ...0, 1, 0, ...0) with 1 in the kth position,

cf. Definition 3.1 and Definition 12.1.
Based on the same concepts and arguments as in the previous sections,

one can show the following Clark–Ocone formula:

Theorem 12.20. Clark–Ocone theorem for combined Gaussian-pure
jump Lévy noise. Let F ∈ D1,2. Then

F =E[F ]+
N∑

k=1

∫ T

0

E
[
Dk,tF |Ft

]
dWk(t)+

L∑
k=N+1

∫ T

0

∫
R0

E
[
Dk,t,zF |Ft]Ñk(dt, dz).

(12.26)

A generalization of this formula to processes with conditionally independent
increments can be found in [227].
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Similar to the Brownian motion case one can obtain a Clark–Ocone for-
mula under change of measure for Lévy processes. This was first proved by
[112] for random variables in D1,2. Subsequently the result was generalized in
[184] to all random variables in L2(P ), by means of white noise theory (see
Chap. 13). We present the statement of this generalized version later without
proof, and refer to the original papers for more information. We first recall the
Girsanov theorem for Lévy processes, as presented in [182] (cf. Problem 9.5).
See also [148].

Theorem 12.21. Girsanov theorem for Lévy processes. Let θ(s, x) ≤ 1,
s ∈ [0, T ], x ∈ R0 and u(s), s ∈ [0, T ], be F−predictable processes such that

∫ T

0

∫
R0

{| log(1 + θ(s, x)) | +θ2(s, x)}ν(dx)dt < ∞ P -a.e., (12.27)

∫ T

0

u2(s)ds < ∞ P − a.e. (12.28)

Let

Z(t) = exp
{
−
∫ t

0

u(s)dW (s) −
∫ t

0

u2(s)ds

+
∫ t

0

∫
R0

{log(1 − θ(s, x)) + θ(s, x)}ν(dx)ds

+
∫ t

0

∫
R0

log(1 − θ(s, x))Ñ(ds, dx)
}

, t ∈ [0, T ].

Define a measure Q on FT by

dQ(ω) = Z(ω, T )dP (ω).

Assume that Z(T ) satisfies the Novikov condition, that is,

E

[
exp

(
1
2

∫ T

0

u2(s)ds +
∫ T

0

∫
R0

{
(1 − θ(s, x)) log(1 − θ(s, x))

+θ(s, x)
}
ν(dx)ds

)]
< ∞.

Then E[Z(T )] = 1 and hence Q is a probability measure on FT . Define

ÑQ(dt, dx) = θ(t, x)ν(dx)dt + Ñ(dt, dx)

and
dWQ(t) = u(t)dt + dW (t).

Then ÑQ(·, ·) and WQ(·) are compensated Poisson random measure of N(·, ·)
and Brownian motion under Q, respectively.
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In this setting, the Clark–Ocone formula gets the following form. See [112,
184].

Theorem 12.22. Generalized Clark–Ocone theorem under change of
measure for Lévy processes. Let F ∈ L2(P ) ∩ L2(Q) be FT -measurable.
Assume that u satisfies (5.7), that θ ∈ L2(P × λ × ν) and that (t, x) →
Dt,xθ(s, z) is skorohod integrable for all s, z, with δ(Dt,xθ) ∈ G∗. Then the
integral representation of F with respect to WQ and ÑQ is as follows:

F = EQ[F ] +
∫ T

0

EQ

[
DtF − F

∫ T

t

Dtu(s)dWQ(s)|Ft

]
dWQ(t)

+
∫ T

0

∫
R0

EQ

[
F (H̃ − 1) + H̃Dt,xF |Ft

]
ÑQ(dt, dx),

where

H̃ = exp
{∫ t

0

∫
R0

[
Dt,xθ(s, z) + log(1 − Dt,xθ(s, z)

1 − θ(s, z)
)(1 − θ(s, z))

]
ν(dz) ds

+ log(1 − Dt,xθ(s, z)
1 − θ(s, z)

)ÑQ(ds, dz)
}

.

12.6 Application to Minimal Variance Hedging
with Partial Information

Consider a financial market where the unit prices Si(t), t ≥ 0, of the assets
are as follows:

risk free asset S0(t) ≡ 1, t ∈ [0, T ],
risky assets dSj(t) = σj(t)dW (t)

+
∫

R
n
0

γj(t, z)Ñ(dt, dz), t ∈ (0, T ], j = 1, ..., n,

where σ(t) = [σi,j(t)] ∈ R
n×n and γ(t, z) = [γi,j(t, z)] ∈ R

n×n are predictable
processes, which might depend on S(s) = (S1(s), ..., Sn(s)), s ∈ [0, t].

Let E = {Et, t ≥ 0} be a given filtration such that

Et ⊆ Ft, t ∈ [0, T ].

We think of Et as the information available to an agent at time t.

Definition 12.23. A predictable process ϕ = ϕ(t), t ∈ [0, T ], is called admis-
sible if

(1)ϕ(t) is E-adapted
(2)E

[∑n
j=1

∫ T

0
ϕ2

j (t)
(∑n

i=1 σ2
i,j(t) +

∫
R0

γ2
i,j(t, z)ν(dz)

)
dt
]

< ∞.

The set of all E-admissible portfolios is denoted by AE.
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We now pose the following question: given a claim F ∈ L2(FT ), how close
can we get to F at time T by hedging with portfolios? If we consider closeness
in terms of variance, the precise formulation of this question is the following:
given F ∈ L2(FT ) find ϕ∗ ∈ AE such that

inf
ϕ∈AE

E
[(

F − E[F ] −
∫ T

0

ϕ(t)dS(t)
)2]

= E
[(

F − E[F ] −
∫ T

0

ϕ∗(t)dS(t)
)2]

.

(12.29)

Such a portfolio ϕ∗ is called a partial information minimal variance portfolio.

We use Malliavin calculus to obtain explicit formulae for such portfolios
ϕ∗. We refer to [25] for the following result. See also [160] and [69] for an
extension to the white noise setting and [59, 60] for market models driven by
general martingales and random fields.

Theorem 12.24. Suppose F ∈ D1,2. Then the partial information minimal
variance portfolio ϕ∗ ∈ AE for F is given by

ϕ∗(t) = Q−1(t)R(t), t ∈ [0, T ]. (12.30)

Here Q(t) ∈ R
n×n has components

Qik(t) = E
[
Nik(t)|Et

]
,

where

Nik(t) =
n∑

j=1

σij(t)σjk(t) +
∫

R0

γij(t, z)γjk(t, z)νj(dz) (i, j = 1, .., n).

The matrix Q−1(t) is the inverse of Q(t) (if it exists). The vector R(t) ∈ R
n

has components
Ri(t) = E

[
Mi|Et

]
,

where

Mi(t) =
n∑

j=1

σij(t)E
[
Dj,tF |Ft

]
+
∫

R0

γij(t, z)E
[
Dj,t,zF |Ft

]
νj(dz).

Moreover, Dj,tF , t ∈ [0, T ], denotes the Malliavin derivative with respect to
Wj and Dj,t,zF , t ∈ [0, T ], z ∈ R0, stands for the Malliavin derivative with
respect to Ñj.

Proof Let ϕ∗
j be as above and define

F̂ := E[F ] +
n∑

j=1

∫ T

0

ϕ∗
j (t)dSj(t)

= E[F ] +
n∑

j=1

∫ T

0

ϕ∗
j (t)σj(t)dWj(t) +

∫ T

0

∫
R0

ϕ∗
j (t)γj(t, z)Ñj(dt, dz).
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To prove the statements it is enough to show that

E
[
(F − F̂ )G

]
= 0

for all G ∈ L2(P ), FT -measurable of the form

G := E[G] +
n∑

j=1

∫ T

0

ψj(t)dSj(t)

= E[G] +
n∑

j=1

∫ T

0

ψj(t)σj(t)dWj(t) +
∫ T

0

∫
R0

ψj(t)γj(t, z)Ñj(t, z),

with ψ ∈ AE. By the Clark–Ocone theorem (Theorem 12.16) we have

F = E[F ] +
n∑

j=1

∫ T

0

E
[
Dj,tF |Ft

]
dWj(t) +

∫ T

0

∫
R0

E
[
Dj,t,zF |Ft

]
Ñj(t, z).

This gives

E
[
(F − F̂ )G

]
= E

[( n∑
j=1

∫ T

0
E
[
Dj,tF |Ft

]
dWj(t) −

n∑
j=1

n∑
k=1

∫ T

0
ϕ

∗
j (t)σjk(t)dWk(t)

+

n∑
j=1

∫ T

0

∫
R0

E
[
Dj,t,zF |Ft

]
Ñj(dt, dz) −

n∑
j=1

n∑
k=1

∫ T

0

∫
R0

ϕ
∗
j (t)γjk(t, z)Ñk(dt, dz)

)

·
( n∑

j=1

n∑
k=1

∫ T

0
ψj(t)σjk(t)dWk(t) +

n∑
j=1

n∑
k=1

∫ T

0

∫
R0

ψj(t)γjk(t, z)Ñk(dt, dz)
)]

= E
[ n∑

j=1

∫ T

0

(
E
[
Dj,tF |Ft

]
−

n∑
k=1

ϕ
∗
k(t)σkj(t)

)
·
( n∑

k=1

ψk(t)σkj(t)
)
dt

+

n∑
j=1

∫ T

0

∫
R0

(
E[Dj,t,zF |Ft

]
−

n∑
k=1

ϕ
∗
k(t)γkj(t, z)

)
·
( n∑

k=1

ψk(t)γkj(t, z)
)
νj(dz)dt

= E
[ n∑

j=1

∫ T

0

n∑
k=1

ψk(t)
(
σkl(t)E

[
Dj,tF |Ft

]
−

n∑
i=1

ϕ
∗
i (t)σij(t)σkj(t)

+

∫
R0

(
γkj(t, z)E

[
Dj,t,zF |Ft

]
−

n∑
i=1

ϕ
∗
i (t)γij(t, z)γkj(t, z)

)
νj(dz)

]
dt
]

= E
[ n∑

k=1

∫ T

0
ψk(t)Lk(t)dt

]
= 0,

where

Lk(t) =
n∑

j=1

(
σkj(t)E

[
Dj,tF |Ft

]
−

n∑
i=1

ϕ∗
i (t)σij(t)σkj(t)

+
∫

R0

[
γkj(t, z)E

[
Dj,t,zF |Ft

]
−

n∑
i=1

ϕ∗
i (t)γij(t, z)γkj(t, z)

]
ν(dz)

)
.
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This holds for all ψ ∈ AE if and only if

E
[
Lk(t)|Et

]
= 0, t ∈ [0, T ], k = 1, ..., n.

We can write

Lk(t) = Mk(t) −
n∑

i=1

ϕ∗
i (t)Nik(t),

where

Mk(t) =
n∑

k=1

(
σkj(t)E

[
Dj,tF |Ft

]
+
∫

R0

γkj(t, z)E
[
Dj,t,zF |Ft

]
νj

)

and

Nik(t) =
n∑

j=1

(
σij(t)σkj(t) +

∫
R0

γij(t, z)γkj(t, z)νj(dz)
)
.

Therefore, we conclude that, for k = 1, ..., n,

E
[
Mk(t)|Et

]
−

n∑
i=1

ϕ∗
i (t)E

[
Nik(t)|Et

]
= 0

or
Q(t)ϕ∗(t) = R(t),

where
Q ∈ R

n×n, Qik(t) = E
[
Nik(t)|Et

]
, i, k = 1, ..., n,

and
R(t) ∈ R

n, Ri(t) = E
[
Mi(t)|Et

]
, i = 1, ..., n.

The solution of this equation is

ϕ∗(t) = Q−1(t)R(t), t ≥ 0,

which completes the proof. 
�

Corollary 12.25. (a) Suppose n = 1 and Et ⊆ Ft, t ≥ 0. Then

ϕ∗(t) =
E
[
σ(t)E

[
DtF |Ft

]
+
∫

R0
γ(t, z)E

[
Dt,zF |Ft

]
ν(dz)

∣∣Et

]
E
[
σ2(t) +

∫
R0

γ2(t, z)ν(dz)|Et

] . (12.31)

(b) Suppose n = 1, σ and γ are E-predictable. Then

ϕ∗(t) =
σ(t)E

[
DtF |Et

]
+
∫

R0
γ(t, z)E

[
Dt,zF |Et

]
ν(dz)

σ2(t) +
∫

R0
γ2(t, z)ν(dz)

. (12.32)
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Example 12.26. (1) Suppose n = 1 and

dS(t) = dW (t) +
∫

R0

zÑ(dt, dz).

What is the closest hedge to F :=
∫ T

0

∫
R0

zÑ(dt, dz) in terms of minimal
variance? Since DtF ≡ 0, t ≥ 0, and Dt,zF = z = E

[
Dt,zF |Ft

]
, t ≥ 0,

z ∈ R0, we get

ϕ∗(t) =
(
1 +

∫
R0

z2ν(dz)
)−1

∫
R0

z2ν(dz), t ∈ [0, T ]. (12.33)

We see that this process is actually constant.
(2) Suppose n = 1 and Et ⊆ Ft, t ≥ 0, and

dS(t) = dη(t) =
∫

R0

zÑ(dt, dz).

Let us consider F = S2(T ) = η2(T ). Then

Dt,zF =
(
η(T ) + Dt,zη(T )

)2 − η2(T ) = 2η(T )z + z2.

Hence the minimal variance portfolio is

ϕ∗(t) =
( ∫

R0

z2ν(dz)
)−1

∫
R0

(
2z2E

[
S(T )|Et

]
+ z3

)
ν(dz)

= 2E
[
S(t)|Et

]
+

∫
R0

z3ν(dz)∫
R0

z2ν(dz)
.

(12.34)

(3) Suppose n = 1 and Et = Ft, t ≥ 0, and

dS(t) = dη(t) =
∫

R0

zÑ(dt, dz).

Let us consider F = S2(T ) = η2(T ). Then, since S is a martingale with
respect to F, we get

ϕ∗(t) = 2η(t−) +

∫
R0

z3ν(dz)∫
R0

z2ν(dz)
. (12.35)

The closest hedge F̂ in this case is therefore given by

F̂ − E[F ] =
∫ T

0

2η(t−)dη(t) +
∫ T

0

∫
R0

z

∫
R0

ζ3ν(dζ)∫
R0

ζ2ν(dζ)
Ñ(dt, dz). (12.36)
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If we compare this to (9.34), that is,

F − E[F ] =
∫ T

0

2η(t−)dη(t) +
∫ T

0

∫
R0

z2Ñ(dt, dz),

we see that the closest hedge to the non-replicable claim

G :=
∫ T

0

∫
R0

z2Ñ(dt, dz)

is the replicable claim

Ĝ :=
∫ T

0

z

∫
R0

ζ3ν(dζ)∫
R0

ζ2ν(dζ)
Ñ(dt, dz) =

∫ T

0

∫
R0

ζ3ν(dζ)∫
R0

ζ2ν(dζ)
dη(t).

(4) Suppose n = 1 and

dS(t) =
∫

R0

zÑ(dt, dz)

and

F :=
∫ T

0

∫
R0

znÑ(dt, dz).

Then the minimal variance portfolio

ϕ∗(t) =
(∫

R0

z2ν(dz)
)−1

∫
R0

zn+1ν(dz), t ∈ [0, T ],

is constant.
(5) Suppose n = 1, Et = Ft, t ≥ 0, and

dS(t) = S(t−)
∫

R0

zÑ(dt, dz).

Let us consider F = S2(T ). In this case

Dt,zF =
(
S(T ) + Dt,zS(T )

)2 − S2(T ).

Since S(T ) = S(0) exp U(T ), where

U(T ) :=
∫ T

0

∫
R0

(
log(1 + z) − z

)
ν(dz)ds +

∫ T

0

∫
R0

log(1 + z)Ñ(ds, dz),

then we have

Dt,zS(T ) = S(0) exp{U + Dt,zU)} − S(0) exp{U}
= S(0) exp U exp{log(1 + z) − 1}
= S(0) exp Uz = S(T )z.
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Hence

Dt,zF =
(
S(T ) + S(T )z

)2 − S2(T ) = 2S2(T )z + S2(T )z2

and the minimal variance hedging portfolio is

ϕ∗(t) =

∫
R0

S2(T )
(
2z2 + z3

)
ν(dz)∫

R0
z2ν(dz)

.

(6) Suppose n = 1, Et = Ft, t ≥ 0, and

dS(t) =
∫

R0

zÑ(dt, dz).

Consider the digital claim

F := χ[k,∞)(S(T )).

The claim F may not belong to D1,2. Then an extended version of
Theorem 12.24 can be applied (see Chap. 13). In this case we have

Dt,zF = χ[k,∞)(S(T ) + z) − χ[k,∞)(S(T )),

which yields

ϕ∗(t) =
(∫

R0

z2ν(dz)
)−1

∫
R0

zE
[
Dt,zF |Ft

]
ν(dz)

=
(∫

R0

z2ν(dz)
)−1

∫
R0

zE
[
χ[k,∞)(S(T − t) + z)

− χ[k,∞)(S(T − t))|S(t)
]
ν(dz).

12.7 Computation of “Greeks” in the Case of Jump
Diffusions

In Sect. 4.4 it has been demonstrated how Malliavin calculus can be employed
to compute option price sensitivities, commonly referred to as the “greeks,”
for asset price processes modeled by stochastic differential equations driven by
a Wiener process. The greeks are risk measures, which are used by investors
on financial markets to hedge their positions. These greeks measure changes of
contract prices with respect to parameters in the underlying model. Roughly
speaking, greeks are derivatives with respect to a parameter θ of a risk-neutral
price, that is, for example, of the form

∂

∂θ
E [φ(S(T ))] ,

where φ(S(T )) is the payoff function and S(T ) is the underlying asset, which
depends on θ.
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The Malliavin approach of [80] for the calculation of greeks has proven to
be numerically effective and in many respects sometimes better than other
tools such as, the finite difference or the likelihood ratio method [43]. This
technique is especially useful if it comes to handling discontinuous payoffs
and path dependent options. See for example, [45] for more information and
the references therein.

In this section we wish to extend the method of [80] as presented in Sect. 4.4
to the case of Itô jump diffusions. The general idea is to take the Malliavin
derivative in the direction of the Wiener process on the Wiener–Poisson space,
see Sect. 12.5. This enables us to stay in the framework of a variational cal-
culus for the Wiener process without major changes. However, it should be
mentioned that the pure jump case cannot be treated by this approach in the
same way, since the Malliavin derivative with respect to the jump component
is a difference operator in the sense of Theorem 12.8.

We remark that there are several authors in the literature dealing with
jump diffusion models, see, for example, [15, 54, 55].

Rather than striving for the most general setting, we want to illustrate
the basic ideas of this method by considering asset prices described by the
Barndorff–Nielsen and Shephard model (see [18]). See also [28].

12.7.1 The Barndorff–Nielsen and Shephard Model

Adopting the notation of Sect. 12.5 we assume that the one-dimensional
Wiener process W (t) and the compensated Poisson random measure
Ñ(dt, dz) = N(dt, dz) − ν(dz)dt is constructed on the Winer–Poisson proba-
bility space (Ω,F , P ) given by

(Ω,F , P ) = (Ω0 × Ω0,FW
T ⊗F Ñ

T , PW × P Ñ ),

where PW is the Gaussian and P Ñ is the white noise Lévy measure on the
Schwartz distribution space Ω0 = S ′(R). As before, let us denote by Dt and
Dt,z the Malliavin derivatives in the direction of the Wiener process and the
Poisson random measure, respectively. The operator Dt can be defined on the
Hilbert space

D̃1,2, (12.37)

which is the closure of a suitable space of smooth random variables (e.g., the
linear span of basis elements Hα as given in Sect. 12.5) with respect to the
semi-norm

‖F‖1,2 :=

(
E
[
F 2
]
+ E

[∫ T

0

|DtF |2 dt

])1/2

.

It can be seen from this construction that the results obtained in Chap. 3 still
hold for Dt on the Wiener–Poisson space (Ω,F , P ). So, for example, in this
setting the chain rule for Dt reads
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Dtφ(F1, ..., Fm) =
m∑

j=1

∂

∂xj
φ(F1, ..., Fm)DtFj λ × PW × P Ñ − a.e., (12.38)

if φ : R
m −→ R is a bounded continuously differentiable function and

(F1, ..., Fm) is a random vector with components in D̃1,2. See Theorem 3.5.
In this section, we want to briefly discuss the Barndorff–Nielsen and Shep-

hard (BNS) model which was introduced in [18]. This model exhibits nice
features and can, for example, be used to fit it to high-frequency stock price
data.

In the following, we consider a financial market consisting of a single risk-
free asset and a risky asset (stock). Further, let us assume that the stock price
S(t) is defined on the Wiener–Poisson space (Ω,F , P ) and given by

S(t) = x exp(X(t)), 0 ≤ t ≤ T, (12.39)

where

dX(t) = (µ + βσ2(t))dt + σ(t)dW (t) + ρdZ(λt),X(0) = 0 (12.40)

with stochastic volatility σ2(t) given by the Lévy–Ornstein–Uhlenbeck (OU)
process

dσ2(t) = −λσ2(t)dt + dZ(λt), σ2(0) > 0. (12.41)

Here Z(t) is a “background driving” Lévy process given by a subordinator,
that is, a nondecreasing Lévy process. Such a process has the representation

Z(t) = mt +
∫ t

0

∫
R0

zN(ds, dz) (12.42)

for a constant m ≥ 0 with Lévy measure ν such that supp(ν) ⊆ (0,∞).
Further, the law of Z(t), 0 ≤ t ≤ T , is completely determined by its cumulant
generating function

κ(α) := log (E [exp(αZ(1))]) , (12.43)

(see, e.g., [32]). The processes W (t) and Z(t) are independent. In addition,
r > 0 is the constant market interest rate and the constants λ > 0, ρ ≤ 0
stand for the mean-reversion rate of the stochastic volatility and the leverage
effect of the (log-) price process, respectively. Moreover, µ and β are constant
parameters.

Using the Itô formula (Theorem 9.4) one finds that the volatility process
in (12.41) has the explicit form

σ2(t) = σ2(0)e−λt +
∫ t

0

eλ(s−t)dZ(λs), 0 ≤ t ≤ T. (12.44)

Throughout the rest of this section we require that the subordinator Z(t)
has no drift (i.e., m = 0) in (12.42) and that ν has a density w with respect
to the Lebsegue measure. The latter implies that
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κ(α) =
∫

R0

(eαz − 1)ν(dz) =
∫

(0,∞)

(eαz − 1)w(z)dz. (12.45)

See [32]. Define
α̂ = sup{α ∈ R : κ(α) < ∞}.

In addition, we assume that

α̂ > max{0, 2λ−1(1 + β + ρ)} and lim
α−→α̂

κ(α) = ∞. (12.46)

The last condition ensures the square integrability of the asset process S(t) and
the existence of an invariant distribution of the volatility process. See [166].

As mentioned the greeks are derivatives of the expected (discounted) pay-
off under a risk neutral measure Q. However, a measure change from the real
world measure to Q might result in a dynamics being different from the BNS
model (12.40) and (12.41). Therefore, we are interested in “structure preserv-
ing” risk neutral measures Q, which transform BNS models into BNS models
with possibly different parameters and Lévy measure for Z(t). It turns out (see
[166]) that the risk neutral dynamics of the BNS model under such measures
takes the general form

dX(t) = (r − λκ(ρ) − 1
2
σ2(t))dt + σ(t)dW (t) + ρdZ(λt) (12.47)

and
dσ2(t) = −λσ2(t)dt + dZ(λt), σ2(0) > 0. (12.48)

From now on we confine ourselves to the risk neutral dynamics of the BNS
model given by (12.47) and (12.48), for which conditions (12.45) and (12.46)
are satisfied. In what follows we replace Q by our white noise measure P (since
we only deal with probability laws under expectations).

12.7.2 Malliavin Weights for “Greeks”

In the sequel we want to compute the Malliavin weights for the delta and
gamma of an option. To this end we need the following auxiliary results:

Lemma 12.27. Suppose that F θ is a real valued random variable, which de-
pends on a parameter θ ∈ R. Further require that the mapping θ �−→ F θ(ω) is
continuously differentiable in [a, b] ω-a.e. and that

E

[
sup

a≤θ≤b

∣∣∣∣ ∂

∂θ
F θ

∣∣∣∣
]

< ∞.

Then θ �−→ E
[
F θ
]

is differentiable in (a, b), and for θ ∈ (a, b) we have

∂

∂θ
E
[
F θ
]

= E

[
∂

∂θ
F θ

]
.
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Proof The result follows from the mean value theorem and dominated con-
vergence. The details are left to the reader. 
�

Adopting the notation in [28], we denote by L2(S) the space of locally
integrable functions φ : R

m −→ R such that

E
[
φ2(S(t1), ..., S(tm))

]
< ∞. (12.49)

Our asset price process depends on the parameters θ = x, r, ρ, and σ2(0). In
the following we write S(·) = Sθ(·) to indicate this dependency.

Lemma 12.28. Let θ �−→ πθ be a process such that θ �−→ ψ(θ) :=
∥∥πθ

∥∥
L2(P )

is locally bounded. Further assume that

∂

∂θ
E
[
φ(Sθ(t1), ..., Sθ(tm))

]
= E

[
φ(Sθ(t1), ..., Sθ(tm))πθ

]
(12.50)

is valid for all φ ∈ C∞
c (Rm) (i.e., φ is an infinitely differentiable function

with compact support). Then relation (12.50) also holds for all φ ∈ L2(S).

Proof Let φ be a bounded function. Then there exists a uniformly bounded
sequence of functions φk, k ≥ 1 satisfying (12.50) such that

φk −→ φ a.e.

Using transition probability densities in connection with X(t) in (12.47) one
finds that

φk(Sθ(t1), ..., Sθ(tm)) −→ φ(Sθ(t1), ..., Sθ(tm))

in L2(P ) uniformly on compact sets. Define

u(θ) = E
[
φ(Sθ(t1), ..., Sθ(tm))

]
and uk(θ) = E

[
φk(Sθ(t1), ..., Sθ(tm))

]
.

As above one verifies that uk(θ) −→ u(θ) for all θ. Further let

f(θ) := E
[
φ(Sθ(t1), ..., Sθ(tm))πθ

]
.

By the Cauchy–Schwartz inequality we get∣∣∣∣ ∂

∂θ
uk(θ) − f(θ)

∣∣∣∣ ≤ εk(θ)ψ(θ),

where

εk(θ) =
(
E
[(

φk(Sθ(t1), ..., Sθ(tm)) − φ(Sθ(t1), ..., Sθ(tm))
)2])1/2

.

Since θ �−→ ψ(θ) is locally bounded, it follows that

∂

∂θ
uk(θ) −→ f(θ) as k −→ ∞

uniformly on compact sets. Hence, φ also fulfills (12.50). So (12.50) is valid
for all bounded measurable functions. The general case finally follows from a
truncation argument. 
�
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Let us remark that L2(S) contains important options as, for example, the call
option.

We are coming to the main result that is due to [28]:

Theorem 12.29. Let φ ∈ L2(S) and let a ∈ L2([0, T ]) be an adapted process
such that ∫ ti

0

a(t)dt = 1 P − a.e.

for all i = 1, ...,m. Then
(1) The delta of the option is given by

∂

∂x
E
[
e−rT φ(Sx(t1), ..., Sx(tm))

]
= E

[
e−rT φ(Sx(t1), ..., Sx(tm))π∆

]
,

where the Malliavin weight π∆ is given by

π∆ =
∫ T

0

a(t)
xσ(t)

dW (t).

(2) The gamma of the option is given by

∂2

∂x2
E
[
e−rT φ(Sx(t1), ..., Sx(tm))

]
= E

[
e−rT φ(Sx(t1), ..., Sx(tm))πΓ

]
,

where the Malliavin weight πΓ has the form

πΓ =
(
π∆
)2 − 1

x
π∆ − 1

x2

∫ T

0

(
a(t)
σ(t)

)2

dt.

Proof It is easily seen that θ �−→ Sθ is pathwise differentiable (with exception
of the boundary values x = 0 and σ2(0) = 0) for the different parameters
θ = x, r, ρ, σ2(0). Further, one checks that the assumptions of Lemma 12.27
and Lemma 12.28 are satisfied. So it remains to verify relation (12.50) for
φ ∈ C∞

0 (Rm).
(1) Using Lemma 12.27, we find

∂

∂x
E
[
e−rT φ(Sx(t1), ..., Sx(tm))

]

= E

[
e−rT ∂

∂x
φ(Sx(t1), ..., Sx(tm))

]

= E

[
e−rT

mi∑
i=1

φxi
(Sx(t1), ..., Sx(tm))

∂

∂x
Sx(ti)

]

= E

[
e−rT

mi∑
i=1

φxi
(Sx(t1), ..., Sx(tm))

1
x

Sx(ti)

]
.
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By applying the chain rule (Theorem 3.5 or (12.38)) and the fundamental
theorem of stochastic calculus (Theorem 3.18) in the direction of W (t) we
obtain

DtS
x(ti) = σ(t)Sx(ti)χ[0,ti](t).

Since
∫ ti

0
a(t)dt = 1, we get

∫ T

0

a(t)
xσ(t)

DtS
x(ti)dt =

1
x

Sx(ti).

Hence,

∂

∂x
E
[
e−rT φ(Sx(t1), ..., Sx(tm))

]

= E

[
e−rT

∫ T

0

mi∑
i=1

φxi
(Sx(t1), ..., Sx(tm))

a(t)
xσ(t)

DtS
x(ti)dt

]
.

Then the chain rule (12.38) yields

∂

∂x
E
[
e−rT φ(Sx(t1), ..., S

x(tm))
]
=e−rT E

[∫ T

0

mi∑
i=1

Dtφ(Sx(t1), ..., S
x(tm))

a(t)

xσ(t)
dt

]
.

Finally, the duality formula (Theorem 3.14) gives the Malliavin weight π∆ =∫ T

0
a(t)

xσ(t)dW (t).

(2) Define F x =
∫ T

0
a(t)

xσ(t)dW (t). Then ∂
∂xF x = − 1

xF x. Thus

∂2

∂x2
E
[
e−rT φ(Sx(t1), ..., Sx(tm))

]

=
∂

∂x
E
[
e−rT φ(Sx(t1), ..., Sx(tm))F x

]
=− 1

x
E
[
e−rT φ(Sx(t1), ..., Sx(tm))F x

]

+E

[
e−rT

mi∑
i=1

φxi
(Sx(t1), ..., Sx(tm))

1
x

Sx(ti)F x

]
. (12.51)

Repeated use of the arguments of (1) gives

E

[
e−rT

mi∑
i=1

φxi
(Sx(t1), ..., Sx(tm))

1
x

Sx(ti)F x

]

= E

[
e−rT

∫ T

0

mi∑
i=1

Dtφ(Sx(t1), ..., Sx(tm))
a(t)
xσ(t)

F xdt

]

= E

[
e−rT

mi∑
i=1

Dtφ(Sx(t1), ..., Sx(tm))δ
(

a(·)
xσ(·)F x

)]
.

Finally, noting that DtF
x = a(t)

xσ(t) , it follows from the integration by parts
formula (Theorem 3.15) that
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δ

(
a(·)
xσ(·)F x

)
= F x

∫ T

0

a(t)
xσ(t)

dW (t) −
∫ T

0

(
a(t)
xσ(t)

)2

dt

= (F x)2 −
∫ T

0

(
a(t)
xσ(t)

)2

dt,

which, in connection with (12.51), gives the proof. 
�

12.8 Exercises

Problem 12.1. (*) Let

η(t) =
∫ t

0

∫
R0

zÑ(dz, dz), t ∈ [0, T ].

Use Definition 12.2 and the chaos expansions found in Problem 10.1 to com-
pute the following:

(a) Dt,zη
3(T ) , (t, z) ∈ [0, T ] × R0,

(b) Dt,z exp η(T ) , (t, z) ∈ [0, T ] × R0.

Problem 12.2. (*) Compute the Malliavin derivatives in Problem 12.1 by
using the chain rule (see Theorem 12.8) together with (12.5).

Problem 12.3. Let the process X(t), t ∈ [0, T ], be the geometric Lévy
process

dX(t) = X(t−)[α(t)dt + β(t)dW (t) +
∫

R0

γ(t, z)Ñ(dt, dz)],

where the involved coefficients are deterministic. Find Dt,zX(T ) for t ≤ T .

Problem 12.4. Use the integration by parts formula (Theorem 12.11) to
compute the Skorohod integrals

∫ T

0

Fδη(t) =
∫ T

0

∫
R0

FzÑ(δt, dz)

in the following cases:

(a) F = η(T )
(b) F = η2(T )
(c) F = η3(T )
(d) F = exp{η(T )}
(e) F =

∫ T

0
g(s)dη(s), where g ∈ L2([0, T ]).

Problem 12.5. Solve Problem 9.6 using the Clark–Ocone theorem.
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Problem 12.6. Consider the following market

risk free asset: dS0(t) = 0, S0(0) = 1

risky asset: dS1(t) = S1(t−)
∫

R0

zÑ(dt, dz), S1(0) > 0,

where z > −1 ν-a.e. Find the closest hedge in terms of minimal variance for
the following claims:

(a) F = S2
1(T ),

(b) F = exp {λS1(T )}, with λ ∈ R constant.

Problem 12.7. Consider the claim F = η3(T ) in the Bachelier–Lévy market

risk free asset: dS0(t) = 0, S0(0) = 1

risky asset: dS1(t) =
∫

R0

zÑ(dt, dz), S1(0) = 0.

(a) Is the claim replicable in this market?
(b) If not, what is the closest hedge in terms of minimal variance?
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Lévy White Noise and Stochastic Distributions

This chapter is dedicated to the white noise analysis for Poisson random
measures and its relation with the Malliavin calculus developed in this second
part of the book. Just as in the Brownian case (see Chaps. 5 and 6), the
Wick product provides a useful multiplication of elements on the distribution
spaces. For the presentation we follow [69] and [180]. We can refer to [106] for
a presentation of the use of white noise theory in stochastic partial differential
equations, see also, for example, [154, 155, 201] and also [144, 165] for the use
of the Wick product in the representation of solutions to SDEs. See also, for
example, [127].

13.1 The White Noise Probability Space

As in the Brownian motion case (see Chap. 5), the sample space considered is
Ω = S ′(R), the space of tempered distributions on R, which is a topological
space (see [78]). We equip this space with the corresponding Borel σ-algebra
F = B(R). By the Bochner–Minlos–Sazonov theorem, see, for example, [86],
there exists a probability measure P such that

∫
Ω

ei〈ω,f〉P (dω) = exp
(∫

R

Ψ(f(x))dx

)
, f ∈ S(R), (13.1)

where
Ψ(w) =

∫
R

(
ei w z − 1 − i w z

)
ν(dz) , i =

√
−1 (13.2)

and 〈ω, f〉 denotes the action of ω ∈ S ′(R) on f ∈ S(R) (see Chap. 5).
The triple (Ω,F , P ) defined above is called the (pure jump) Lévy white

noise probability space.

Lemma 13.1. Let g ∈ S(R). Then we have

E[〈·, g〉] = 0 (13.3)

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 213
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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and
Var[〈·, g〉] := E[〈·, g〉2] = M

∫
R

g2(y)dy, (13.4)

where M =
∫

R
z2ν(dz), see (13.2).

Proof The proof is based on the Taylor expansion of the characteristic function
(13.1) applied to the function f(y) = tg(y), for t ∈ R. Details can be found in
[106]. 
�

Using Lemma 13.1, we can extend the definition of 〈ω, f〉 for f ∈ S(R) to
any f ∈ L2(R) as follows. If f ∈ L2(R), choose fn ∈ S(R) such that fn → f
in L2(R). Then by (13.4) we see that {〈ω, fn〉}∞n=1 is a Cauchy sequence in
L2(P ) and hence convergent in L2(P ). Moreover, the limit depends only on
f and not the sequence {fn}∞n=1. We denote this limit by 〈ω, f〉.

Now define
η̃(t) := 〈ω, χ[0,t](·)〉; t ∈ R, (13.5)

where

χ[0,t](s) =

⎧⎪⎨
⎪⎩

1, 0 ≤ s ≤ t

−1, t ≤ s ≤ except t = s = 0
0, otherwise

.

Then we have the following result.

Theorem 13.2. The stochastic process η̃(t), t ∈ R, has a càdlàg version,
denoted by η. This process η(t), t ≥ 0, is a pure jump Lévy process with Lévy
measure ν.

Recall that the process η admits the stochastic integral representation

η(t) =
∫ t

0

∫
R0

zÑ(ds, dz), t ≥ 0,

with respect to Ñ as integrator, cf. (13.2). Thus it is a martingale. Here
Ñ(ds, dz) = N(ds, dz)−ν(dz)ds is the compensated Poisson random measure
associated to η. The process η will be called pure jump Lévy process.

13.2 An Alternative Chaos Expansion and the White
Noise

From now on we assume that the Lévy measure ν satisfies the following con-
dition:
For all ε > 0 there exists λ > 0 such that

∫
R0\(−ε,ε)

exp(λ |z|)ν(dz) < ∞. (13.6)
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This condition implies that ν has finite moments of all orders n ≥ 2. It is
trivially satisfied if ν is supported on [−R,R] for some R > 0.

This condition also implies that the polynomials are dense in L2(ρ), where

ρ(dz) = z2ν(dz), (13.7)

see [170]. Now let {lm}m≥0 = {1, l1, l2, . . .} be the orthogonalization of{
1, z, z2, . . .

}
with respect to the inner product of L2(ρ).

Define
pj(z) := ‖lj−1‖−1

L2(ρ) zlj−1(z); j = 1, 2, . . . (13.8)

and

m2 :=
(∫

R0

z2ν(dz)
) 1

2

= ‖l0‖L2(ρ) = ‖1‖L2(ρ) . (13.9)

In particular,
p1(z) = m−1

2 z or z = m2p1(z). (13.10)

Then {pj(z)}j≥1 is an orthonormal basis for L2(ν).
Define the bijection κ : N × N −→ N by

κ(i, j) = j + (i + j − 2)(i + j − 1)/2. (13.11)

(1) (2) (4) (i)
• −→ • • · · · • −→

(3) ↙ (5) ↙
• •

(6) ↙
•
...

(j)
•
↓

As in (5.5), let {ei(t)}i≥1 be the Hermite functions. Define

δκ(i,j)(t, z) = ei(t)pj(z). (13.12)

If α ∈ J with Index(α) = j and |α| = m, we define δ⊗α by

δ⊗α(t1, z1, ..., tm, zm) (13.13)

= δ⊗α1
1 ⊗ ... ⊗ δ

⊗αj

j (t1, z1, ..., tm, zm)

= δ1(t1, z1) · ... · δ1(tα1 , zα1)︸ ︷︷ ︸
α1 factors

· ... · δj(tm−αj+1, zm−αj+1) · ... · δj(tm, zm)︸ ︷︷ ︸
αj factors

.
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We set δ⊗0
i = 1. Finally, we let δ⊗̂α denote the symmetrized tensor product

of the δk’s :

δ⊗̂α(t1, z1, ..., tm, zm) = δ⊗̂α1
1 ⊗ ... ⊗ δ

⊗̂αj

j (t1, z1, ..., tm, zm). (13.14)

For α ∈ J define
Kα := I|α|

(
δ⊗̂α

)
. (13.15)

Example 13.3. With ε(k) = (0, ..., 0, 1, 0, ...) with 1 on kth place, we have,
writing ε(κ(i,j)) = ε(i,j),

Kε(i,j) = I1(δ⊗ε(i,k)
) = I1

(
δκ(i,j)

)
= I1 (ei(t)pj(z)) . (13.16)

As in the Brownian motion case, one can prove that {Kα}α∈J are orthog-
onal in L2(P ) and

‖Kα‖2
L2(P ) = α!

Note that, similar to (5.15), we have that, if |α| = m,

α! = ‖Kα‖2
L2(P ) = m!‖δ⊗̂α‖2

L2((λ×ν)m).

By our construction of δ⊗̂α we know that anyf ∈ L̃2((λ×ν)n) can be written as

f(t1, z1, ..., tn, zn) =
∑
|α|=n

cαδ⊗̂α(t1, z1, ..., tn, zn). (13.17)

Hence
In(fn) =

∑
|α|=n

cαKα. (13.18)

This gives the following theorem.

Theorem 13.4. Chaos expansion.
Any F ∈ L2(P ) has a unique expansion of the form

F =
∑
α∈J

cαKα, (13.19)

with cα ∈ R. Moreover,

‖F‖2
L2(P ) =

∑
α∈J

α!c2
α. (13.20)

Example 13.5. Let h ∈ L2(R) and define

F =
∫

R

h(s)dη(s) = I1(h(s)z).
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Then F has the expansion

F = I1(
∑
i≥1

(h, ei)ei(s)z) =
∑
i≥1

(h, ei)I1(ei(s)z) (13.21)

=
∑
i≥1

(∫
R

h(s)ei(s)ds

)
Kε(i,1)m2.

Recall that z = m2p1(z); see (13.10). In particular,

η(t) =
∑
i≥1

(∫ t

0

ei(s)ds

)
Kε(i,1)m2. (13.22)

Definition 13.6. The Lévy–Hida spaces.

(1) Stochastic test functions (S). Let (S) consist of all ϕ =
∑

α∈J
aαKα ∈ L2(P ) such that

‖ϕ‖2
k :=

∑
α∈J

a2
αα!(2N)kα < ∞ for all k ∈ N, (13.23)

equipped with the projective topology, where

(2N)kα =
∏
j≥1

(2j)kαj , (13.24)

if α = (α1,α2,, ...) ∈ J .
(2) Stochastic distributions (S)∗ . Let (S)∗ consist of all expansions

F =
∑

α∈J bαKα such that

‖F‖2
−q :=

∑
α∈J

b2
αα!(2N)−qα < ∞ for some q ∈ N, (13.25)

endowed with the inductive topology. The space (S)∗ is the dual of (S). If
F =

∑
α∈J bαKα ∈ (S)∗ and ϕ =

∑
α∈J aαKα ∈ (S), then the action of

F on ϕ is
〈F,ϕ〉 =

∑
α∈J

aαbαα!. (13.26)

(3) Generalized expectation. If F =
∑

α∈J aαKα ∈ (S)∗, we define the
generalized expectation E[F ] of F by

E[F ] = a0.

Note that E[Kα] = 0 for all α �= 0. Therefore, the generalized expectation
coincides with the usual expectation if F ∈ L2(P ).
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We can now define the white noise
•
η(t) of the Lévy process

η(t) =
∫ t

0

∫
R0

zÑ(dt, dz)

and the white noise
•
Ñ(t, z) of Ñ(dt, dz) as follows.

Definition 13.7. The Lévy white noise
•
η and the white noise of the

(compensated) Poisson random measure.

(1) The Lévy white noise process
•
η(t) is defined by the expansion

•
η(t) = m2

∑
i≥1

ei(t)Kε(i,1) = m2

∑
i≥1

ei(t)I1(ei(t)p1(z)) (13.27)

= m2

∑
i≥1

ei(t)I1(ei(t)z).

(2) The white noise process (or field)
•
Ñ(t, z) of Ñ(dt, dz) is defined by the

expansion
•
Ñ(t, z) =

∑
i,j≥1

ei(t)pj(z)K
ε(i,j) (ω). (13.28)

Remark 13.8. Note that for
•
η(t) we have

∑
α∈J

c2
αα!(2N)−qα = m2

2

∑
i≥1

e2
i (t)2

−qκ(i, 1)−q < ∞

for q ≥ 2, using that κ(i, 1) = 1+(i− 1)i/2 ≥ i, and the following well-known
estimate for the Hermite functions:

sup
x∈R

|en(x)| = O(n− 1
12 ). (13.29)

Therefore,
•
η(t) ∈ (S)∗ for all t. Similarly

•
Ñ(t, z) ∈ (S)∗ for all t, z.

Remark 13.9. (1) Note that by comparing the expansions

η(t) =
∑
i≥1

(∫ t

0

ei(s)ds

)
Kε(i,1)m2

and
•
η(t) = m2

∑
i≥1

ei(t)Kε(i,1) ,

we get formally

•
η(t) =

d

dt
η(t) (derivative in (S)∗). (13.30)

This can be proved rigorously. See Problem 13.1.
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(2) Choose a Borel set � such that � ⊂ R\{0}. Then

Ñ(t, �) = I1

(
χ[0,t](s)χ�

(z)
)

=
∑

i,j≥1

(χ[0,t], ei)L2(R)(χ�
, pj)L2(ν)

I1 (ei(s), pj(z))

=
∑

i,j≥1

∫ t

0

ei(s)ds ·
∫

�

pj(z)ν(dz)Kε(i,j)(ω).

This justifies the “relation”
•
Ñ(t, z) =

Ñ(dt, dz)
dt × ν(dz)

(Radon–Nikodym derivative). (13.31)

(3) Also note that
•
η is related to

•
Ñ by

•
η(t) =

∫
R0

•
Ñ(t, z)zν(dz). (13.32)

To see this consider∫
R0

•
Ñ(t, z)zν(dz)

=
∫

R0

∑
i,j≥1

ei(t)pj(z)K
ε(i,j) (ω)zν(dz)

=
∑
i≥1

ei(t)I1

⎛
⎝ei(t)

∑
j≥1

pj(z)
∫

R0

pj(z)zν(dz)

⎞
⎠

=
∑
i≥1

ei(t)I1 (ei(t)z) =
•
η(t).

13.3 The Wick Product

We now proceed as in the Brownian motion case and use the chaos expansion
in terms of {Kα}α∈J to define the (Lévy–) Wick product and study some of
its properties.

13.3.1 Definition and Properties

Definition 13.10. Let F =
∑

α∈J aαKα and G =
∑

β∈J bβKβ be two ele-
ments of (S)∗. Then we define the Wick product of F and G by

F � G =
∑

α,β∈J
aαbβKα+β =

∑
γ∈J

⎛
⎝ ∑

α+β=γ

aαbβ

⎞
⎠Kγ . (13.33)
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We list some properties of the Wick product:

(1) F,G ∈ (S)∗ =⇒ F � G ∈ (S)∗.
(2) F,G ∈ (S) =⇒ F � G ∈ (S).
(3) F � G = G � F.
(4) F � (G � H) = (F � G) � H.
(5) F � (G + H) = F � G + F � H.
(6) In(fn) � Im(gm) = In+m

(
fn⊗̂gm

)
The proofs of these statements are similar to the Brownian motion case and
therefore omitted.

In view of the properties (1) and (4) we can define the Wick powers X�n

(n01, 2, ...) of X ∈ (S)∗ as

X�n := X � X � · · · � X (n times).

We put X�0 := 1. Similarly, we define the Wick exponential exp� X of X ∈
(S)∗ by

exp� X :=
∞∑

n=0

1
n!

X�n (13.34)

if the series converges in (S)∗. In view of the aforementioned properties, we
have that

(X + Y )�2 = X�2 + 2X � Y + Y �2

and also
exp�(X + Y ) = exp� X � exp� Y, (13.35)

for X,Y ∈ (S)∗.
Let E[·] denote the generalized expectation (see Definition 13.6 (3)), then

we can see that
E[X � Y ] = E[X]E[Y ], (13.36)

for X,Y ∈ (S)∗. Note that independence is not required for this identity to
hold.

By induction, it follows that

E[exp� X] = exp{E[X]}, (13.37)

for X ∈ (S)∗.

Example 13.11. (1) Choose h ∈ L2([0, T ]) and define F =
∫ T

0
h(t)dη(t). Then

F � F = I1(h(t)z) � I1(h(t)z)
= I2(h(t1)h(t2)z1z2)

= 2
∫ T

0

∫
R0

(∫ T

0

∫
R0

h(t1)h(t2)z1z2Ñ(dt1, dz1)

)
Ñ(dt2, dz2)

= 2
∫ T

0

(∫ t2

0

h(t1)dη(t1)h(t2)
)

h(t2)dη(t2).
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By the Itô formula, if we put X(t) :=
∫ t

0
h(s)dη(s),

d(X(t))2 = 2X(t)dX(t) + h2(t)
∫

R0

z2N(dt, dz).

Hence

F � F = 2
∫ T

0

X(s)dX(s) = X2(T ) −
∫ T

0

∫
R0

h2(s)z2N(ds, dz). (13.38)

In particular, choosing h = 1 we get

η(T ) � η(T ) = η2(T ) −
∫ T

0

∫
R0

z2N(ds, dz). (13.39)

(2) It follows from the above that

Kε(i,j) � Kε(i,j) = I1(ei(t)pj(z)) � I1(ei(t)pj(z)) (13.40)

I2(ei(t1)ei(t2)pj(z1)pj(z2))

=2

∫
R

∫
R0

(∫ t2

−∞

∫
R0

ei(t1)pj(z1)Ñ(dt1, dz1)

)
ei(t2)pj(z2)Ñ(dt2, dz2)

= Kε(i,j) · Kε(i,j) −
∫

R

∫
R0

e2
i (s)p

2
j (z)N(ds, dz).

Example 13.12. Wick/Doléans–Dade exponential. Choose γ ≥ −1 deter-
ministic such that∫

R

∫
R0

{
| log(1 + γ(t, z))| + γ2(t, z)

}
ν(dz)dt < ∞,

and put

F = exp�
(∫

R

∫
R0

γ(t, z)Ñ(dt, dz)
)

.

To find an expression for F not involving the Wick product, we proceed as
follows:
Define

Y (t) = exp�
(∫ t

0

∫
R0

γ(s, z)Ñ(ds, dz)
)

= exp�

(∫ t

0

∫
R0

γ(s, z)
•
Ñ(t, z)ν(dz)ds

)
.

Then we have
dY (t)

dt
= Y (t) �

∫
R0

γ(t, z)
•
Ñ(t, z)ν(dz)
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or
dY (t) = Y (t−)

∫
R0

γ(t, z)Ñ(dt, dz).

Using Itô calculus the solution of this equation is

Y (t) = Y (0) exp
(∫ t

0

∫
R0

{log(1 + γ(s, z)) − γ(s, z)} ν(dz)ds

+
∫ t

0

∫
R0

log(1 + γ(s, z))Ñ(ds, dz)
)

.

Comparing the two expressions for Y (t), we conclude that

exp�
(∫

R

∫
R0

γ(s, z)Ñ(ds, dz)
)

(13.41)

= exp
(∫

R

∫
R0

{log(1 + γ(s, z)) − γ(s, z)} ν(dz)ds

+
∫

R

∫
R0

log(1 + γ(s, z))Ñ(ds, dz)
)

.

In particular, choosing

γ(s, z) = h(s)z with h ∈ L2(R)

we get

exp�
(∫

R

h(s)dη(s)
)

(13.42)

= exp
(∫

R

∫
R0

{log(1 + h(s)z) − h(s)z} ν(dz)ds

+
∫

R

∫
R0

log(1 + h(s)z)Ñ(ds, dz)
)

.

13.3.2 Wick Product and Skorohod Integral

One of the reasons for the importance of the Wick product is the following
result.

Theorem 13.13. (1) Let Y (t) be Skorohod integrable with respect to η. Then
Y (t) � •

η(t) is dt-integrable in the space (S)∗ and
∫

R

Y (t)δη(t) =
∫

R

Y (t) � •
η(t)dt. (13.43)

(2) Let X(t, z) be Skorohod-integrable with respect to Ñ(·, ·). Then X(t, z) �
•
Ñ(t, z) is ν(dz)dt-integrable in (S)∗ and
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∫
R

∫
R0

X(t, z)Ñ(δt, dz) =
∫

R

∫
R0

X(t, z) �
•
Ñ(t, z)ν(dz)dt. (13.44)

The proof is similar to the Brownian motion case and therefore omitted.

Example 13.14. In Example 11.4 we proved that
∫ T

0

η(T )δη(t) = 2
∫ T

0

η(t)dη(t)

= η2(T ) −
∫ T

0

∫
R0

z2N(dt, dz).

Using Theorem 13.13 and (13.39) we can also get the following:
∫ T

0

η(T )δη(t) =
∫ T

0

η(t) � •
η(t)dt = η(T ) � η(T )

= η2(T ) −
∫ T

0

∫
R0

z2N(dt, dz).

The following result corresponds to Theorem 4.1 in [171], presented here
in the setting of Poisson random measures; see, for example, [64].

Theorem 13.15. The Lévy–Skorohod isometry. Let X ∈ L2(P × λ × ν)
and DX ∈ L2(P × (λ × ν)2). Then the following isometry holds

E

[(∫ ∞

0

∫
IR0

X(t, z)Ñ(δt, dz)
)2
]

(13.45)

= E

[∫ ∞

0

∫
IR0

X2(t, z)ν(dz)dt

]

+E

[∫ ∞

0

∫
IR0

∫ ∞

0

∫
IR0

Dt,zX(s, y)Ds,yX(t, z)ν(dy)dsν(dz)dt

]
.

Proof Consider
X(t, z) =

∑
α∈J

cα(t, z)Kα.

Define

S1 =
∑
α∈J

α! ‖cα‖2
L2(λ×ν) , S2 =

∑
α∈J ,i,j∈IN

αγ(i,j)α!(cα, ξjψi)
2,

and

S3 =
∑

α,β∈J ,i,j,k,l∈IN
(i,j) �=(k,l)

(αγ(i,j) + 1)α!(cα, ξjψi)(cβ , ξkψl)χ{α+εγ(i,j)=εγ(k,l)},
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where (·, ·) = (·, ·)L2(λ×ν). Note that by the assumption and Lemma 3.12 in
[ØP], the aforementioned sums are convergent. First it follows that

E

[(∫ ∞

0

∫
IR0

X(t, z)Ñ(δt, dz)

)2
]

= E

[(∫ ∞

0

∫
IR0

X(t, z) �
•
Ñ(t, z)ν(dz)dt

)2]

= E

[(∫ ∞

0

∫
IR0

(∑
α∈J

cα(t, z)Kα

)
�
(∑

i,j

ξj(t)ψi(z)Kεγ(i,j)

)
ν(dz)dt

)2]

= E

[( ∑
α∈J ,i,j

(cα, ξjψi)Kα+εγ(i,j)

)2]

=
∑

α,β∈J ,i,j,k,l∈IN
(i,j) �=(k,l)

(α+εγ(i,j))!(cα, ξjψi)(cβ , ξkψl) χ{α+εγ(i,j)=εγ(k,l)} = S1 + S2 + S3,

since (α + εγ(i,j))! = (αγ(i,j) + 1)α!. Next, we have

E

[∫ ∞

0

∫
IR0

X2(t, z)ν(dz)dt

]
= E

⎡
⎣
∫ ∞

0

∫
IR0

(∑
α∈J

cα(t, z)Kα

)2

ν(dz)dt

⎤
⎦

=
∑
α∈I

∫ ∞

0

∫
IR0

c2
α(t, z)α!ν(dz)dt = S1.

Finally, we get

E

[∫ ∞

0

∫
IR0

∫ ∞

0

∫
IR0

Dt,zX(s, y)Ds,yX(t, z)ν(dy)dsν(dz)dt

]

= E

⎡
⎣
∫ ∞

0

∫
IR0

∫ ∞

0

∫
IR0

(
∑
α,k,l

cα(s, y)ξk(t)ψl(z)αεγ(k,l)Kα−εγ(k,l))

·(
∑
β,i,j

cα(t, z)ξk(s)ψl(y)αεγ(i,j)Kβ−εγ(i,j))ν(dy)dsν(dz)dt

⎤
⎦

=
∑

α,β∈J ,i,j,k,l∈IN

(cα, ξjψi)(cβ , ξkψl)βγ(i,j)α!χ{α+εγ(i,j)=εγ(k,l)} = S2 + S3.

Combining the three steps of the proof the desired result follows. 
�

Remark 13.16. Formula (13.45) can also be obtained as a consequence of
the Poisson interpretation of Fock space. See Proposition 17 in [34] and
Proposition 1 in [200]. For an isometry of this type, which is not based on
Fock space, see Proposition 3.3 in [197].



13.3 The Wick Product 225

13.3.3 Wick Product vs. Ordinary Product

We conclude this section with a result on the relationship between Wick prod-
ucts and ordinary products in the line of Theorem 6.8. The result reads as
follows.

Theorem 13.17. Relation between Wick products and ordinary
products.
Suppose γ(t, z) is deterministic and∫

R

∫
R0

γ2(t, z)ν(dz)ds < ∞.

Further require that F ∈ D1,2. Then

F �
∫

R

∫
R0

γ(t, z)Ñ(dt, dz) +
∫

R

∫
R0

γ(t, z)Dt,zFÑ(δt, dz) (13.46)

= F ·
∫

R

∫
R0

γ(t, z)Ñ(dt, dz) −
∫

R

∫
R0

γ(t, z)Dt,zFν(dz)dt.

Proof Let ϕ(t, z) ≥ −1 be deterministic and
∫

R

∫
R0
{| log(1 + ϕ(t, z))| +

ϕ2(t, z)}ν(dz)ds < ∞. It suffices to prove the result when

F = exp�
(∫

R

∫
R0

ϕ(s, z)Ñ(ds, dz)
)

= exp
(∫

R

∫
R0

{log(1 + ϕ(s, z)) − ϕ(s, z)} ν(dz)ds

+
∫

R

∫
R0

log(1 + ϕ(s, z))Ñ(ds, dz)
)

(see Example 13.12). For y ∈ R define

Gy = exp�
(∫

R

∫
R0

y(1 + ϕ(s, z))γ(s, z)Ñ(ds, dz)
)

= exp
(∫

R

∫
R0

{log(1+y(1+ϕ(s, z))γ(s, z))−y(1+ϕ(s, z))γ(s, z)} ν(dz)ds

+
∫

R

∫
R0

log(1 + y(1 + ϕ(s, z))γ(s, z))Ñ(ds, dz)
)

.

Then

F � Gy = exp�
(∫

R

∫
R0

ϕ(s, z) + y(1 + ϕ(s, z))γ(s, z)Ñ(ds, dz)
)

= exp
(∫

R

∫
R0

{log(1 + ϕ(s, z) + y(1 + ϕ(s, z))γ(s, z))

−ϕ(s, z) − y(1 + ϕ(s, z))γ(s, z)} ν(dz)ds

+
∫

R

∫
R0

log(1 + ϕ(s, z) + y(1 + ϕ(s, z))γ(s, z))Ñ(ds, dz)
)

.
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On differentiating with respect to y, we get

d

dy
(F � Gy) = F � d

dy
Gy = F � Gy �

∫
R

∫
R0

(1 + ϕ(s, z))γ(s, z)Ñ(ds, dz),

and using the other expression,

d

dy
(F � Gy)

= F � Gy ·
(∫

R

∫
R0

{
(1 + ϕ(s, z))γ(s, z)

1 + ϕ(s, z) + y(1 + ϕ(s, z))γ(s, z)
−(1 + ϕ(s, z))γ(s, z)} ν(dz)ds

+
∫

R

∫
R0

{
(1 + ϕ(s, z))γ(s, z)

1 + ϕ(s, z) + y(1 + ϕ(s, z))γ(s, z)

}
Ñ(ds, dz).

Putting y = 0 gives the identity

F �
∫

R

∫
R0

(1 + ϕ(s, z))γ(s, z)Ñ(ds, dz)

= F ·
∫

R

∫
R0

(−ϕ(s, z))γ(s, z)ν(dz)ds + F ·
∫

R

∫
R0

γ(s, z)Ñ(ds, dz).

Since
Ds,zF = ϕ(s, z)F,

this can be written as

F �
∫

R

∫
R0

γ(t, z)Ñ(dt, dz) +
∫

R

∫
R0

γ(t, z)Dt,zFÑ(δt, dz)

= F ·
∫

R

∫
R0

γ(t, z)Ñ(dt, dz) −
∫

R

∫
R0

γ(t, z)Dt,zFν(dz)dt. 
�

13.3.4 Lévy–Hermite Transform

It is useful to remark that, just as in the Brownian motion case (see Sect. 5.3),
the Hermite transform can be introduced. More precisely, the Lévy–Hermite
transform of an element X =

∑
α cαKα ∈ (S)∗ is defined as

HX(z) = X̃(z) =
∑
α

cαzα ∈ C, (13.47)

where z = (z1, z2...) ∈ C
n and zα = zα1

1 zα2
2 . . . .

An important property of the Lévy–Hermite transform is that it trans-
forms the Lévy–Wick product into an ordinary product, that is,

H(X � Y )(z) = H(X) · H(Y ), (13.48)

cf. (5.44).
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We mention that all the results related to the Hermite transform in
Sect. 5.3 carry over to the case of the Lévy–Hermite transform. For exam-
ple, the Lévy–Hermite transform can be used to characterize the Lévy–Hida
distribution space (S)∗, cf. Theorem 5.41.

13.4 Spaces of Smooth and Generalized Random
Variables: G and G∗

As we saw in Sect. 12.6, the Clark–Ocone formula serves as a useful tool to
compute the closest hedge of contingent claims in the sense of minimal vari-
ance. However, this formula exhibits the deficiency to fail if the claims are not
Malliavin differentiable. To overcome this problem we establish in Sect. 13.6
a generalized Clark–Ocone formula on a space of generalized random vari-
ables. An appropriate candidate for such a space that meets the requirement
to comprise a rich class of claims is given by a Lévy version of the space G∗

introduced in Sect. 5.3.3.
The spaces of smooth random variables, G, and G∗ have been studied in

the Gaussian case by Potthoff and Timpel [193]; see also [95]. Later on the
Poissonian case has been treated in [26] and [105]. The Lévy versions of these
spaces are defined, analogously.

Definition 13.18. (1) Let k ∈ N0. We say that f =
∑

m≥0 Im(fm) ∈ L2(P )
belongs to the space Gk if

‖f‖2
Gk

:=
∑
m≥0

m! ‖fm‖2
L2((λ⊗ν)m) e2km < ∞. (13.49)

We define the space of smooth random variables G as

G =
⋂

k∈N0

Gk.

The space G is endowed with the projective topology.
(2) We say that a formal expansion

G =
∑
m≥0

Im(gm)

belongs to the space G−q (q ∈ N0) if

‖G‖2
G−q

:=
∑
m≥0

m! ‖gm‖2
L2((λ⊗ν)m) e−2qm < ∞. (13.50)

The space of generalized random variables G∗ is defined as

G∗ =
⋃

q∈N0

G−q.
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We equip G∗ with the inductive topology. Note that G∗ is the dual of G,
with action

〈G, f〉 =
∑
m≥0

m!(fm, gm)L2((λ⊗ν)m)

if G ∈ G∗ and f ∈ G.

Also note that using (10.4) and (13.15) the connection between the expan-
sions

F =
∑
m≥0

Im(fm)

and
F =

∑
α∈J

cαKα

is given by
fm =

∑
|α|=m

cαδ⊗̂α, m ≥ 0, (13.51)

with the functions δ⊗̂α as in (13.17). Since this gives

‖Im(fm)‖2
L2(P ) = m! ‖fm‖2

L2((λ⊗ν)m) =
∑

|α|=m

c2
α ‖Kα‖2

L2(P ) , (13.52)

it follows that we can express the Gr-norm of F as follows:

‖F‖2
Gr

=
∑
m≥0

(
∑

|α|=m

c2
α ‖Kα‖2

L2(P ))e
2rm, r ∈ Z. (13.53)

By inspecting Theorem 13.6, we find the following chain of continuous inclu-
sions

(S) ⊂ G ⊂ L2(P ) ⊂ G∗ ⊂ (S)∗.

Just as in the Gaussian case, it can be seen that G and G∗ constitute topo-
logical algebras with respect to the Wick product.
In [185] the authors show that a larger class of jump SDEs belong to the space
of smooth random variables G.

13.5 The Malliavin Derivative on G∗

Definition 12.2 together with (13.15) and (13.51) motivates the following gen-
eralization of the stochastic derivative Dt,z to G∗ . See Remark 13.21.

Definition 13.19. Let F =
∑

α cαKα ∈ G∗. Then define the stochastic deriv-
ative of F at (t, z) by
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Dt,zF : =
∑
α

cα

∑
i

αiKα−εi · δ⊗̂εi

(t, z) (13.54)

=
∑
α

cα

∑
k,m

ακ(k,m)Kα−εκ(k,m) · ek(t)pm(z)

=
∑

β

(
∑
k,m

cβ+εκ(k,m)(βκ(k,m) + 1)ek(t)pm(z))Kβ ,

with the map κ(i, j) in (13.11) and εl = ε(l) as in (5.9).

We need the following result.

Lemma 13.20. (1) Let F ∈ G∗. Then Dt,zF ∈ G∗ λ × ν – a.e.
(2) Suppose F, Fn ∈ G∗ for all n ∈ N and

Fn −→ F in G∗.

Then there exists a subsequence {Fnk
}k≥1 such that

Dt,zFnk
−→ Dt,zF

in G∗ λ × ν – a.e.

Proof It can be shown in same way as in Lemma 6.34 that for all F ∈ G∗

there exists a p < ∞ such that
∫

R+

∫
R0

‖Dt,zF‖2
G−p

ν(dz)dt ≤ const. · ‖F‖2
G−p+1

. (13.55)

The result then follows immediately. 
�

Remark 13.21. Definition 13.19 coincides with Definition 12.2, if F ∈D1,2⊂G∗.
This follows with the help of the closability of the operators and a duality
formula for the operators. A duality or integration by parts formula for Dt,z

in Definition 13.19 can be stated as
∫

R+

∫
R0

< Y (t, z),Dt,zF > ν(dz)dt =<

∫
R+

∫
R0

Y (t, z) �
•
Ñ(t, z)ν(dz)dt, F >,

where F ∈ (S) and
∫

R+

∫
R0

‖Y (t, z)‖2
G−q

ν(dz)dt < ∞ for some q ≥ 0. The
latter can be easily seen from the definitions.

If
P (x) =

∑
α

cαxα; x ∈ R
N, cα ∈ R

is a polynomial, where xα := xα1
1 xα2

2 ... and x0
j := 1, we define its Wick version

at X = (X1, ...,Xm) by
P �(X) =

∑
α

cαX�α.
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In the sequel the differentiability of a process X : R+ −→ (S)∗ is understood
in the sense of the topology of (S)∗. We denote the derivative of X(t) by
d
dtX(t). Define

X
(t)
k,m =

∫ t

0

∫
R0

ek(s)pm(z)Ñ(ds, dz), k,m ≥ 1. (13.56)

It follows from Theorem 13.13 that X
(t)
k,m =

∫ t

0

∫
R0

ek(s)pm(z)
•
Ñ(t, z)ν(dz)ds.

We deduce from the proof of Lemma 2.8.4 in [106] that X
(t)
k,m is differen-

tiable and
d

dt
X

(t)
k,m = ek(t)Lm(t) ∈ (S)∗, (13.57)

with

Lm(t) :=
∫

R0

pm(z)
•
Ñ(t, z)ν(dz),

where we use a Bochner integral with respect to ν.
We obtain by induction the following Wick chain rule for polynomials.

Lemma 13.22. Let
P (x) =

∑
α

cαxα

be a polynomial in R
n. Suppose ki,mi ≥ 1 for all i = 1, ..., n and let

X(t) = (X(t)
k1,m1

, ...,X
(t)
kn,mn

),

with X
(t)
k,m as in (13.56). Then

d

dt
P �(X(t)) =

n∑
i=1

(
∂P

∂xi

)�
(X(t)) � Lmi

(t) · eki
(t).

13.6 A Generalization of the Clark–Ocone Theorem

In this section we aim at deriving a Clark–Ocone formula on the space gen-
eralized random variables G∗ by employing the Lévy white noise framework
developed in the previous section. The classical Clark–Ocone theorem (see
Theorem 12.16) states that if F ∈ L2(P ) is FT -measurable and F ∈ D1,2,
then

F = E[F ] +
∫ T

0

E[DtF |Ft ]dW (t), (13.58)

where Dt denotes the Malliavin derivative with domain D1,2. This result and
its generalizations have important applications in finance. As seen in Sect. 4.3,
the conditional expectation E[DtF |Ft ] can be regarded as the replicating
portfolio of a given T -claim F (see, e.g., [173]).
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The requirement that F ∈ D1,2 excludes interesting applications. For ex-
ample, the digital option of the form

F = χ[K,∞)(BT )

is not in D1,2 and (13.58) cannot be applied to compute the hedging portfolio
of the T -claim F. Relation (13.58) was generalized to a Clark–Ocone formula
in the setting of white noise analysis in Sect. 6.5. This Clark–Ocone theorem
is valid for all FT -measurable F in the space of generalized random variables
as defined in Sect. 6.5.The generalization has the form

F = E[F ] +
∫ T

0

E[DtF |Ft ] �
•

W tdt, (13.59)

where � denotes a Wick product and
•

W is the white noise of W . Further,
E[F ] is the generalized expectation of F and E[DtF |Ft ] is the generalized
conditional expectation. The integral on the right hand side is a Bochner
integral; see Chap. 5. In the Wiener space setting another generalization of
(13.58) for Meyer–Watanabe distributions F ∈ D−∞ ⊂ G∗ has been obtained
by Üstünel [222, 223]. Similar results for the Poisson process can be found
in [2].

In the sequel, we prove a corresponding version of (13.59) for Poisson
random measures (see Theorem 13.26 and Theorem 13.27).

Financial markets (with no trading constraints or transition costs) mod-
eled by a Brownian motion or a Poisson process are complete. In this case,
the Clark–Ocone theorem gives an almost direct formula for the replicating
portfolio of a contingent claim in terms of the conditional expectation of its
Malliavin derivative. However, as mentioned, financial markets modeled by
Lévy processes are in general not complete and hence the Clark–Ocone for-
mula does not permit a similar interpretation. On the other hand, it can be
used to obtain an explicit formula for the closest hedge, in the sense of mini-
mal variance. See [25, 69, 180]. As in the Brownian motion case, the extension
from D1,2 to L2(P ) is important for the applications to finance. For example,
the digital option

F = χ[K,∞)(ηT ), (13.60)

where ηt is a Lévy process and is not contained in D1,2, in general. To see this,
take, for example, a driftless pure jump Lévy process η with Lévy measure
ν(dz) = χ(0,1)(z) 1

z2 dz. So η is of unbounded variation. We get then for the real

part of its characteristic exponent Ψ that Re Ψ(λ) = |λ|
∫ |λ|
0

(1 − cos z) 1
z2 dz.

This yields lim|λ|−→∞ |λ|−
1
2 Re Ψ(λ) = ∞, so that the semigroup of η has

the strong Feller property. The latter is equivalent to the law of η(T ) being
absolutely continuous with respect to the Lebesgue measure (see [32]), that
is, we have P (η(T ) ≤ K) =

∫
(−∞,K]

fdt for some integrable f. So there exists
a K0 > 0 such that f(K0) > 0 and P (η(T ) ≤ K) is differentiable in K0. Then
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it is not difficult to see that ρ := infz∈(0,K0/2]
P (K0−z≤η(T )<K0)

|z| > 0. This and
the unbounded variation of η imply

∫
R0

P (K0 − z ≤ η(T ) < K0)ν(dz) ≥
∫

(−∞,
K0
2 ]

ρ |z| ν(dz) = ∞.

Suppose F ∈ D1,2, then Theorem 12.8 gives

∫ T

0

∫
R0

E[(Dt,zF )2]ν(dz)dz

=
∫ T

0

∫
R0

E[(χ[K,∞)(ηT (ω) + z) − χ[K,∞)(ηT (ω)))2]ν(dz)dt

= T

∫
R0

µ(K0 − z ≤ η(T ) < K0)ν(dz) < ∞,

but this leads to a contradiction. Thus F /∈ D1,2.
We need the following definition of conditional expectation in the space

G∗ (see [69] or [180]).

Definition 13.23. Let F =
∑

m≥0 Im(fm) ∈ G ∗. Then the conditional ex-
pectation of F with respect to Ft is defined by

E[F |Ft ] =
∑
m≥0

Im(fm · χ[0,t]m). (13.61)

Note that this notion coincides with the usual conditional expectation if
F ∈ L2(P ). Obviously, we get

‖E[F |Ft ]‖Gr
≤ ‖F‖Gr

(13.62)

for all r ∈ Z. Thus
E[F |Ft ] ∈ G∗ (13.63)

for all t.

Lemma 13.24. For F,G ∈ G∗ we have

E[F � G |Ft ] = E[F |Ft ] � E[G |Ft ]. (13.64)

Proof The proof follows the same line of the one for the Brownian motion
case, see Lemma 6.20. See also [69]. 
�

Lemma 13.25. The Clark–Ocone formula for polynomials. Let F =
P �(X(T )) for some polynomial P (x) =

∑
α cαxα and the variable X(T ) as in

Lemma 13.22. Then

F = E[F ] +
∫ T

0

∫
R0

E[Dt,zF |Ft ]Ñ(dt, dz).
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Proof Without loss of generality, let us assume that F = K
(T )
α with K

(t)
α :=

E[Kα |Ft ] and

α = ακ(k1,m1)ε
κ(k1,m1) + ... + ακ(kn,mn)ε

κ(kn,mn)

with (ki,mi) �= (kj ,mj) for i �= j. Note that K
(T )
α = (X(T )

k1,m1
)�ακ(k1,m1) � ... �

(X(T )
kn,mn

)�ακ(kn,mn) , where X
(T )
ki,mi

is as in (13.56). We conclude with the help
of Definition 13.19, Theorem 13.13, and Lemma 13.22 that

∫ T

0

∫
R0

E[Dt,zF |Ft ]Ñ(dt, dz)

=
∫ T

0

∫
R0

(E[
∑

k,m≥1

ακ(k,m)Kα−εκ(k,m) · ek(t)pm(z) |Ft ]) �
•
Ñ(t, z)ν(dz)dt

=
∫ T

0

∫
R0

(
∑

k,m≥1

ακ(k,m)K
(t)

α−εκ(k,m) · ek(t)�m(z)) �
•
Ñ(t, z)ν(dz)dt

=
∫ T

0

∑
k,m≥1

ακ(k,m)K
(t)

α−εκ(k,m) � Lm(t) · ek(t)dt

=
∫ T

0

d

dt
K(t)

α dt = K(T )
α − K(0)

α = F − E[F ]. 
�

We can now prove a Clark–Ocone theorem for L2(P ). This result was first
proved in [69, 180]. It is an extension to L2(P ) of Theorem 12.16 and a Poisson
random measure version of Theorem 3.11 in [2].

Theorem 13.26. Clark–Ocone theorem for L2(P). Let F ∈ L2(P ) be
FT -measurable. Then

E[Dt,zF |Ft ], t ∈ [0, T ], z ∈ R0,

is an element in L2(λ × ν × P ) and

F = E[F ] +
∫ T

0

∫
R0

E[Dt,zF |Ft ]Ñ(dt, dz).

Proof There exists a sequence of FT -measurable random variables Fn as in
Lemma 13.25 such that Fn −→ F in L2(P ). Then by Lemma 13.25, we get

Fn = E[Fn] +
∫ T

0

∫
R0

E[Dt,zFn |Ft ]Ñ(dt, dz)

for all n. By the representation theorem of Itô there exists a unique predictable
process u(t, z), t ∈ [0, T ], z ∈ R0, such that
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E[
∫ T

0

∫
R0

u2(t, z)ν(dz)dt] < ∞

and

F = E[F ] +
∫ T

0

∫
R0

u(t, z)Ñ(dt, dz).

Further, we have

E[
∫ T

0

∫
R0

(E[Dt,zFn |Ft ] − u(t, z)2ν(dz)dt]

= E[(Fn − F − E[Fn] + E[F ])2] → 0, n → ∞.

So
E[Dt,zFn |Ft ] −→ u, n → ∞, in L2(λ × ν × P ).

On the other hand, by taking a subsequence {Fnk
}k≥1, we know from

Lemma 13.20 that

E[Dt,zFnk
|Ft ] −→ E[Dt,zF |Ft ], k → ∞, in G∗, λ × ν − a.e.

Taking again a subsequence, we have that

E[Dt,zFnk
|Ft ] −→ u(t, z), k → ∞, in L2(P ), λ × ν − a.e.

It follows that

F = E[F ] +
∫ T

0

∫
R0

E[Dt,zF |Ft ]Ñ(dt, dz). 
�

Recall the definition of generalized expectation as given in Definition 13.6.
We say that F ∈ G∗ is FT -measurable if

E[F |FT ] = F. (13.65)

Hereafter we prove a Clark–Ocone formula for G∗. This result was first
proved in [69] and [180]. It is a Poisson random measure version of Theorem
3.15 in [2].

Theorem 13.27. Clark–Ocone theorem for G∗. Let F ∈ G∗ be FT -
measurable. Then

F = E[F ] +
∫ T

0

∫
R0

E[Dt,zF |Ft ] �
•
Ñ(t, z)ν(dz)dt,

where E[F ] denotes the generalized expectation of F .

Proof Let Fn ∈ L2(P ), n = 1, 2, ..., be FT -measurable random variables
such that Fn −→ F , n → ∞, in G∗. Then there exists a p such that
‖Fn − F‖2

G−p+1
−→ 0 as n → ∞. By Theorem 13.26 we obtain



13.7 A Combination of Gaussian and Pure Jump Lévy Noises 235

Fn = E[Fn] +
∫ T

0

∫
R0

E[Dt,zFn |Ft ] �
•
Ñ(t, z)ν(dz)dt for all n.

For going to the limit in the last relation let us proceed as follows. First we
get that
∥∥∥∥∥E[Dt,zF̃ |Ft ] �

•
Ñ(t, z)

∥∥∥∥∥
2

0,−(3p+5)

≤ const.·
∥∥∥E[Dt,zF̃ |Ft ]

∥∥∥2

0,−3p
‖

•
Ñ(t, z)‖2

0,−3

for F̃ ∈ G∗, with
∥∥∥F̃
∥∥∥
G−p+1

< ∞. So it follows that

|< E[Dt,zF̃ |Ft ]�
•
Ñ(t, z), f >|≤ const.·

∥∥∥Dt,zF̃
∥∥∥
G−p

‖
•
Ñ(t, z) ‖0,−3 ‖f‖0,3p+5 ,

for f ∈ (S). Thus this gives

|<
∫ T

0

∫
R0

E[Dt,zF̃ |Ft ] �
•
Ñ(t, z)ν(dz)dt, f >|

≤
∫ T

0

∫
R0

|< E[Dt,zF̃ |Ft ] �
•
Ñ(t, z), f >| ν(dz)dt

≤ const. · ‖f‖0,3p+5 (
∫ T

0

∫
R0

∥∥∥Dt,zF̃
∥∥∥2

G−p

ν(dz)dt)1/2

×(
∫ T

0

∫
R0

‖
•
Ñ(t, z) ‖2

0,−3 ν(dz)dt)1/2.

Together with (13.55) we get the following inequality

|<
∫ T

0

∫
R0

E[Dt,zF̃ |Ft ] �
•
Ñ(t, z)ν(dz)dt, f >|≤ const. · ‖f‖0,3p+5

∥∥∥F̃
∥∥∥
G−p+1

.

The last estimate implies that the expression
∫ T

0

∫
R0

E[Dt,z(Fn − F ) |Ft ] �
•
Ñ(t, z)ν(dz)dt

converges to 0 in (S)∗ as n → ∞. The result follows. 
�
For a version of this result under change of measure, see Theorem 12.22.

13.7 A Combination of Gaussian and Pure Jump Lévy
Noises in the White Noise Setting

Let us sketch the framework for the combination of Gaussian noise and pure
jump Lévy noise in the white noise setting (cf. also [2]). For the classical setting
this was done in Sect. 13.5. Denote by PW the Gaussian white noise measure
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on (Ω0,FW
T ). Recall that Ω0 = S ′(R); see Chap. 5. Fix N, R ∈ N0. Then let

(Ω1,F (1)
T , µ1), ..., (ΩN ,F (N)

T , µN ) be N independent copies of (Ω,FW
T , PW )

and let
(ΩN+1,F (N+1)

T , µN+1), ..., (ΩN+R,F (N+R)
T , µN+R)

be R independent copies of (Ω0,F Ñ
T , P Ñ ), where P Ñ is the pure jump Lévy

white noise measure (see Sect. 13.1).
We set

Ω =Ω1×...×ΩN+R, FT = F (1)
T ⊗...⊗F (L)

T , P = µ1×...×µN+R. (13.66)

Set L = N + R. We denote by J L the set of all α = (α(1), ..., α(L)) with
α(j) ∈ J , j = 1, ..., L. Further, we put

Hα(ω) = Hα(1)(ω1) · ... ·Hα(N)(ωN ) ·Kα(N+1)(ωN+1) · ... ·Kα(L)(ωL). (13.67)

Then the family Hα, α ∈ J L, constitutes an orthogonal basis for L2(P ) with

E[(Hα)2] = α! := α(1)! · ... · α(L)!.

We can define the corresponding test function spaces G, (S) and the stochastic
distribution spaces G∗, (S)∗ as in the previous sections. The Wick product is
defined by

Hα(ω) � Hβ(ω) = Hα+β(ω) (13.68)

and extended linearly. For each n, we introduce the stochastic derivatives Dt,n,
Dt,z,n as mappings G∗ −→ G∗ by

Dt,nF =
∑

α∈J L

∑
i≥1

cαα
(n)
i Hα−ε(n,i)ei(t), n = 1, ..., N (13.69)

and

Dt,z,nF =
∑

α∈J L

∑
i≥1

cαα
(n)
i Hα−ε(n,i)δ⊗̂εi

(t, z), n = N + 1, ..., L, (13.70)

where ei, i = 1, 2, ..., denote the Hermite functions and δ⊗̂εi

, i = 1, 2, ..., are
as in (13.14) and where

ε(n,i) = (0, ..., 0, εi, 0, ..., 0)

with εi on the nth place. Next, let W be the Wiener process and

Ñ(dt, dz) = N(dt, dz) − ν(dz)dt

the compensated Poisson random measure on Ω. Define the independent
Wiener processes and respectively the compensated Poisson random measures
as follows
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Wj(t, ω) = W (t, ωj), j = 1, ..., N, and

Ñj(dt, dz)(ω) = Ñ(dt, dz)(ωj), j = N + 1, ..., L.

The Clark–Ocone theorem for the combined Gaussian and pure jump Lévy
stochastic measures (cf. Theorem 12.20) can be extended to hold for all F ∈
L2(P ) in the same way as in Theorem 13.26. The result is the following:

Theorem 13.28. Clark–Ocone theorem for L2(P). Let F ∈ L2(P ), FT -
measurable random variable. Then

F = E[F ]+
N∑

j=1

∫ T

0

E[Dt,jF |Ft ]dWj(t)+
L∑

j=N+1

∫ T

0

E[Dt,z,jF |Ft ]Ñj(dt, dz),

(13.71)
where E[Dt,jF |FT ] ∈ L2(λ × P ) and E[Dt,z,jF |FT ] ∈ L2(λ × ν × P ).

Remark 13.29. Using the result and framework above, one can take appli-
cations to minimal variance hedging into consideration (see Sect. 12.6) and
extend the results to all random variables in L2(P ).

13.8 Generalized Chain Rules for the Malliavin
Derivative

In this section, which appears at first separated from the main stream of the
chapter, we present some alternative chain rules that will be applied later
on in the book. These results are settled in the frame of the calculus with
respect to Brownian motion and aim at weakening the conditions assumed
in the original result, Theorem 3.5. These are introduced in the sequel and
were first proved in [66]. Recall that the probability space is the same as in
Sect. 13.7.

Definition 13.30. Let F (·, ω2) ∈ L2(PW ) be FT -measurable and let γ ∈
L2(R) (deterministic).

(a) For any fixed ω2 ∈ Ω2, we say that F has a directional derivative in the
direction γ if

DγF (ω1, ω2) := lim
ε→0

F (ω1 + εγ, ω2) − F (ω1, ω2)
ε

exists with convergence in probability. Then DγF is called the directional
derivative of F in the direction γ.

(b) For any fixed ω2 ∈ Ω2, we say that F is Malliavin differentiable in proba-
bility if there exists a process Ψ(t), t ≥ 0, such that

∫
R

Ψ2(t, ω1, ω2)dt < ∞ P − a.s.
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and

DγF (ω1, ω2) =
∫

R

Ψ(t, ω1, ω2)γ(t)dt for all γ ∈ L2(R).

If this is the case, we put Ψ(t) = DtF and call this the Malliavin derivative
in probability of F with respect to W .

Lemma 13.31. Chain rule. Suppose DγF exists for some γ ∈ L2(R) and
that g ∈ C1(R). Then g(F ) has a directional derivative in the direction γ and

Dγg(F ) = g′(F )DγF.

Proof Consider the equations

lim
ε→0

g(F (ω1+εγ, ω2))−g(F (ω1, ω2))

ε
= lim

ε→0

g(F (ω1, ω2) + εDγF (ω1, ω2)) − g(F (ω1, ω2))

ε

= lim
ε→0

g′(F (ω1, ω2))εDγF (ω1, ω2)

ε

= g′(F (ω1, ω2))DγF (ω1, ω2),

with convergence in probability. 
�

Theorem 13.32. Chain rule. Suppose F is Malliavin differentiable in prob-
ability. Let g ∈ C1(R). Then g(F ) is Malliavin differentiable in probability and

Dtg(F ) = g′(F )DtF (t, ω) − a.e.

Proof By Lemma 13.31 we have

Dγg(F ) = g′(F )DγF

= g′(F )
∫

R

γ(t)DtFdt

=
∫

R

γ(t)g′(F )DtFdt for all γ ∈ L2(R),

and the result follows. 
�
We now proceed to prove that DF is an extension of DF .

Theorem 13.33. Let ω2 ∈ Ω2 be fixed. Suppose F (·, ω2) is Malliavin differ-
entiable (with respect to the Brownian motion), that is, F ∈ D

W
1,2, then F is

Malliavin differentiable in probability and

DtF = DtF.

Proof Let e ∈ L2(R) with
∫

R
e2(t)dt = 1. Consider the iterated Itô integral

In(e⊗n) := n!
∫

R

∫ tn

−∞
· · ·
∫ t2

−∞
e(t1) · · · e(tn)dW (t1) · · · dW (tn).
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By (1.15), we have that

In(e⊗n) = hn

( ∫
R

e(t)dW (t)
)
,

where hn is the Hermite polynomial of order n. Hence, by the chain rule and
a basic property of Hermite polynomials, we have

Dt(In(e⊗n)) = h′
n

( ∫
R

e(t)dW (t)
)
e(t)

= nhn−1

( ∫
R

e(t)dW (t)
)
e(t)

= nIn−1(e⊗(n−1)))e(t)

= Dt(In(e⊗n)).

It follows that Dt coincides with Dt on the finite sums of iterated integrals
and, hence, also that DtF exists for all F ∈ D

W
1,2 and

DtF = DtF for all F ∈ D
W
1,2.

And the result follows. 
�

Corollary 13.34. If F is Malliavin differentiable in probability and

EP W

[ ∫
R

(
DtF (·, ω2)

)2
dt
]

< ∞, (13.72)

then F ∈ D
W
1,2.

Proof Let F =
∑∞

n=0 In(fn) be the chaos expansion of F (·, ω2) ∈ L2(PW ).
By Theorem 13.33 we have

Dt(In(fn)) = Dt(In(fn)) for all n.

Hence we have

‖F‖D
W
1,2

= lim
N→∞

N∑
n=1

EP W

[ ∫ T

0

(
Dt(In(fn))

)2
dt
]

= EP W

[ ∫
R

(
DtF

)2
dt
]

< ∞.

Thus F ∈ D
W
1,2. 
�

In view of this last theorem, in the sequel we denote the Malliavin deriv-
ative and the Malliavin derivative in probability by the same notation Dt.
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13.9 Exercises

Problem 13.1. (*) Prove that

d

dt
η(t) =

•
η(t) in (S)∗.

Problem 13.2. Let γ(t, z), t ∈ [0, T ], z ∈ R0, be a deterministic function such
that ∫

R

∫
R0

γ2(s, z)ν(dz)ds < ∞.

Use (13.41) and (13.37) to prove that

E
[
exp

{∫
R

∫
R0

log
(
1 + γ(s, z)

)
Ñ(ds, dz)

}]

= exp
{
−
∫

R

∫
R0

[
log
(
1 + γ(s, z)

)
− γ(s, z)

]
ν(dz)ds

}
.
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The Donsker Delta Function of a Lévy Process
and Applications

Similar to the Brownian motion case (see Chap. 7), we can introduce the
Donsker delta function of a Lévy process η = η(t), t ≥ 0, that is, a stochastic
concept of delta function that is intimately linked to a remarkable increasing
process Lt(x), t ≥ 0, (x ∈ R) called local time. The local time of a Lévy
process can be considered a nontrivial measure for the amount of time spent
by η in the infinitesimal neighborhood of a point. It exhibits the amazing
property that it exactly increases on the closed zero sets of the Lévy process.
Just as in the Brownian case, one can view the Donsker delta function of η as
a time derivative of local time.

Let η(t) =
∫ t

0

∫
R0

zÑ(ds, dz), t ≥ 0, be a pure jump Lévy process without
drift on (Ω,F , P ), where P is the probability law of η. The main purpose of
this chapter is to present the Donsker delta function δx(η(t)) of η(t) and some
related results. For example, in Theorem 14.4, we show that, for a certain class
of pure jump Lévy processes, δx(η(t)) exists as an element of the Lévy–Hida
stochastic distribution space (S)∗ and admits the representation

δx(η(t)) =
1
2π

∫
R

exp�(
∫ t

0

∫
R0

(eiλz − 1)Ñ(ds, dz)

+t

∫
R0

(eiλz − 1 − iλz)ν(dz) − iλx)dλ.

Note that the Donsker delta function for Lévy processes was also defined in
[145], though in a different setting.

As mentioned, we also study the relationship between the Donsker delta
function and the local time of a Lévy process. It is known (see, e.g., [32]) that,
under certain conditions on the characteristic exponent Ψ (see (9.10)) of η,
the local time Lt(x) = Lt(x, ω) of η at the point x ∈ R up to time t exists
and the mapping

(x, ω) �−→ Lt(x, ω)

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 241
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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belongs to L2(P × λ) for all t. We show that Lt(x) is related to δx(η(t)) by
the formula

LT (x) =
∫ T

0

δx(η(t))dt,

just as in the Brownian motion case (see Chap. 7). Moreover, we also present
an explicit chaos expansion for Lt(·) in terms of iterated integrals with re-
spect to the associated compensated Poisson random measure Ñ(dt, dz). See
Theorem 14.8. Let us mention that the study is inspired by the methods in
[109], where the chaos expansion of local time of fractional Brownian motion
is obtained. We would also like to mention that the first use of a version of
Malliavin calculus for jump processes in the study of local time was initiated
in [19].

The Donsker delta function has applications in finance within the hedging
of portfolios and sensitivity analysis, as presented in the last two sections.

Our presentation is based on [67, 68, 161].

14.1 The Donsker Delta Function of a Pure Jump
Lévy Process

In the following, we require that the Lévy measure ν satisfies the following
integrability condition. For every ε > 0 there exists a λ > 0 such that∫

IR\(−ε,ε)

exp(λ |z|)ν(dz) < ∞. (14.1)

This condition implies that the Lévy measure ν has moments
∫

R0
znν(dz) < ∞

for all n ≥ 2. Just as in the Gaussian case, we introduce the Donsker delta
function of a Lévy process as follows. For notation and framework we refer to
Chap. 13.

Definition 14.1. Suppose that X : Ω → R is a random variable belonging to
the Lévy–Hida distribution space (S)∗. The Donsker delta function of X is a
continuous function δ·(X) : R →(S)∗ such that∫

R

h(y)δy(X)dy = h(X) (14.2)

for all measurable functions h : R−→R such that the integral converges in (S)∗.

14.2 An Explicit Formula for the Donsker
Delta Function

The main result of this section is an explicit formula for the Donsker delta
function in the case of a certain class of pure jump Lévy processes. In fact,
from now on we limit ourselves to consider Lévy measures whose characteristic
exponent Ψ satisfies the following condition:
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• There exists ε ∈ (0, 1) such that

lim
|λ|−→∞

|λ|−(1+ε) Re Ψ(λ) = ∞, (14.3)

where Re Ψ is the real part of Ψ.

Remark 14.2. Condition (14.3) entails the strong Feller property of the semi-
group of our Lévy process η(t), implying that the probability law of η(t) is
absolutely continuous with respect to the Lebesgue measure. The assumption
covers, e.g., the following Lévy process η(t) of unbounded variation with Lévy
measure ν, given by

ν(dz) = χ(0,1)(z)z−(2+α)dz,

where 0 < α < 1. We also emphasize that various other conditions of the type
(14.3) are conceivable as the proof of Theorem 14.5 unveils.

Our main result is based on the following lemma.

Lemma 14.3. Let λ ∈ C, t ≥ 0, then

exp(λη(t)) = exp�(
∫ t

0

∫
R0

(eλz − 1)Ñ(ds, dz) + t

∫
R0

(eλz − 1 − λz)ν(dz)).

(14.4)

Proof Define

Y (t) = exp(λη(t) − t

∫
R0

(eλz − 1 − λz)ν(dz)). (14.5)

Then Itô formula shows that Y satisfies the stochastic differential equation

dY (t) = Y (t−)
∫

R0

(eλz − 1)Ñ(dt, dz), Y (0) = 1.

By relation (13.43), the last equation can be rewritten as

d

dt
Y (t) = Y (t−) �

∫
R0

(eλz − 1)
•
Ñ(t, z)ν(dz); Y (0) = 1.

By means of a version of the Wick chain rule (see Proposition 5.14), we can
see that the solution of the last equation is given by

Y (t) = exp�(
∫ t

0

∫
R0

(eλz − 1)
•
Ñ(t, z)ν(dz)dt) (14.6)

= exp�(
∫ t

0

∫
R0

(eλz − 1)Ñ(ds, dz)).

This solution is unique. Moreover, if we compare (14.5) and (14.6) we receive
the desired formula. 
�
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The following result is due to [161].

Theorem 14.4. The Donsker delta function δy(η(t)) of η(t) exists uniquely.
Moreover, δy(η(t)) takes the explicit form

δy(η(t)) (14.7)

=
1
2π

∫
R

exp�(
∫ t

0

∫
R0

(eiλz−1)Ñ(ds, dz)+t

∫
R0

(eiλz − 1 − iλz)ν(dz) − iλy)dλ.

Proof The proof is essentially based on the application of the Lévy–Hermite
transform H (see Sect. 13.3) and the use of the Fourier inversion formula. To
ease the notation we define

Xt = Xt(λ) =
∫ t

0

∫
R0

(eiλz − 1)Ñ(ds, dz)

and
f(λ) = exp(Xt + t

∫
R0

(eiλz − 1 − iλz)ν(dz)), λ ∈ R.

Further we set
g(λ, ζ) = (Hf�(λ))(ζ), ζ ∈ C,

where f� is the Lévy–Wick version of f. Because of the properties of the
Lévy–Hermite transform we can write

g(λ, ζ) = exp((HXt)(ζ) + t

∫
R0

(eiλz − 1 − iλz)ν(dz))

= exp((HXt)(ζ) − tΨ(λ)).

We subdivide the proof into the following steps.

Step (1). We want to show that g(·, ζ) is an element of the Schwartz space
S(R). To this end we provide some reasonable upper bound for g(·, ζ). Let
t ∈ [0, T ]. By means of (13.44) and (13.28), we have

Xt =
∫ t

0

∫
R0

(eiλz − 1)Ñ(ds, dz)

=
∫ t

0

∫
R0

(eiλz − 1) �
•
Ñ(s, z)ν(dz)ds

=
∫ t

0

∫
R0

(eiλz − 1) �
∑
k,j

ek(s)pj(z)Kεκ(k,j)ν(dz)ds

=
∑
k,j

∫ t

0

∫
R0

(eiλz − 1)ek(s)pj(z)ν(dz)ds · Kεκ(k,j) ,

with the basis elements ek and pj as in Sect. 13.2. Then we can find the
estimate



14.2 An Explicit Formula for the Donsker Delta Function 245

|(HXt)(z)|≤|λ| (
∑
k,j

(
∫ t

0

∫
R0

|z| |ek(s)pj(z)| ν(dz)ds)2(2N)−2κ(k,j))
1
2

· (
∑
α

|zα|2(2N)2α)
1
2

≤|λ| (
∑
k,j

(
∫ t

0

∫
R0

|z|2 ν(dz)ds)(2N)−2κ(k,j))
1
2 · (

∑
α

|zα|2 (2N)2α)
1
2

≤const. · |λ|

(14.8)

for all z ∈ K2(R) for some R < ∞ (see (5.42)), where we used that∑
k,j(2N)−2κ(k,j) < ∞ (see [106, Proposition 2.3.3]). Therefore, using the

definition of g(λ, ζ) we get

|g(λ, ζ)| ≤ econst.|λ|e−t Re Ψ(λ)

for all ζ ∈ K2(R). By condition (14.3) we require |λ|−(1+ε) Re Ψ(λ) ≥ 1 for
|λ| ≥ L ≥ 1. This implies

|g(λ, ζ)| ≤ econst.|λ|e−t|λ|(1+ε)|λ|−(1+ε) Re Ψ(λ)≤econst.|λ|−t|λ|(1+ε)

≤ e−tC|λ|(1+ε)

for ζ ∈ K2(R) and |λ| ≥ M with positive constants M , C. Next we cast a
glance at the derivatives ∂n

∂λn g(λ, ζ). Since a similar estimate to (14.8) yields

∣∣∣
∫ t

0

∫
R0

(iz)neiλz ek(s)pj(z)ν(dz)ds · ζκ(k,j)

∣∣∣

≤
∫ t

0

∫
R0

|z|n |ek(s)pj(z)| ν(dz)ds ·
∣∣∣ζκ(k,j)

∣∣∣ ∈ L1(N × N)

for all fixed ζ ∈ K2(R) and n ∈ N, we obtain that for all n ∈ N there exists a
constant Cn such that

∣∣∣∣ ∂n

∂λn (HXt)(λ, ζ)
∣∣∣∣ ≤ Cn

for all λ ∈ R, ζ ∈ K2(R). Further, we observe that
∣∣∣ d

dλ
(t
∫

R0

(eiλz − 1 − iλz)ν(dz))
∣∣∣ =

∣∣∣t
∫

R0

iz(eiλz − 1)ν(dz)
∣∣∣

≤ |λ| t
∫

R0

|z|2 ν(dz)

or more generally that
∣∣∣ dn

dλn (t
∫

R0

(eiλz − 1 − iλz)ν(dz))
∣∣∣ ≤ Cn |λ| .
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Altogether, we conclude that for all k, n ∈ N0 there exists a polynomial pk,n(λ)
with positive coefficients such that

sup
ζ∈K2(R)

∣∣∣∣(1 + |λ|k)
∂n

∂λn g(λ, ζ)
∣∣∣∣ ≤ pk,n(|λ|)e−tC|λ|(1+ε)

(14.9)

for all |λ| ≥ M. This implies that g(·, ζ) ∈ S(R) for all ζ ∈ K2(R). Since the
(inverse) Fourier transform maps S(R) onto itself, we get that

ĝ(y, ζ) =
1
2π

∫
R

e−iyλg(λ, ζ)dλ

is L1−integrable and that
∫

R

eiyλĝ(y, ζ)dy = g(λ, ζ) (14.10)

for all ζ ∈ K2(R). Using the properties of the Lévy–Hermite transform,
Lemma 14.3, and condition (14.1), we can see that relation (14.10) gives rise
to defining the Donsker delta function of η(t) as

δy(η(t)) =
1
2π

∫
R

e−iyλf�(λ)dλ, (14.11)

i.e.,
H(δy(η(t)))(ζ) =

1
2π

∫
R

e−iyλg(λ, ζ)dλ = ĝ(y, ζ).

To complete the proof, we proceed as follows. We check that the Lévy–Hermite
transform H(δy(η(t)))(ζ) = ĝ(y, ζ) in the integrand of (14.10) can be extracted
outside the integral and that all occurring expressions are well-defined. Then
we can apply the inverse Lévy–Hermite transform and Lemma 14.3 to show
that δy(η(t)) in (14.11) fulfils the property (14.1) for h(x) = eiλx. Finally,
the proof follows from a well-known density argument, using trigonometric
polynomials.
Step (2). Let us verify that δy(η(t)) exists in (S)∗ for all y. By a Lévy version
of [106, Lemma 2.8.5] it follows that

Yn(y) :=
1
2π

∫ n

−n

e−iyλf�(λ)dλ

exists in (S)∗ and that

HYn(y, ζ) =
1
2π

∫ n

−n

e−iyλg(λ, ζ))dλ

for all n ∈ N. Further, the bound (14.9) gives

sup
n∈N,ζ∈K2(R)

|HYn(y, ζ)| ≤ 1
2π

∫
R

sup
ζ∈K2(R)

|g(λ, ζ)| dλ < ∞. (14.12)
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Thus, with the help of a Lévy analogue of Theorem 5.12, it follows that
δy(η(t)) ∈ (S)∗ for all y.

Step (3). We check that the integral
∫

R

eiyλδy(η(t))dy (14.13)

converges in (S)∗. Because of the estimate (14.12) we also get that

Xn(λ) :=
∫ n

−n

eiyλδy(η(t))dy

exists in (S)∗. By (14.9) and integration by parts we deduce

sup
n∈N,ζ∈K2(R)

|HXn(y, ζ)| ≤ sup
ζ∈K2(R)

∫
R

1
1 + y2

· (1 + y2) |H(δy(η(t)))(ζ)| dy

≤ const. · sup
λ∈R,ζ∈K2(R)

(∣∣∣∣(1 + λ2)
∂2

∂λ2 g(λ, ζ)
∣∣∣∣

+
∣∣(1 + λ2)g(λ, ζ)

∣∣
)

≤ M < ∞,

where we have used that

y2H(δy(η(t)))(ζ) = y2ĝ(y, ζ) =
1
2π

∫
R

e−iyλ ∂2

∂λ2 g(λ, ζ)dλ.

Once again by a Lévy version of Theorem 5.12, we see that the integral (14.13)
is well-defined in (S)∗. Finally, by using the inverse Lévy–Hermite transform
and Lemma 14.3 we obtain∫

R

eiyλδy(η(t))dy = f�(λ) = eiλη(t) (14.14)

Thus, we have proved relation (14.1) for h(y) = eiλy. Since (14.1) still holds
for linear combinations of such functions, the general case is attained by a
well-known density argument. The continuity of y �−→ δy(η(t)) is also a direct
consequence of a Lévy version of Theorem 5.12. 
�

14.3 Chaos Expansion of Local Time for Lévy Processes

In this section we investigate the local time LT (x) (x ∈ R) of a certain class
of pure jump Lévy processes η(t) =

∫ t

0

∫
R0

zÑ(ds, dz), t ≥ 0. This local time
can be heuristically described by

LT (x) =
∫ T

0

δ(η(t) − x)dt, (14.15)
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where δ(u) is the Dirac delta function, which can be approximated by

Pε(u) =
1√
2πε

e−
|u|2
2ε =

1√
2π

∫
R

eiyu− 1
2 εy2

dy, u ∈ R, (14.16)

with i =
√
−1. Formally, this implies

δ(u) = lim
ε−→0

Pε(u) =
1√
2π

∫
R

eiyudy. (14.17)

A justification for this heuristical reasoning above comes from the Gaussian
case (see [4] and [101]). In the sequel we make the above considerations rig-
orous by showing that the Donsker delta function δ(η(t) − x) of η(t) may be
realized as a generalized Lévy functional. Furthermore, we provide an explicit
formula for δ(η(t) − x). We also prove that the identity (14.15) makes sense
in terms of a Bochner integral. To demonstrate an application, we use the
Donsker delta function to derive a chaos expansion of LT (x) with explicit
kernels.

First of all, let us recall the definition of a particular version of the density
of an occupation measure, which is referred to as the local time.

Definition 14.5. Let t ≥ 0, x ∈ R. The local time of η(t) at level x and
time t, denoted by Lt(x), is defined by

Lt(x) := lim
ε−→0+

1
2ε

∫ t

0

χ{|η(s)−x|<ε}ds

= lim
ε−→0+

1
2ε

λ({s ∈ [0, t] : η(s) ∈ (x − ε, x + ε)}),

with convergence in L2(P × λ). Recall that λ is the Lebesgue measure.

Here, we recall that the local time of η(t) exists if the integrability condition
∫

R

Re
(

1
1 + Ψ(λ)

)
dλ < ∞ (14.18)

holds, where Ψ denotes the characteristic exponent of η(t) (see e.g., [32] for
details). Since we have the inequality

Re
(

1
1 + Ψ(λ)

)
≤ 1

1 + Re Ψ(λ)
,

condition (14.3) entails (14.18), giving the existence of Lt(x). We point out
that (x, ω) �−→ Lt(x)(ω) belongs to L2(P × λ) for all t ≥ 0 and that

∫ t

0

f(η(s))ds =
∫

R

f(x)Lt(x)dx (14.19)
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for all measurable bounded functions f ≥ 0 a.s. The relation (14.19) is
called the occupation density formula. Note that t �−→ Lt(x) is an increas-
ing process and that Lt(·) has compact support for all t > 0 a.e. Furthermore,
(14.3) implies that x �−→ Lt(x) is Hölder-continuous a.e. for every t > 0
(see [32, p. 151]).

Next, we give a rigorous proof of relation (14.15).

Proposition 14.6. Fix T > 0. Then

LT (x) =
∫ T

0

δx(η(s))ds

for all x ∈ R a.e.

Proof Let f be a continuous function with compact support in [−r, r] ⊂ R.
Define the function Z : [0, T ] × R × [−r, r] −→ (S)∗ by

Z(t, λ, y) = eiλ(η(t)−y).

First, we want to show that Z is Bochner-integrable in (S)∗ with respect to
the measure λ3 = λ × λ × λ. One observes that (t, λ, y) �−→ 〈Z(t, λ, y), l〉 is
B([0, T ]) ⊗ B(R) ⊗ B([−r, r]),B(R)−measurable for all l ∈ (S). Further we
consider the exponential process

Y (t) := exp(
∫ t

0

ϕ(s)dη(s) −
∫ t

0

∫
R0

(eϕ(s)z − 1 − ϕ(s)z)ν(dz)ds)

for deterministic functions ϕ such that eϕ(s)z −1 ∈ L2([0, T ]×R, λ×ν). Then
by the Lévy–Itô formula we have

dY (t) = Y (t−)
∫

R0

(eϕ(t)z − 1)Ñ(dt, dz),

so that

Y (t) = 1 +
∫ t

0

Y (s−1 )
∫

R0

(eϕ(s1)z1 − 1)Ñ(ds1, dz1).

If we iterate this process, we get the following chaos expansion for Y (t) :

Y (t) =
∑
n≥0

In(gn) in L2(P )

with gn(s1, z1, ..., sn, zn) = 1
n!

∏n
j=1(e

ϕ(sj)zj − 1)χt>max(si), where In denotes
the iterated integral in (10.1). Thus, we obtain for ϕ(s) ≡ iλ

Z(t, λ, y) =
∑
n≥0

In(gn · h) in L2(P ) (14.20)

with the function h(t, λ, y) = exp(
∫ t

0

∫
R0

(eiλz − 1 − iλz)ν(dz)ds − iλy). We
also get the isometry
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E
[
(Z(t, λ, y))2

]
=
∑
n≥0

n! ‖gn · h‖2
L2((λ×ν)n) .

Now, let us have a look at the weighted sum

‖Z(t, λ, y)‖2
−q :=

∑
n≥0

n! ‖gn · h‖2
L2((λ×ν)n) e−qn < ∞

for q ≥ 0. Then

‖Z(t, λ, y)‖2
−q ≤

∑
n≥0

1
n!

∫
R0

n

∫
[0,T ]n

·(
n∏

j=1

∣∣eiλzj−1
∣∣e−t Re Ψ(λ))2χt>max(si)ds1...dsnν(dz1)...ν(dzn)·e−qn

≤
∑
n≥0

1
n!

tn2n(Re Ψ(λ))ne−2t Re Ψ(λ) · e−qn,

where we used the fact that∫
R0

∣∣eiλz − 1
∣∣2 ν(dz) = 2Re Ψ(λ).

So it follows that

‖Z(t, λ, y)‖−q ≤
∑
n≥0

1
(n!)

1
2
t

n
2 2

n
2 (Re Ψ(λ))

n
2 e−t Re Ψ(λ) · e− q

2 n. (14.21)

Next, suppose that |λ|−(1+ε) Re Ψ(λ) ≥ 1 for |λ| ≥ K ≥ 0. Then
∫ r

−r

∫
|λ|≥K

∫ T

0

‖Z(t, λ, y)‖−q dtdλdy

≤ 2r
∑
n≥0

1
(n!)

1
2
2

n
2 e−

q
2 n

∫
|λ|≥K

(Re Ψ(λ))
n
2

∫ T

0

t
n
2 e−t Re Ψ(λ)dtdλ

≤ 2r
∑
n≥0

1
(n!)

1
2
2

n
2 e−

q
2 n

∫
|λ|≥K

1
Re Ψ(λ)

dλ · Γ (
n

2
+ 1),

where Γ denotes the Gamma function. Together with (14.3) we obtain
∫ r

−r

∫
|λ|≥K

∫ T

0

‖Z(t, λ, y)‖−q dtdλdy

≤ const.
∑
n≥0

(n
2 )!

(n!)
1
2
2

n
2 e−

q
2 n

∫
|λ|≥K

1
Re Ψ(λ)

dλ

≤ const.
∑
n≥0

(n
2 )!

(n!)
1
2
2

n
2 e−

q
2 n.
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Since
((n

2 )!)2

n!
≤ 2[ n

2 ]

22[ n+1
2 ]

≤ 1

for all n ∈ N, we conclude that
∫ r

−r

∫
|λ|≥K

∫ T

0

‖Z(t, λ, y)‖−q dtdλdy < ∞

for all q ≥ 2. It also follows directly from (14.21) that
∫ r

−r

∫
|λ|≤K

∫ T

0

‖Z(t, λ, y)‖−q dtdλdy < ∞

for all q ≥ 2. Therefore, we have
∫ r

−r

∫
R

∫ T

0

‖Z(t, λ, y)‖−q dtdλdy < ∞ (14.22)

for all q ≥ 2. Let l ∈ (S). Then it is not difficult to verify that

|〈Z(t, λ, y), l〉| ≤ const. ‖Z(t, λ, y)‖−2 (t, λ, y) − a.e.

The latter gives
∫ r

−r

∫
R

∫ T

0

|〈Z(t, λ, y), l〉| dtdλdy < ∞

for all l ∈ (S). Note that ‖Z(t, λ, y)‖−q is measurable. Thus we have proved
the Bochner-integrability of Z in (S)∗. By using Fubini theorem, Lemma 14.3,
and Theorem 14.4 we get

∫
R

f(y)
∫ T

0

δy(η(t))dtdy =
∫ T

0

f(η(t))dt.

Then we can deduce from relation (14.19) that
∫

R

f(y)
∫ T

0

δy(η(t))dtdy =
∫

R

f(y)LT (y)dy (14.23)

for all continuous f : R −→ R with compact support. Using a density argu-
ment we find

LT (x) =
∫ T

0

δx(η(t))dt for a.a. x ∈ R P − a.e. (14.24)

Let l ∈ (S). The map x �−→ δx(η(t)) is continuous by Theorem 14.4. Thus
〈δx(η(t)), l〉 = 1

2π

∫ T

0

∫
R
〈Z(t, λ, x), l〉 dλdt is continuous too. Then, based on

(14.21), one shows that x �−→
∫ T

0
δx(η(t))dt is continuous in (S)∗. Since x �−→

LT (x) is Hölder-continuous, relation (14.24) is valid for all x ∈ R P−a.e. 
�
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Remark 14.7. Relation (3.2.5) in the proof of Proposition 14.6 shows that the
Donsker delta function δx(η(t)) even takes values in the space of generalized
random variables G∗ ⊆ (S)∗. See Sect. 13.4.

We are now arriving at one of the main results of this chapter. See [161].

Theorem 14.8. The chaos expansion of the local time LT (x) of η(t) is given
by

LT (x)=
∑
n≥0

In(fn)

=
∑
n≥0

n!
∫ ∞

0

∫
R0

...

∫ t2

0

∫
R0

fn(s1, z1, ..., sn, zn)Ñ(ds1, dz1)...Ñ(dsn, dzn)

in L2(P ) with the symmetric functions

fn(s1, z1, ..., sn, zn) =
1
2π

1
n!

∫ T

0

∫
R

(
n∏

j=1

(eiλzj − 1))h(t, λ, x)χt>max(si)dλdt

for

h(t, λ, x) = exp(t
∫

R0

(eiλz − 1 − iλz)ν(dz) − iλx).

Proof By Proposition 14.6 we can write LT (x) =
∫ T

0
δx(η(t))dt. Using the

definition of the function Z(t, λ, y) = eiλ(η(t)−y) in the proof of Proposition
14.6 and its chaos representation (14.20), we get

LT (x) =
1
2π

∫ T

0

∫
R

∑
n≥0

In(gn · h)dλdt, (14.25)

with gn(s1, z1, ..., sn, zn) = 1
n!

∏n
j=1(e

iλzj −1)χt>max(si) and h as in the state-
ment of this theorem. Because of the inequality (14.21) and similar estimates
directly after this relation in the proof of Proposition 14.6, we can take the
sum sign outside the double integral in (14.25). Thus, we obtain

1
2π

∫ T

0

∫
R

∑
n≥0

In(gn · h)dλdt =
1
2π

∑
n≥0

∫ T

0

∫
R

In(gn · h)dλdt in (S)∗. (14.26)

Further, we can interchange the integrals in (14.26), so that we obtain

LT (x) =
1
2π

∑
n≥0

In(
∫ T

0

∫
R

gn · hdλdt) in (S)∗.

Note that this is a consequence of the integrability condition (14.22). Since
LT (x) is in L2(P ), the result follows. 
�
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14.4 Application to Hedging in Incomplete Markets

Let us consider once again a pure jump Lévy process

η(t) =
∫ t

0

∫
R0

zÑ(ds, dz), t ≥ 0.

For any FT -measurable ξ ∈ L2(P ) (where T > 0 is fixed) there exists a unique
Ft-adapted process ϕ ∈ L2(P × λ × ν), i.e., E

[ ∫ T

0

∫
R0

ϕ2(t, z)ν(dz)dt
]

< ∞,
such that

ξ = E [ξ] +
∫ T

0

∫
R0

ϕ(t, z)Ñ(dt, dz). (14.27)

In view of financial applications, it is of interest to find ϕ explicitly. This
can be done, for instance, via Malliavin calculus and a Lévy version of the
Clark–Ocone theorem (Sect. 4.1, and Sect. 12.4). Another approach based on
nonanticipating differentiation is, e.g., proposed in [59, 60].

The purpose of this section is to show how the Donsker delta function for
Lévy processes can be used to find an explicit formula for ϕ. See the forth-
coming Theorem 14.9. This method does not rely on Malliavin calculus for
Lévy processes nor does it involve conditional expectations, as the previous
methods do.

Theorem 14.9. Let g : R −→ R be a given function in L1(λ) such that its
Fourier transform

ĝ(u) :=
1
2π

∫
R

g(x)e−iuxdx

belongs to L1(λ). Then, for T ≥ 0, we have

g(η(T ))=
∫

R

ĝ(u) exp
{

T

∫
R0

(
eiuz−1−iuz

)
ν(dz)

}
du+

∫ T

0

∫
R0

ϕ(t, z)Ñ(dt, dz),

(14.28)
where

ϕ(t, z)=
∫

R

ĝ(u) exp
{

(T − t)
∫

R0

(
eiuz − 1 − iuz

)
ν(dz)

}
eiuη(t)

(
eiuz − 1

)
du.

(14.29)

Proof Define

Yu(t) := exp�
{∫ t

0

∫
R0

(
eiuz − 1

)
Ñ(ds, dz)

}
, u ∈ R, t ∈ [0, T ].

First let us assume that g is continuous with compact support. Then, by
(14.1), (14.4), (13.44), and Lévy–Wick calculus we have
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g(η(T )) =

∫
R

g(y)δy(η(T ))dy

=

∫
R

1

2π
g(y)

(∫
R

Yu(T ) exp

{
T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz) − iuy

}
du

)
dy

=

∫
R

Yu(T )

(∫
R

1

2π
g(y)e−iuydy

)
exp

{
T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}
du

=

∫
R

ĝ(u) exp

{
T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}(
Yu(0) +

∫ T

0

∂

∂t
Yu(t)dt

)
du

=

∫
R

ĝ(u) exp

{
T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}
du

+

∫
R

ĝ(u) exp

{
T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}∫ T

0

Yu(t)

�
∫

R0

(
eiuz − 1

) •
Ñ(t, z)ν(dz)dt du

=

∫
R

ĝ(u) exp

{
T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}
du

+

∫
R

ĝ(u) exp

{
T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}∫ T

0

∫
R0

Yu(t)
(
eiuz − 1

)
Ñ(dt, dz)du

=

∫
R

ĝ(u) exp

{
T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}
du +

∫ T

0

∫
R0

ϕ(t, z)Ñ(dt, dz),

where

ϕ(t, z) =
∫

R

ĝ(u) exp
{

T

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}
Yu(t)

(
eiuz − 1

)
du.

By (14.4) we have

Yu(t) exp
{

t

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}
= exp (iuη(t)) .

Hence, we get

ϕ(t, z)=

∫
R

ĝ(u) exp

{
(T − t)

∫
R0

(
eiuz − 1 − iuz

)
ν(dz)

}
exp (iuη(t))

(
eiuz − 1

)
du.

For the general case, let g be as in Theorem 14.9. Then there exists a sequence
gn ≤ g, n = 1, 2, ..., of continuous functions with compact support such that
gn −→ g in L1(λ). Then ĝn(u) −→ ĝ(u) pointwise dominatedly. Since (14.28)
holds for all gn, it follows by dominated convergence that it holds for g, as
required. 
�

As an application of Theorem 14.9, we consider a financial market where
there are two investment possibilities:

• A risk free asset (e.g., bond), where the price S0(t), t ≥ 0, is constantly
equal to 1.
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• A risky asset (e.g., stock), where the price S(t) at time t is given by

dS(t) = S(t−)dη(t), S(0) > 0,

where η(t) =
∫ t

0

∫
R0

zÑ(ds, dz) as before. Assume that z > −1 + ε for a.a.
z with respect to ν, for some ε > 0. This guarantees that S(t) > 0 for all
t ≥ 0.

As in Sect. 9.4 we say that an FT -measurable random variable ξ ∈ L2(P )
(called a claim) is hedgeable or replicable in this market if there exists an
Ft-adapted process ψ(t), t ∈ [0, T ], in L2(P × λ) such that

ξ = E [ξ] +
∫ T

0

ψ(t)dS(t) = E [ξ] +
∫ T

0

ψ(t)S(t−)dη(t). (14.30)

The market is called complete if all claims are replicable and incomplete oth-
erwise. We can write (14.30) as

ξ = E [ξ] +
∫ T

0

∫
R0

ψ(t)S(t−)zÑ(dt, dz). (14.31)

Thus, by comparing (14.31) with (14.27), we see that ξ is hedgeable if and
only if the process ϕ in (14.27) has the product form

ϕ(t, z) = ψ(t)S(t−)z for almost all t, z with respect to λ × ν. (14.32)

It is well known that, unless η is the centered Poisson process, the market is
incomplete. Hence, there exist claims ξ that are not hedgeable. It is of interest
to find out which claims are replicable and which claims are not. Our next
result gives information in this direction. See [67]

Theorem 14.10. Let g be as in Theorem 14.9 and define

f(t, u) = ĝ(u) exp
{

(T − t)
∫

R0

(
eiuz − 1 − iuz

)
ν(dz)

}
exp (iuη(t)) . (14.33)

Suppose that ξ := g(η(T )) is replicable and let ψ(t) be as in (14.30). Then for
almost all t ∈ [0, T ], we have

f̂(t, ·)(z) :=
1
2π

∫
R

f(t, u)e−iuzdu =
1
2π

∫
R

f(t, u)du− 1
2π

ψ(t)S(t−)z (14.34)

for all z ∈ −supp ν, where supp ν is the smallest closed set in R in which ν
has all its mass.

Proof By Theorem 14.9 and (14.32), we have

ϕ(t, z) =
∫

R

f(t, u)
(
eiuz − 1

)
du = ψ(t)S(t−)z,
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for all z ∈ supp ν and almost all t ∈ [0, T ]. Hence,

1
2π

∫
R

f(t, u)e−iuzdu =
1
2π

∫
R

f(t, u)du− 1
2π

ψ(t)S(t−)z for all z ∈ −supp ν.

By this we end the proof. 
�
See [67] for the next result.

Theorem 14.11. Let g be as in Theorem 14.9 and suppose supp ν is un-
bounded. Then g(η(T )) is not replicable unless g = 0.

Proof Suppose ξ = g(η(T )) is replicable. Since the Fourier transform vanishes
at ±∞, we get from (14.34)

0 = lim
|z|→∞

z∈−supp ν

f̂(t, ·)(z) = lim
|z|→∞

z∈−supp ν

(
1
2π

∫
R

f(t, u)du − 1
2π

ψ(t)S(t−)z
)

,

for almost all t ∈ [0, T ]. This is only possible if ψ(t) = 0 almost everywhere.
Hence, ξ = E[ξ], so g is constant and hence g = 0 (since g ∈ L1(λ)). 
�

14.5 A Sensitivity Result for Jump Diffusions

In this section we derive a representation theorem for functions of a class of
jump diffusions, which contains the Brownian motion and the pure jump Lévy
process of Sect. 14.2 as special cases. As an alternative approach to [80, 199]
(see Sects. 4.4 and 12.7), we illustrate how this formula can be applied to
the computation of “greeks” in finance. Our presentation is based on [68].
Another application of this theorem is an explicit formula for the Donsker
delta function of a special class of jump diffusions, which can be used as in
Sects. 7.1 and 14.4 to compute hedging strategies of portfolios.

14.5.1 A Representation Theorem for Functions of a Class
of Jump Diffusions

We aim at presenting a representation formula for functions of a special class of
jump diffusions (see Theorem 14.13), which if applied to the sensitivity analy-
sis context, gives a computationally efficient formula for the greek “delta.”
Further, we employ this result to establish an explicit representation of the
Donsker delta function. Our approach rests on the arguments of Sect. 14.2.

On the given probability space (Ω,F , P ) we consider the Itô–Lévy process
ξ(t), t ≥ 0, of the form

ξ(t) = ξ(0) +

t∫

0

α(s)ds +

t∫

0

β(s)dW (s) +

t∫

0

∫

R0

γ(s, z)Ñ(ds, dz), (14.35)
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where α(t), β(t), and γ(t, z), t ≥ 0, z ∈ R0, are deterministic functions such
that ∞∫

0

[
|α(t)| + β2(t) +

∫

R0

γ2(t, z)ν(dz)
]
dt < ∞ (14.36)

holds.
On the other hand, we could consider a representation of the type (14.35)

on the product space introduced in Sect. 12.5. We recall the construction here.
Let (Ω,F , P ) be a product of two complete probability spaces, i.e.,

Ω = Ω1 × Ω2, F = F1 ⊗F2 P = P1 ⊗ P2. (14.37)

In such a framework, we could consider stochastic processes ξ(t), t ≥ 0, on
(Ω,F , P ) such that

ξ(t, ω1, ω2) =y +

t∫

0

α(s)ds +

t∫

0

β(s)dW (s, ω1)

+

t∫

0

∫

R0

γ(s, z)Ñ(ds, dz, ω2) (14.38)

for y ∈ R constant and α(t), β(t) and γ(t, z), t ≥ 0, z ∈ R0, deterministic
functions fulfilling (14.36).

We equip the probability space (Ω1,F1, P1) with the filtration F1
t , t ≥ 0,

(F1
∞ = F1) generated by W (t), t ≥ 0, augmented by all P1-null sets and the

space (Ω2,F2, P2) with the filtration F2
t , t ≥ 0, (F2

∞ = F2) generated by the
values of Ñ(dt, dz), t ≥ 0, z ∈ R0, augmented of all P2-null sets. Then on the
product (Ω,F , P ) we fix the filtration

Ft := F1
t ⊗F2

t , t ≥ 0.

In the sequel we apply white noise analysis for a combination of Gaussian
and pure jump Lévy noise as introduced in Sect. 13.7. Thus, we choose
(Ω1,F1, P1) to be a Gaussian white noise and (Ω2,F2, P2) a Lévy white noise
probability space. Recall that we have assumed (14.1), see Sect. 14.1.

Let ξ(t) = ξy(t), t ∈ [0, T ], be a stochastic process on (Ω,F , P ) of the
form⎧⎨
⎩

dξ(t) = α(t)dt + β(t)dW (t) +
∫

R0

γ(t, z)Ñ(dt, dz), t ∈ [0, T ],

ξ(0) = y ∈ R,
(14.39)

where α(t), β(t), and γ(t, z); t ∈ [0, T ], z ∈ R, are deterministic functions
satisfying (14.36). For λ ∈ R define

Y (t) = exp(λξ(t)), t ∈ [0, T ]. (14.40)
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Then by the Itô formula (see Theorem 9.4) we have

dY (t) = Y (t−)
[
(λα(t) + 1

2λ2β2(t))dt + λβ(t)dW (t)

+
∫

R0

{exp(λγ(t, z)) − 1 − λγ(t, z)}ν(dz)dt

+
∫

R0

{exp(λγ(t, z)) − 1}Ñ(dt, dz)
]
. (14.41)

Using the white noise notation and Wick calculus for a combination of
Gaussian and pure jump Lévy noise (see Sect. 12.5), the last equation can
be written as

dY (t)
dt

=Y (t−) �
{

λα(t) + 1
2λ2β2(t) + λβ(t)

•
W (t)

+
∫

R0

[exp{λγ(t, z)} − 1 − λγ(t, z)]ν(dz)

+
∫

R0

{exp{λγ(t, z)} − 1}
•
Ñ(t, z)ν(dz)

}
, Y (0) = eλy. (14.42)

By applying Wick calculus in (S)∗ as developed in Sect. 14.7 to (14.42), we
obtain

Y (t) =Y (0) exp�
{ t∫

0

[
λα(s) + 1

2λ2β2(s)

+
∫

R0

[
{eλγ(s,z) − 1 − λγ(s, z)

]
ν(dz)

]
ds

+

t∫

0

λβ(s)dW (s) +

t∫

0

∫

R0

{eλγ(s,z) − 1}Ñ(ds, dz)
}

. (14.43)

Comparing (14.43) with (14.40) we get the following formula for the Wick
exponential.
Lemma 14.12. Let ξ(t) be as in (14.39) and let λ ∈ R. Then we have

eλξ(t) =eλy exp�
{ t∫

0

[
λα(s) + 1

2
λ2β2(s)

+

∫
R0

[
eλγ(s,z) − 1 − λγ(s, z)

]
ν(dz)

]
ds +

t∫

0

λβ(s)dW (s)

+

t∫

0

∫

R0

[eλγ(s,z) − 1]Ñ(ds, dz)
}

. (14.44)
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Using this we get the following result. See [68].

Theorem 14.13. Representation theorem for functions of a jump
diffusion.
Let g : R → R be a function with Fourier transform

ĝ(λ) = 1
2π

∫

R

e−iλxg(x)dx, λ ∈ R,

satisfying the Fourier inversion property

g(u) =
∫

R

eiλuĝ(λ)dλ, u ∈ R.

Then
g(ξy(t)) =

∫

R

ĝ(λ) exp�{Xy
λ(t)}dλ, t ∈ [0, T ], (14.45)

where

Xy
λ(t) = iλy +

t∫

0

iλβ(s)dW (s)

+

t∫

0

∫

R0

[eiλγ(s,z) − 1]Ñ(ds, dz) +

t∫

0

[
iλα(s) − 1

2λ2β2(s)

+
∫

R0

[eiλγ(s,z) − 1 − iλγ(s, z)]ν(dz)
]
ds, t ∈ [0, T ]. (14.46)

Proof Applying (14.44) with iλ instead of λ we obtain

g(ξy(t)) = 1
2π

∫

R

eiλξ(t)ĝ(λ)dλ = 1
2π

∫

R

ĝ(λ) exp�(Xy
λ(t))dλ. 
�

See [68] for the following result.

Corollary 14.14. Let g be a real function as in Theorem 14.13. Then we
have

E[g(ξy(t))] =
∫

R

ĝ(λ) · exp(iλy + Gλ(t))dλ, (14.47)

where

Gλ(t)=

t∫

0

[
iλα(s)− 1

2λ2β2(s)+
∫

R0

(eiλγ(s,z) − 1− iλγ(s, z))ν(dz)
]
ds. (14.48)
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Proof This follows from Theorem 14.13 in connection with the fact that

E[exp� Xy
λ(t)] = exp(E[Xy

λ(t)]).

Compare with Sect. 5.3. 
�

We conclude this section with an explicit formula for the Donsker delta
function of ξ(t) = ξy(t), t ≥ 0. This is derived as an application of
Theorem 14.13. Adopting the white noise framework of Sect. 12.5, we consider
the Donsker delta function of a random variable X ∈ (S)∗, see Definition 14.1.

In the following, we retain condition (14.3). Using Theorem 14.13 we can
obtain an explicit formula for the Donsker delta function of ξ(t). See [68].

Theorem 14.15. Representation of the Donsker delta function. As-
sume that (14.3) holds. Then the Donsker delta function δu(ξy(t)), u ∈ R, of
ξy(t), t ∈ [0, T ], exists in (S)∗ and is given by

δu(ξy(t)) =
1
2π

∫

R

exp�
{ t∫

0

∫

R0

(eiλγ(s,z) − 1)Ñ(ds, dz) +

t∫

0

iλβ(s)dW (s)

+

t∫

0

[ ∫

R0

(eiλγ(s,z) − 1 − iλγ(s, z))ν(dz)

+ iλα(s) − 1
2λ2β2(s)

]
ds + iλy − iλu

}
dλ. (14.49)

Proof Here, we sketch only the basic ideas. Formally this follows from (14.45)
by using the Fubini theorem in (S)∗, as follows. By (14.45) we have

g(ξy(t)) =
∫

R

ĝ(λ) exp�(Xy
λ(t))dλ

=
1
2π

∫

R

(∫

R

e−iλug(u)du
)

exp�(Xy
λ(t))dλ

=
1
2π

∫

R

g(u)
∫

R

exp�(−iλu + Xy
λ(t))dλ du.

For justification and more details, we refer to the proof of Theorem 14.4. 
�

Remark 14.16. Using white noise techniques, an explicit representation of the
Donsker delta function of solutions to a general SDE driven by a Brownian
motion is given in [144] . See also [165] in the case of Lévy processes.
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14.5.2 Application: Computation of the “Greeks”

Let X(t) = Xx(t), t ∈ [0, T ], be a jump diffusion of the form
⎧⎨
⎩

dX(t) = X(t−)
[
µ(t)dt + σ(t)dW (t) +

∫
R0

θ(t, z)Ñ(dt, dz)
]
,

X(0) = x > 0,
(14.50)

where µ(t), σ(t), and θ(t, z), t ∈ [0, T ], z ∈ R, are deterministic, θ(t, z) > −1+ε
for a.a. t, z, for some ε > 0, and

T∫

0

[
|µ(t)| + σ2(t) +

∫

R0

θ2(t, z)ν(dz)
]
dt < ∞.

By the Itô formula for Lévy processes (see Theorem 9.4), the solution of this
equation is given by

Xx(t) = x exp
{ t∫

0

[
µ(s) − 1

2σ2(s)+
∫

R0

(log(1+θ(s, z))−θ(s, z))ν(dz)
]
ds

+

t∫

0

σ(s)dW (s) +

t∫

0

∫

R0

log(1 + θ(s, z))Ñ(ds, dz)
}

(14.51)

= exp(ξy(t)),

where
dξy(t) = α(t)dt + β(t)dW (t) +

∫

R0

γ(t, z)Ñ(dt, dz)

with

α(t) = µ(t) − 1
2σ2(t) +

∫

R0

(log(1 + θ(t, z)) − θ(t, z))ν(dz),

β(t) = σ(t),
γ(t, z) = log(1 + θ(t, z)).

(14.52)

See (14.39). Therefore, if h : R → R then

E[h(Xx(T ))] = E[h(exp(ξy(T )))] = E[g(ξy(T ))],

where
g(u) := h(exp(u)), u ∈ R.

If this g satisfies the conditions of Theorem 14.13 then
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d
dxE[h(Xx(T ))] = d

dx [Eg(ξlog x(T ))] = d
dx

∫

R

ĝ(λ) exp(iλ log x + Gλ(T ))dλ

=
∫

R

ĝ(λ) iλ
x exp(iλ log x + Gλ(T ))dλ ,

where Gλ(T ) is given by (14.48). We have proved the following result [68].

Theorem 14.17. Sensitivity formula. Suppose h : R → R is such that
g(u) := h(exp(u)), u ∈ R, and satisfies the conditions of Theorem 14.13 and
that ∫

R

|ĝ(λ)λ exp{Re Gλ(T )}| dλ < ∞ .

Then

∆ = d
dxE[h(Xx(T ))] =

∫

R

ĝ(λ) iλ
x exp(iλ log x + Gλ(T ))dλ . (14.53)

Example 14.18. Choose h(u) = χ[H,K](u), u ∈ R (H,K > 0). Then h(Xx(T ))
may be regarded as the payoff of a digital option on a stock with price Xx(T ).
In this case

g(u) = χ[H,K](e
u), u ∈ R,

and

2πĝ(λ) =

∫

R

e−iλug(u)du =

∫

R

e−iλuχ[H,K](e
u)du =

log K∫

log H

e−iλudu =
H−iλ − K−iλ

iλ
.

Therefore,

d
dxE

[
χ[H,K](X

x(T ))
]

=
∫

R

H−iλ − K−iλ

x
exp(iλ log x + Gλ(T ))dλ , (14.54)

provided that the integral converges. A sufficient condition for this is that, for
some δ > 0,

λ2

T∫

0

[
β2(s) +

∫

R0

(1 − cos(λγ(s, z)))ν(dz)
]
ds ≥ δλ2 (14.55)

(where β and γ are given by (14.52)), which is a weak form of nondegeneracy
of the equation (14.50). Thus, in spite of the fact that h is not even continuous,
(14.53) is a computationally efficient formula for d

dxEx[h(Xx(T ))]. Note that
we may have β = σ = 0, as long as (14.55) holds.
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14.6 Exercises

Problem 14.1. Consider a path-dependent option given by an Asian option
that has the form

A(T1, T2) :=
1

T1 − T2

∫ T2

T1

h(Xx(t))dt,

where Xx(t) is the diffusion of (14.50). Hence, the Asian option is an average
asset value over the period of the life time of the option. Such an option
has proved to be useful for asset classes (e.g., commodities) that are sparsely
traded on a market. Assume that

∫ T2

T1

∫

R

|ĝ(λ)λ exp{Re Gλ(t)}| dλdt < ∞ ,

where g(λ) = h(exp(λ)) and Gλ(t) is as in (14.48). Calculate the delta of this
option.
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The Forward Integral

The original forward integral (see [208]) was introduced with respect to the
Brownian motion only. See Chap. 8. In this chapter we present a form of
forward integration with respect to the Poisson random measure Ñ . We prove
an Itô formula for the corresponding forward processes and apply this to
obtain an Itô formula for Skorohod integrals. This presentation is mainly
based on [64].

15.1 Definition of Forward Integral and its Relation with
the Skorohod Integral

Definition 15.1. The forward integral

J(θ) :=
∫ T

0

∫
R0

θ(t, z)Ñ(d−t, dz)

with respect to the Poisson random measure Ñ of a stochastic function (or
random field) θ(t, z), t ∈ [0, T ], z ∈ R0 (T > 0), with

θ(t, z) := θ(ω, t, z), ω ∈ Ω,

and càglàd with respect to t, is defined as

J(θ) = lim
m→∞

∫ T

0

∫
R0

θ(t, z)1Um
Ñ(dt, dz)

if the limit exists in L2(P ). Here, Um, m = 1, 2, ..., is an increasing sequence of
compact sets Um ⊆ R0 := R\{0} with ν(Um) < ∞ such that limm→∞ Um =R0.

Remark 15.2. Note that if G := {Gt, t ∈ [0, T ]} is a filtration such that

(1) Ft ⊆ Gt for all t

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 265
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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(2) The process η(t) =
∫ t

0

∫
R0

zÑ(ds, dz), t ∈ [0, T ], is a semimartingale with
respect to G

(3) The stochastic process θ = θ(t, z), t ∈ [0, T ], z ∈ R0 is G-predictable and
(4) The integral

∫ T

0

∫
R0

θ(t, z)Ñ(dt, dz) exists as a classical Itô integral

then the forward integral of θ with respect to Ñ also exists and we have

∫ T

0

∫
R0

θ(t, z)Ñ(d−t, dz) =
∫ T

0

∫
R0

θ(t, z)Ñ(dt, dz).

This follows from the basic construction of the semimartingale integral. See,
e.g., [203]. Thus, the forward integral can be regarded as an extension of the
Itô integral to possibly nonsemimartingale contexts.

Remark 15.3. Directly from the definition we can see that if G is a random
variable then

G

∫ T

0

∫
R0

θ(t, z)Ñ(d−t, dz) =
∫ T

0

∫
R0

Gθ(t, z)Ñ(d−t, dz), (15.1)

a property that does not hold for the Skorohod integrals.

Definition 15.4. In the sequel we let M denote the set of the stochastic func-
tions θ(t, z), t ∈ [0, T ], z ∈ R0, such that

(1) θ(ω, t, z) = θ1(ω, t)θ2(ω, t, z), where θ1(·, t) ∈ D1,2 for all t, θ1(ω, ·) is
càglàg P -a.s. and θ2(ω, t, z) is adapted and such that

E
[ ∫ T

0

∫
R0

θ2
2(t, z)ν(dz)dt

]
< ∞.

(2)Dt+,zθ(t, z) := lims→t+ Ds,zθ(t, z) exists in L2(P × λ × ν).
(3) θ(t, z) + Dt+,zθ(t, z) is Skorohod integrable.

Let M1,2 be the closure of the linear span of M with respect to the norm given
by

‖θ‖2
M1,2

:= ‖θ‖2
L2(P×λ×ν) + ‖Dt+,zθ(t, z)‖2

L2(P×λ×ν).

We can now show the relation between the forward integral and the Sko-
rohod integral.

Lemma 15.5. If θ ∈ M1,2, then its forward integral exists and

∫ T

0

∫
R0

θ(t, z)Ñ(d−t, dz) =
∫ T

0

∫
R0

Dt+,zθ(t, z)ν(dz)dt

+
∫ T

0

∫
R0

(
θ(t, z) + Dt+,zθ(t, z)

)
Ñ(δt, dz).
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Proof First consider the case when θ(ω, t, z) = θ1(ω, t)θ2(ω, t, z). Let us take
a sequence of partitions of [0, T ] of the form 0 = tn0 < tn1 < ... < tnJn

= T with
|∆t| := max(tnj − tnj−1) −→ 0, for n → ∞, into account. By the integration by
parts formula (see Theorem 12.11) we have

F

∫ tn
i

tn
i−1

∫
R0

θ(t, z)Ñ(δt, dz) =
∫ tn

i

tn
i−1

∫
R0

Fθ(t, z)Ñ(δt, dz)

+
∫ tn

i

tn
i−1

∫
R0

θ(t, z)Dt,zFν(dz)dt +
∫ tn

i

tn
i−1

∫
R0

θ(t, z)Dt,zFÑ(δt, dz).

Hence

∫ T

0

∫
R0

θ(t, z)Ñ(d−t, dz) = lim
|∆t|−→0

Jn∑
i=1

θ1(tni−1)
∫ tn

i

tn
i−1

∫
R0

θ2(t, z)Ñ(dt, dz)

= lim
|∆t|−→0

Jn∑
i=1

θ1(tni−1)
∫ tn

i

tn
i−1

∫
R0

θ2(t, z)Ñ(δt, dz)

= lim
|∆t|−→0

Jn∑
i=1

∫ tn
i

tn
i−1

∫
R0

[
θ1(tni−1) + Dt,zθ1(tni−1)

]
θ2(t, z)Ñ(δt, dz)

+ lim
|∆t|−→0

Jn∑
i=1

∫ tn
i

tn
i−1

∫
R0

Dt,zθ1(tni−1) · θ2(t, z)ν(dz)dt

=
∫ T

0

∫
R0

θ(t, z)Ñ(δt, dz) +
∫ T

0

∫
R0

Dt+,zθ(t, z)ν(dz)dt

+
∫ T

0

∫
R0

Dt+,zθ(t, z)Ñ(δt, dz).

The proof is then completed by a limit argument in view of Remark 12.14 and
Definition 15.4. 
�

Corollary 15.6. If the forward integral exists in L2(P ), then

E
[ ∫ T

0

∫
R0

θ(t, z)Ñ(d−t, dz)
]

= E
[ ∫ T

0

∫
R0

Dt+,zθ(t, z)ν(dz)dt
]
. (15.2)

Proof This follows from (11.4) and Lemma 15.5. 
�
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15.2 Itô Formula for Forward and Skorohod Integrals

Definition 15.7. A forward process is a measurable stochastic function
X(t) = X(t, ω), t ∈ [0, T ], ω ∈ Ω, that admits the representation

X(t) = x +
∫ t

0

∫
R0

θ(s, z)Ñ(d−s, dz) +
∫ t

0

α(s)ds, (15.3)

where x = X(0) is a constant. A shorthand notation for (15.3) is

d−X(t) =
∫

R0

θ(t, z)Ñ(d−t, dz) + α(t)dt, X(0) = x. (15.4)

We call d−X(t) the forward differential of X(t), t ∈ [0, T ].

The next result was first proved in [64].

Theorem 15.8. Itô formula for forward integrals. Let X(t), t ∈ [0, T ],
be a forward process of the form (15.3), where θ(t, z), t ∈ [0, T ], z ∈ R0, is
locally bounded in z near z = 0 P × λ- a.e., such that

∫ T

0

∫
R0

|θ(t, z)|2ν(dz)dt < ∞ P − a.s.

Also suppose that |θ(t, z)|, t ∈ [0, T ], z ∈ R0, is forward integrable. For any
function f ∈ C2(R), the forward differential of Y (t) = f

(
X(t)

)
, t ∈ [0, T ], is

given by the following formula:

d−Y (t) = f ′(X(t)
)
α(t)dt (15.5)

+
∫

R0

(
f
(
X(t−) + θ(t, z)

)
− f

(
X(t−)

)
− f ′(X(t−)

)
θ(t, z)

)
ν(dz)dt

+
∫

R0

(
f
(
X(t−) + θ(t, z)

)
− f

(
X(t−)

))
Ñ(d−t, dz).

Proof The proof follows the same line of the one in the classical Itô formula
(see [114] Chap. 2, Sect. 5). For simplicity, we assume x = 0 and α ≡ 0. Then
we can write

Xm(t) :=
∫ t

0

∫
R0

θ(s, z)1Um
(z)N(ds, dz) −

∫ t

0

∫
R0

θ(s, z)1Um
(z)ν(dz)ds.

Let σi, i = 1, 2, ..., be the stopping times for which the jumps of the Lévy
process occur. Thus, we obtain

f(Xm(t)) − f(Xm(0)) =
∑

i

[
f(Xm(σi ∧ t)) − f(Xm(σi ∧ t−))

]
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+
∑

i

[
f(Xm(σi ∧ t−)) − f(Xm(σi−1 ∧ t))

]
=: J1(t) + J2(t),

with

f(Xm(σi ∧ t−)) =
{

f(Xm(σ−
i )), σi ≤ t,

f(Xm(t)), σi > t.

By the change of variable formula for finite variation processes, it follows that

J2(t) = −
∫ t

0

∫
R0

f ′(Xm(s))θ(s, z)1Um
(z)ν(dz)ds.

Moreover, it is

J1(t) =
∑

i

[
f(Xm(σi)) − f(Xm(σ−

i ))
]
1{σi≤t,θ(σi,η(σi)) �=0}

=
∫ t

0

∫
R0

[
f
(
Xm(s−) + θ(s, z)1Um

(z)
)
− f(Xm(s−))

]
N(ds, dz)

=
∫ t

0

∫
R0

[
f
(
Xm(s−) + θ(s, z)1Um

(z)
)
− f(Xm(s−))

]
Ñ(d−s, dz)

+
∫ t

0

∫
R0

[
f
(
Xm,n(s−) + θ(s, z)1Um

(z)
)
− f(Xm(s−))

]
ν(dz)ds.

By letting m → ∞, formula (15.5) follows. 
�
To state an Itô formula for Skorohod integrals we need to combine Lemma

15.5 and Theorem 15.8. To this end we go into the technical step of solving
equations of the following type: given a random variable G, find the stochastic
function F (t, z), t ∈ [0, T ], z ∈ R0, such that

F (t, z) + Dt+,zF (t, z) = G, (15.6)

for almost all (t, z) ∈ R+ ×R. For example, if G = g
(
η(T )

)
, for some measur-

able function g : R −→ R and

η(t) =
∫ t

0

∫
R0

zÑ(dt, dz), t ∈ [0, T ],

then
F (t, z) := g

(
η(T ) − zχ[0,T )(t)

)
does the job. Indeed, with this choice of F (t, z), t ∈ [0, T ], z ∈ R0, we have

F (t, z)+Dt+,zF (t, z) = g
(
η(T )− zχ[0,T )

)
+ g
(
η(T )

)
− g
(
η(T )− zχ[0,T )

)
= G.

The above observation motivates the following definition.
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Definition 15.9. The linear operator S is defined on the space of all FT -
measurable random variables G as follows. If G =

∏k
i=1 gi

(
η(ti)

)
, for some

ti ∈ [0, T ], i = 1, ..., k, we define

St,z

( k∏
i=1

gi

(
η(ti)

))
=

k∏
i=1

gi

(
η(ti) − zχ[0,ti)(t)

)
. (15.7)

Note that via this definition the solution of (15.6) can be written as
F (t, z) = St,zG, i.e.,

St,zG + Dt+,z

(
St,zG

)
= G. (15.8)

Combining the above facts with Lemma 15.5 and Theorem 15.8, we obtain
the following result originally proved in this form in [64].

Theorem 15.10. Itô formula for Skorohod integrals. Let

X(t) =
∫ t

0

∫
R0

γ(s, z)Ñ(δs, dz) +
∫ t

0

α(s)ds, t ∈ [0, T ],

or, in shorthand notation,

δX(t) =
∫

R0

γ(t, z)Ñ(δt, dz) + α(t)dt, t ∈ [0, T ].

Let f ∈ C2(R) and let Y (t) = f
(
X(t)

)
. Set

θ(t, z) := St,zγ(t, z) (15.9)

for all t ∈ [0, T ], z ∈ R0, and assume θ ∈ M1,2. Then

δY (t) = f ′(X(t))α(t)dt +
∫

R0

{
f
(
X(t−) + θ(t, z)

)
− f

(
X(t−)

)
(15.10)

+Dt+,z

[
f
(
X(t−) + θ(t, z)

)
− f

(
X(t−)

)]}
Ñ(δt, dz)

+
∫

R0

{
f
(
X(t−) + θ(t, z)

)
− f

(
X(t−)

)
− f ′(X(t−)

)
θ(t, z)

+Dt+,z

[
f
(
X(t−) + θ(t, z)

)
− f

(
X(t−)

)]
− f ′(X(t−)

)
Dt+,zθ(t, z)

}
ν(dz)dt.

Remark 15.11. Note that if γ and α are adapted, then θ(t, z) = γ(t, z), t ∈
[0, T ], z ∈ R0, and

Dt+,zθ(t, z) = Dt+,z

[
f
(
X(t−) + θ(t, z)

)
− f

(
X(t−)

)]
.

Therefore, Theorem 15.10 reduces to the classical adapted Itô formula.
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Proof For simplicity, we assume α ≡ 0. By (15.8) we have

θ(t, z) + Dt+,zθ(t, z) = γ(t, z).

Hence by Lemma 15.5 we have

X(t) =
∫ t

0

∫
R0

θ(s, z)Ñ(d−s, dz) −
∫ t

0

∫
R0

Ds+,zθ(s, z)ν(dz)ds.

We can, therefore, apply Theorem 15.8 and get

Y (t) − Y (0) =
∫ t

0

f ′(X(s)
)(

−
∫

R0

Ds+,zθ(s, z)ν(dz)
)
ds

+
∫ t

0

∫
R0

{
f
(
X(s−) + θ(s, z)

)
− f

(
X(s−)

)
− f ′(X(s−)

)
θ(s, z)

}
ν(dz)ds

+
∫ t

0

∫
R0

{
f
(
X(s−) + θ(s, z)

)
− f

(
X(s−)

)}
Ñ(d−s, dz)

−
∫ t

0

∫
R0

f ′(X(s−)
)
Ds+,zθ(s, z)ν(dz)ds

+
∫ t

0

∫
R0

{
f
(
X(s−) + θ(s, z)

)
− f

(
X(s−)

)
− f ′(X(s−)

)
θ(s, z)

}
ν(dz)ds

+
∫ t

0

∫
R0

Ds+,z

{
f
(
X(s−) + θ(s, z)

)
− f

(
X(s−)

)}
ν(dz)dt

+
∫ t

0

∫
R0

{
f
(
X(s−) + θ(s, z)

)
− f

(
X(s−)

)
+ Ds+,z

{
f
(
X(s−) + θ(s, z)

)

−f
(
X(s−)

)}}
Ñ(δs, dz)

=
∫ t

0

∫
R0

{
f
(
X(s−) + θ(s, z)

)
− f

(
X(s−)

)
− f ′(X(s−)

)
θ(s, z)

+Ds+,z

[
f
(
X(s−) + θ(s, z)

)
− f

(
X(s−)

)]
− f ′(X(s−)

)
Ds+,zθ(s, z)

}
ν(dz)ds

+
∫ t

0

∫
R0

{
f
(
X(s−) + θ(s, z)

)
− f

(
X(s−)

)
+ Ds+,z

[
f
(
X(s−) + θ(s, z)

)

−f
(
X(s−)

)]}
Ñ(δs, dz).

This completes the proof. 
�
We would like to mention that an early version of the Itô formula for Skorohod
integrals was proved in [123, 124]. Another anticipative Itô formula valid for
polynomials is obtained in [194].

Remark 15.12. Following the same scheme as in Sect. 12.5, the Itô formula can
be extended to cover the mixed case, involving a combination of Gaussian and
compensated Poisson random measures.
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15.3 Exercises

Problem 15.1. (*) Let

η(t) =
∫ t

0

∫
R0

zÑ(ds, dz), t ∈ [0, T ],

and define

X(t) =
∫ t

0

η(T )δη(s) =
∫ t

0

∫
R0

η(T )zÑ(δs, dz), t ∈ [0, T ].

(a) Use Lemma 15.5 to show that

X(t) = η(t)η(T ) −
∫ t

0

∫
R0

z2N(ds, dz), t ∈ [0, T ].

(b) Find Dt+,zX(t).
(c) With γ(t, z) := η(T )z, t ∈ [0, T ], z ∈ R0, find θ(t, z) := St,zγ(t, z), see

Definition 15.9.
(d) Use Itô formula for Skorohod integrals to find δY (t), where Y (t) = X2(t),

t ∈ [0, T ].
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Applications to Stochastic Control: Partial
and Inside Information

16.1 The Importance of Information in Portfolio
Optimization

The purpose of this chapter is to present an overview of recent results on sto-
chastic control, in particular, portfolio optimization, achieved via techniques
of Malliavin calculus and forward integration. Quite surprisingly, a character-
ization of the existence of an optimal portfolio can be given in very general
settings. In particular, we are interested in studying portfolio optimization
problems from the point of view of a trader who may have:

• Less information than the one produced by the market noises, here called
partial information

• More information than the one produced by the market noises. Such a
trader has some form of anticipation of future event, here called inside
information

We will see that the two situations are substantially different, in fact the
formulation of the problems intrinsically requires different settings. However,
in both cases, some techniques of anticipating calculus are going to be applied.

The role of information in portfolio optimization has gained more and
more importance according to the common sense knowledge that the more the
information available, the better the performance in the market. While some
occasional cases of insider trading have been detected and been confirmed
in the recent years proving that the above statement is a fact, mathematics
has started searching for consistent models that are able to describe these
situations. In the same line of research, but opposite direction, is the situation
of traders having less information than the one usually assumed to be in the
market. This is quite a common situation that includes, for example, the case
of delayed information. Moreover, it is also interesting to see how a trader
with partial information can optimize his portfolio in a financial world where
insiders of large capacity are present.

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 273
to Finance,
c© Springer-Verlag Berlin Heidelberg 2009
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This chapter is an extension of topics treated in Sect. 8.6. A different way
to treat portfolio optimization from the minimal variance point of view has
already been presented in Sect. 12.6. This chapter is mainly based on [63, 65,
66, 181].

16.2 Optimal Portfolio Problem under Partial
Information

We consider the probability space (Ω,F , P ) as described in Sect. 12.5. We say
that a trader has full information if he can make his decisions relying on the
flow of information generated by the market noises, i.e., the filtration

F := {Ft, t ∈ [0, T ]}.

Here, we put F = FT . In this section we consider an agent having strictly less
information available during his decision making process. We assume that his
information is represented by a filtration

E := {Et, t ∈ [0, T ]}, Et ⊆ Ft.

In this setting of partial information, the trader is faced with the problem of
finding a portfolio (within an admissible class of portfolios) that maximizes a
personal given utility of the corresponding terminal wealth. This is a stochastic
control problem.

Traditionally, there have been two approaches to this type of problem:

(a) A dynamic programming or stochastic maximum principle approach.
These approaches usually require that the system is Markovian. See,
e.g., [182, 228], and references therein, for more information about these
methods.

(b) The martingale approach or duality approach. This is an efficient method
if the financial market equations have a special “multiplicative” form (see
(16.1)–(16.2)) and the market is complete. An advantage of the method
is that the system need not be Markovian. However, in the incomplete
market case the duality method transforms the original problem into a dual
problem usually of equal difficulty. We refer to, e.g., [129], and references
therein, for a presentation of the martingale method.

The problem under study, however, cannot be approached easily, if at all, by
any of the two methods (a) and (b) above. In fact the system is, in general,
neither Markovian nor complete. For example, consider the case of delayed
information: in case δ > 0 is a fixed time delay, at any time t ≥ δ, the actual
information available would be Et = Ft−δ, while it would be Et = E0 for
0 ≤ t < δ.

We emphasize the distinction between the partial information control
problem studied in this section and the partial observation control problem,
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where the control is based on noisy observations of the state. The latter prob-
lem has been studied by many authors, but the methods and results of the
partial observation problem do not apply to our situation.

16.2.1 Formalization of the Optimization Problem: General Utility
Function

We consider a market model with finite time horizon T > 0 where two invest-
ments possibilities are available:

• A risk free asset with price dynamics
{

dS0(t) = ρ(t)S0(t)dt, t ∈ (0, T ],
S0(0) = 1.

(16.1)

• A risky asset with price dynamics
{

dS1(t) = S1(t−)
[
µ(t)dt + σ(t)dW (t) +

∫
R0
θ(t, z)Ñ(dt, dz)

]
, t ∈ (0, T ],

S1(0) > 0.

(16.2)

The driving noises in the model are the standard Brownian motion W (t),
t ∈ [0, T ], and the compensated Poisson random measure Ñ(dt, dz), (t, z) ∈
[0, T ]×R0. These are assumed to be independent. Recall that E

[
Ñ(dt, dz)2

]
=

ν(dz)dt, where ν(dz), z ∈ R0, is a σ-finite Borel measure, which we assume
to satisfy ∫

R0

z2ν(dz) < ∞.

The parameters ρ(t), µ(t), σ(t), and θ(t, z), t ∈ [0, T ], z ∈ R0, are measurable
càglàd stochastic processes adapted to the filtration F := {Ft ⊆ F , t ∈ [0, T ]}
that is generated by the Brownian motion and the Poisson random measure,
see Sect. 12.5. We also assume that |σ(t)| ≤ Kσ and −1 + εθ ≤ θ(t, z) ≤ Kθ,
ν(dz)dt-a.e., for some εθ ∈ (0, 1) and Kσ,Kθ < ∞, and

E
[ ∫ T

0

{
|ρ(t)| + |µ(t)| + σ2(t) +

∫
R0

θ2(t, z)ν(dz)
}

dt
]

< ∞.

As mentioned earlier, at any time t, the σ-algebra Et ⊆ Ft represents the
information at his disposal. We consider the collection of σ-algebras E :=
{Et, t ∈ [0, T ]} to be a filtration.

In view of this lack of information, the portfolio π(t) that resulted from the
trader’s decisions taken at time t is an Et-measurable random variable. Here,
the process π represents the fraction of wealth invested in the risky asset.

Taking the point of view of such a trader, we are interested in studying
the optimization problem
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u(x) := sup
π∈AE

E [U(Xx
π(T ))] = E [U(Xx

π∗(T ))] , (16.3)

for a given utility function

U : [0,∞) −→ [−∞,∞)

that is, an increasing, concave, and lower semi-continuous function, which
we assume to be continuously differentiable on (0,∞). The process Xπ(t) =
Xx

π(t), t ∈ [0, T ], given by

dXπ(t) = Xπ(t−)
{[

ρ(t) +
(
µ(t) − ρ(t)

)
π(t)

]
dt

+ π(t)σ(t)dW (t) +
∫

R0

π(t)θ(t, z)Ñ(dt, dz)
}

,
(16.4)

represents the value process of the admissible portfolio π. The initial capital
Xπ(0) = Xx

π(0) = x > 0 is fixed. By the Itô formula, the unique solution of
the equation earlier is

Xπ(t) = x exp
{∫ t

0

[
ρ(s) +

(
µ(s) − ρ(s)

)
π(s) − 1

2
σ2(s)π2(s)

]
ds

+
∫ t

0

∫
R0

[
log
(
1 + π(s)θ(s, z)

)
− π(s)θ(s, z)

]
ν(dz)ds

+
∫ t

0

π(s)σ(s)dW (s) +
∫ t

0

∫
R0

log
(
1 + π(s)θ(s, z)

)
Ñ(ds, dz)

}
,

(16.5)

with π ∈ AE. The set of admissible portfolios AE is defined as follows:

Definition 16.1. The set AE of admissible portfolios consists of all processes
π = π(t), t ∈ [0, T ], such that

� π is càglàd and adapted to the filtration E. (16.6)

� π(t)θ(t, z) > −1 + επ for a.a. (t, z) with respect to dt × ν(dz),
for some επ ∈ (0, 1) depending on π.

(16.7)

� E

∫ T

0

{
|µ(s) − ρ(s)||π(s)| + σ2(s)π2(s) +

∫
R0

π2(s)θ2(s, z)ν(dz)
}

ds < ∞.

(16.8)

16.2.2 Characterization of an Optimal Portfolio Under Partial
Information

Our forthcoming discussion aims at giving results on the existence of locally
optimal portfolios for problem (16.3). For given π ∈ AE, we define the sto-
chastic process Yπ(t), t ∈ [0, T ], as
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Yπ(t) :=
∫ t

0

{
µ(s) − ρ(s) − σ2(s)π(s) −

∫
R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

ν(dz)
}

ds

+
∫ t

0

σ(s)dW (s) +
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(ds, dz), t ∈ [0, T ].
(16.9)

Then our result can be stated as follows, see [66].

Theorem 16.2. Let π ∈ AE be such that

� The random variable Fπ(T ) := U ′(Xπ(T ))Xπ(T ) belongs to D1,2 :=

D
W
1,2 ∩ D

Ñ
1,2, (16.10)

i.e., Malliavin differentiable both with respect to the Brownian motion

and the compensated Poisson random measure.

� For all β ∈ AE, with β bounded, there exists a δ > 0 such that the family
(16.11){

U ′(Xπ+yβ(T ))Xπ+yβ(T )Yπ+yβ(T )
}

y∈(−δ,δ)
is uniformly integrable.

(Here, U ′(x) =
d

dx
U(x)).

Suppose π is a local maximum point for the problem (16.3). Then π satisfies
the equation

E
[(

µ(s) − ρ(s) − σ2(s)π(s)
)
Fπ(T ) + σ(s)Ds

(
Fπ(T )

)∣∣∣Es

]

+ E
[ ∫

R0

θ(s, z)Ds,z

(
Fπ(T )

)
− π(s)θ2(s, z)Fπ(T )

1 + π(s)θ(s, z)
ν(dz)

∣∣∣Es

]
= 0, s ∈ [0, T ].

(16.12)

Conversely, suppose that (16.12) holds and that

xU ′′(x) + U ′(x) ≤ 0, x > 0, (16.13)

then π is a local maximum for the problem (16.3).

Remark 16.3. (1) Note that the buy–hold–sell portfolios β, i.e.,

β(ω, s) := α(ω)1(t,t+h](s), s ∈ [0, T ], ω ∈ Ω,

belong to AE provided that α is Et-measurable and |α| ≤ Kα for some suffi-
ciently small Kα > 0.
(2) If π, β ∈ AE with β bounded, then there exists δ > 0, such that π+yβ ∈ AE

for all y ∈ (−δ, δ).
(3) Condition (16.13) holds if, for example, U(x) = log x or U(x) = 1

γ xγ

(γ < 0).
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Proof Let us suppose that π gives a local maximum for the problem (16.3),
in the sense that

E
[
U(Xπ+yβ(T ))

]
≤ E

[
U(Xπ(T ))

]

for all bounded β ∈ AE and all y ∈ (−δ, δ), where δ > 0 is such that π + yβ ∈
AE (see Remark 16.3 (2)) and (16.11) holds. For convenience, let us define

g(y) := E
[
U
(
Xπ+yβ(T )

)]
, y ∈ (−δ, δ).

Since the function g is locally maximal at y = 0, we have

0 =
d

dy
g(y)|y=0

= E
[
U ′(Xπ(T ))Xπ(T )

{∫ T

0

β(s)
[
µ(s) − ρ(s) − σ2(s)π(s)

−
∫

R0

{
θ(s, z) − θ(s, z)

1 + π(s)θ(s, z)
}
ν(dz)

]
ds

+
∫ T

0

β(s)σ(s)dW (s) +
∫ T

0

∫
R0

β(s)θ(s, z)
1 + π(s)θ(s, z)

Ñ(ds, dz)
}]

.

Let us choose the portfolio β ∈ AE to be of the form buy–hold–sell, i.e.,

β(s) = α1(t,t+h](s), 0 ≤ s ≤ T,

for t ∈ [0, T ) and h > 0 such that t+h ≤ T – see Remark 16.3 (1). Then from
the above mentioned equations we have

0 = E
[
U ′(Xπ(T ))Xπ(T ) · α ·

{∫ t+h

t

[
µ(s) − ρ(s) − σ2(s)π(s)

−
∫

R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

ν(dz)
]
ds +

∫ t+h

t

σ(s)dW (s)

+
∫ t+h

t

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(ds, dz)
}

,
]
,

which holds for all choices of α in the buy–hold–sell portfolios. Define

Fπ(T ) = U ′(Xπ(T ))Xπ(T ), for π ∈ AE.

Then we have
E
[
Fπ(T )

(
Yπ(t + h) − Yπ(t)

)
· α
]

= 0 (16.14)

for the process Yπ(t), t ∈ [0, T ], given in (16.9). By our assumption (16.10)
and the duality formulae, see Corollay 4.4 and Theorem 12.10, we have

E
[
Fπ(T )

∫ t+h

t

ασ(s)dW (s)
]

= E
[ ∫ t+h

t

ασ(s)Ds

(
Fπ(T )

)
ds
]

(16.15)
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and

E
[
Fπ(T )

∫ t+h

t

∫
R0

αθ(s, z)
1 + π(s)θ(s, z)

Ñ(ds, dz)
]

= E
[ ∫ t+h

t

∫
R0

αθ(s, z)Ds,z

(
Fπ(T )

)
1 + π(s)θ(s, z)

ν(dz)ds
]
.

(16.16)

Thus, substituting these two equations into (16.14) and noting that the σ-
algebra generated by all the α’s in the buy–hold–sell portfolios coincides with
Et, we obtain

E
[ ∫ t+h

t

{(
µ(s) − ρ(s) − σ2(s)π(s)

)
Fπ(T ) −

∫
R0

π(s)θ2(s, z)Fπ(T )
1 + π(s)θ(s, z)

ν(dz)+

σ(s)Ds

(
Fπ(T )

)
+
∫

R0

θ(s, z)Ds,z

(
Fπ(T )

)
1 + π(s)θ(s, z)

ν(dz)
}

ds
∣∣∣Et

]
= 0.

Since this holds for all t, h such that 0 ≤ t < t + h ≤ T , we conclude that

E
[(

µ(s) − ρ(s) − σ2(s)π(s)
)
Fπ(T ) + σ(s)Ds

(
Fπ(T )

)∣∣∣Es

]

+ E
[ ∫

R0

θ(s, z)Ds,z

(
Fπ(T )

)
− π(s)θ2(s, z)Fπ(T )

1 + π(s)θ(s, z)
ν(dz)

∣∣∣Es

]
= 0, s ∈ [0, T ]

(16.17)

– see (16.12)
On the other side, the argument can be reversed as follows. If we assume

that (16.12) holds, then

E
[
Fπ(T )

(
Yπ(t + h) − Yπ(t)

)
|Et

]
= 0,

which is equivalent to

E
[
Fπ(T )·

∫ T

0

β(s)
[
µ(s) − ρ(s) − σ2(s)π(s) −

∫
R0

{ π(s)θ2(s, z)
1 + π(s)θ(s, z)

}
ν(dz)

]
ds

+
∫ T

0

β(s)σ(s)dW (s) +
∫ T

0

∫
R0

β(s)θ(s, z)
1 + π(s)θ(s, z)

Ñ(ds, dz)
]

= 0

for all buy–hold–sell portfolios β(s) = α1(t,t+h](s), 0 ≤ s ≤ T . By (16.11) the
function g(y) = E[U(Xπ+yβ(T ))], y ∈ (−δ, δ), satisfies

g′(0) =
d

dy
g(y)|y=0 = E

[
U ′(Xπ(T ))

d

dy
Xπ+yβ(T )|y=0

]
= 0

for all bounded β ∈ AE. We want to conclude that y = 0 gives a local max-
imum for g and hence π ∈ AE is locally optimal for the problem (16.3). To
this end, fix
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h(y) :=

∫ T

0

{
ρ(s) + (µ(s) − ρ(s))(π(s) + yβ(s)) − 1

2
σ2(s)(π(s) + yβ(s))2

}
ds

−
∫ T

0

∫
R0

{
(π(s) + yβ(s))θ(s, z) − log(1 + (π(s) + yβ)θ(s, z))

}
ν(dz)ds

+

∫ T

0

(π(s) + yβ(s))σ(s)dW (s) +

∫ T

0

∫
R0

log(1+(π(s) + yβ)θ(s, z))Ñ(ds, dz).

Then
g′(y) = E

[
U ′(Xπ+yβ(T ))

d

dy
Xπ+yβ(T )

]

and

g′′(y) = E
[
U ′′(Xπ+yβ(T ))

( d

dy
Xπ+yβ(T )

)2

+ U ′(Xπ+yβ(T ))
d2

dy2
Xπ+yβ(T )

]
,

where

d2

dy2
Xπ+yβ(T ) =

d

dy

(
Xπ+yβ(T )h′(y)

)

= Xπ+yβ(T )h′′(y) + Xπ+yβ(T )(h′(y))2.

Note that

h′′(0) = −
∫ T

0

σ2(s)β2(s)ds −
∫ T

0

∫
R0

β2(s)θ2(s, z)
(1 + π(s)θ(s, z))2

N(ds, dz) ≤ 0.

Therefore,

g′′(0) = E
[
U ′′(Xπ(T ))X2

π(T )(h′(0))2 + U ′(Xπ(T ))Xπ(T )
(
h′′(0) + (h′(0))2

)]

and we see that g′′(0) ≤ 0 for all bounded β ∈ A if

xU ′′(x) + U ′(x) ≤ 0, x > 0. 
�

Remark 16.4. Condition (16.10) depends on the choice of utility function.
Here, we give some examples:

(1) By the chain rule (see Theorem 3.5 and Theorem 12.8), condition (16.10)
holds if Xπ(T ) ∈ D1,2 := D

W
1,2 ∩ D

Ñ
1,2 (for the optimal π) and, if σ �= 0,

d

dx
U ′(x)x, x ∈ (0,∞),

is bounded. In particular, this is the case for

U(x) = log x, x > 0

and
U(x) = − exp{−λx}, x > 0 (λ > 0).
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(2) Suppose

U(x) =
1
γ

xγ , x > 0 (γ ∈ (−∞, 1) \ {0}).

Then the classical chain rule for Brownian motion cannot be applied and
we need a similar result under weaker conditions, see Sect. 16.2.1. Then by
Theorem 13.32, we have

DtFπ(T ) = Dt(Xγ
π (T )) = γXγ

π (T )Dt(log Xπ(T )),

and, by Theorem 12.8, we have

Dt,zFπ(T ) =
(
Xπ(T ) + Dt,zXπ(T )

)γ − Xγ
π (T )

= Xγ
π (T )

[
exp

{
γDt,z log Xπ(T )

}
− 1
]
,

provided that log Xπ(T ) is Malliavin differentiable in probability
with respect to W and belongs to DÑ

1,2. For this it suffices that
ρ(s), µ(s), σ(s), θ(s, z), and π(s) are Malliavin differentiable for each s
and (s, z). Note that by Corollary 13.34 we then get that F ∈ D

W
1,2 if

E
[
X2γ

π (T )
∫ T

0

(
Dt(log Xπ(T ))

)2
dt
]

< ∞.

Remark 16.5. Using the white noise framework, condition (16.10) on Fπ(T )
could be relaxed and replaced by

E[(Fπ(T ))2] < ∞.

The result still holds in the same form.

Remark 16.6. Condition (16.11) depends on the choice of utility function and
may be difficult to verify. Here, we give some examples under which it holds:

(1) First consider the case in which U ′(x)x is uniformly bounded for x ∈
(0,∞). In particular, it holds for the logarithmic utility U(x) = log x
and the exponential utility U(x) = − exp{−λx} (λ > 0). The condition
(16.11) holds if Y (y) := Yπ+yβ(T ), y ∈ (−δ, δ), is uniformly integrable.
The uniform integrability of {Y (y)}y∈(−δ,δ) is assured by

sup
y∈(−δ,δ)

E
[
|Y (y)|p

]
< ∞ for some p > 1.

Since π, β ∈ AE (see (16.7)), we have that 1+
(
π(s)+yβ(s)

)
θ(s, z) ≥ επ−δ

dt × ν(dz)-a.e. for some δ small enough. Thus

E
[( ∫ T

0

∫
R0

θ(s, z)
1 + (π(s) + yβ(s))θ(s, z)

Ñ(ds, dz)
)2]

≤ 1
(επ − δ)2

E
[ ∫ T

0

∫
R0

θ2(s, z)ν(dz)ds
]

< ∞.

Therefore, we have that E
[
Y 2(y)

]
is uniformly bounded in y ∈ (−δ, δ).
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(2) In the case of power utility function

U(x) =
1
γ

xγ , x > 0 for some γ ∈ (0, 1),

we can see that U ′(Xπ+yβ(T ))Xπ+yβ(T )|Y (y)| = Xγ
π+yβ(T )|Y (y)| and

condition (16.11) would be satisfied if

sup
y∈(−δ,δ)

E
[
(Xγ

π+yβ(T )|Y (y)|)p
]

< ∞ for some p > 1.

We can write
Xπ+yβ(T ) = Xπ(T )Z(y),

where

Z(y) := exp
{∫ T

0

[
(µ(s)−ρ(s))yβ(s) − σ2(s)yβ(s)π(s)− 1

2
σ2(s)y2β2(s)

]
ds

+
∫ T

0

yσ(s)β(s)dW (s)

+
∫ T

0

∫
R0

[
log(1 + (π(s) + yβ(s))θ(s, z)) − log(1 + π(s)θ(s, z))

− yβ(s)θ(s, z)
]
ν(dz)ds

+
∫ T

0

∫
R0

[
log(1 + (π(s) + yβ(s))θ(s, z))

− log(1 + π(s)θ(s, z))
]
Ñ(ds, dz)

}
.

From the repeated application of the Hölder inequality we have

E
[
(Xγ

π+yβ(T )|Y (y)|)p
]

≤
(
E
[(

Xπ(T )
)γpa1b1]) 1

a1b1
(
E
[(

Z(y)
)γpa1b2]) 1

a1b2
(
E
[(
|Y (y)|

)pa2
]) 1

a2 ,

where a1, a2: 1
a1

+ 1
a2

= 1 and b1, b2: 1
b1

+ 1
b2

= 1. Then we can choose
a1 = 2

2−p , a2 = 2
p and also b1 = 2−p

γp , b2 = 2−p
2−p−γp for some p ∈ (1, 2

γ+1 ).
Hence

E
[
(Xγ

π+yβ(T )|Y (y)|)p
]

≤
(
E
[(

Xπ(T )
)2]) γp

2
(
E
[(

Z(y)
) 2γp

2−p−γp
]) 2−p−γp

2
(
E
[(
|Y (y)|

)2]) p
2 .

If the value Xπ(T ) in (16.5) satisfies

E
[(

Xπ(T )
)2]

< ∞, (16.18)



16.2 Optimal Portfolio Problem under Partial Information 283

then the condition (16.11) holds if

sup
y∈(−δ,δ)

E
[
(Z(y)

) 2γp
2−p−γp }

]
< ∞. (16.19)

Condition (16.19) holds if, e.g.,

E
[
exp

{
K
(∫ T

0

[
|µ(s) − ρ(s)| + |π(s)|ds

)}]
< ∞ for all K > 0.

Note that condition (16.18) is verified, for example, if for all K > 0

E
[
exp

{
K
(∫ T

0

[
|µ(s) − ρ(s)| + |π(s)|

]
ds +

∣∣
∫ T

0

π(s)σ(s)dW (s)
∣∣

+
∣∣
∫ T

0

∫
R

log(1 + π(s)θ(s, z))Ñ(ds, dz)
∣∣)}] < ∞.

By similar arguments we can also treat the case of a utility function with
U ′(x) uniformly bounded for x ∈ (0,∞). We omit the details.

16.2.3 Examples

Example 16.7. Let us consider problem (16.3) with logarithmic utility, i.e.,

U(x) = log x, x > 0.

In this case we have

Fπ(T ) = U ′(Xπ(T ))Xπ(T ) = 1

and (16.12) simplifies to

µ̂(s)−ρ̂(s)−σ̂2(s)π(s)−π(s)E
[ ∫

R0

θ2(s, z)
1 + π(s)θ(s, z)

ν(dz)
∣∣∣Es

]
= 0, s ∈ [0, T ],

(16.20)

where, for convenience in notation, we have put µ̂(s) := E[µ(s)|Es], ρ̂(s) :=
E[ρ(s)|Es], σ̂2(s) := E[σ2(s)|Es], s ∈ [0, T ]. Compare this result with Corollary
16.16 and Theorem 16.20 in the forthcoming section dedicated to the study of
a portfolio optimization problem under partial observation in the logarithmic
utility case when in the market there is presence of insiders. In particular,

(1) If θ ≡ 0 and σ > 0 in the price dynamics, then the process

π∗(s) =
µ̂(s) − ρ̂(s)

σ̂2(s)
, s ∈ [0, T ],

belongs to AE and is an optimal portfolio.
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(2) If the price dynamics (16.2) are driven by a Brownian motion and a cen-
tered Poisson process, i.e., σ > 0, ν(dz) = δ1(dz), and θ(t, z) = z, then
(16.20) can be written as

µ̂ − ρ̂ − σ̂2π − π

1 + π
≡ 0.

Thus the processes

π∗ ≡ 1

2σ̂2

{(
µ̂ − ρ̂

)
− σ̂2 − 1 ±

√[(
µ̂ − ρ̂

)
− σ̂2 − 1

]2 + 4σ̂2(µ̂ − ρ̂)
}

are optimal for the problem (16.3) if π ≥ −1 + επ for some επ > 0 (this
depends on the choices of the coefficients in the price dynamics). If, in this
setting, the price dynamics of the risky asset is driven by only the centered
Poisson process, i.e., σ ≡ 0, then (16.20) leads to

µ̂ − ρ̂ − π

1 + π
≡ 0.

Hence

π∗ ≡ µ̂ − ρ̂

1 −
(
µ̂ − ρ̂

) (µ − ρ < 1 − ε, for some ε ∈ (0, 1))

belongs to AE and is optimal for (16.3).

Example 16.8. Next let us consider the case with power utility, i.e.,

U(x) =
1
γ

xγ , x > 0,

where γ ∈ (0, 1) is a constant. In this case we get Fπ(T ) = Xγ
π (T ), thus, by

the chain rules (see Theorem 12.8 and Theorem 13.32),

DtFπ(T ) = γXγ
π (T )Dt log Xπ(T )

and

Dt,zFπ(T ) =
(
Xπ(T ) + Dt,zXπ(T )

)γ − Xγ
π (T )

= Xγ
π (T )

[
exp

{
γDt,z log Xπ(T )

}
− 1
]
,

if log Xπ(T ) ∈ D
W
1,2 ∩ D

Ñ
1,2 – see Remark 16.4. Then (16.12) becomes

E
[
Xγ

π (T )
(
µ(t) − ρ(t) − σ2(t)π(t)

+
∫

R0

θ(t, z)
1 + π(t)θ(t, z)

(
exp

{
γDt,z log Xπ(T )

}
− π(t)θ(t, z) − 1

)
ν(dz)

+ γσ(t)Dt log Xπ(T )
)∣∣∣Et

]
= 0.

(16.21)
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In particular, if the coefficients µ(t), ρ(t), σ(t), and θ(t, z), t ∈ [0, T ], z ∈ R0,
are all deterministic and we would like to have a π(t), t ∈ [0, T ], deterministic
also, then π must satisfy the equation

µ(t) − ρ(t) + (γ − 1)σ2(t)π(t) +
∫

R0

θ(t, z)
[
(1 + π(t)θ(t, z))γ−1 − 1

]
ν(dz) = 0.

(16.22)
Conversely, any solution π of the equation above is an optimal deterministic
portfolio.

Remark 16.9. The main feature of (16.12) is that it gives an explicit rela-
tion between the optimal portfolio π and the corresponding optimal terminal
wealth X̂π(T ) = Xπ(T ). The following examples illustrate this:

Example 16.10. In the price dynamics, let us assume that θ = 0, σ(t) �= 0,
t ∈ [0, T ] and

E
[
exp

{1
2

∫ T

0

(µ(s) − ρ(s)
σ(s)

)2
ds
}]

< ∞.

Moreover, we set Et = Ft for all t. In this context the market model is com-
plete. It is known that the optimal terminal wealth X̂π(T ) is given by

X̂π(T ) = I(Y(x)H0(T )), (16.23)

where I := (U ′)−1 is the inverse of U ′(u) = d
duU(u), and Y(x) = X−1(x) is

the inverse of the function X that is defined by

X (y) = E
[
H0(T )I(yH0(T ))

]
, (16.24)

with

H0(T ) = exp
{
−
∫ T

0

µ(s) − ρ(s)
σ(s)

dW (s) −
∫ T

0

[
ρ(s) +

1
2
(µ(s) − ρ(s)

σ(s)
)2]

ds
}

(16.25)

– see, e.g., [129], Chap. 3. Hence

Fπ(T ) = U ′(Xπ(T ))Xπ(T ) = Y(x)H0(T )I(Y(x)H0(T ))

(cf. (16.10)) is known in this case and, since H0(T ) ∈ D
W
1,2 (see assumptions on

the coefficients in the price dynamics), we can solve (16.12) for π as follows:

π(s) =
µ(s) − ρ(s)

σ2(s)
+

E
[
DsFπ(T )|Fs

]
σ(s)E

[
Fπ(T )|Fs

] , s ∈ [0, T ]. (16.26)

Thus, any solution π of (16.26) is optimal for the problem (16.3). Note that if
the utility function is logarithmic, then Fπ(T ) = 1 and hence we find directly
the classical solution to the optimization problem under full information, cf.
also Example 16.7.
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Example 16.11. Here we consider an extension of Example 16.10 to the general
case of (16.1) and (16.2), where σ(t) �= 0, θ(t, z) �= 0, t ∈ [0, T ], z ∈ R0, and
hence the market is possibly incomplete. As in the previous case we assume
Et = Ft, for all t.

Let u(x) be as in (16.3) and consider the associated dual problem

v(y) := inf
Q∈Ma

E
[
V
(
y
dQ

dP

)]
, y > 0, (16.27)

where
V (λ) := sup

ξ∈R

{
U(ξ) − λξ

}
, λ > 0, (16.28)

is the Legendre transform of U and Ma is the set of measures Q absolutely
continuous with respect to P .

Then – under certain conditions – the optimal terminal wealth X̂π(T ) is
given by

X̂π(T ) = I
(
y(x)

dQ̂(y(x))
dP

)
, (16.29)

where I := (U ′)−1 (as in Example 16.10). Here x > 0 is related to y = y(x) > 0
via u′(x) = y or, equivalently, x = −v′(y), and the measure Q̂ = Q̂(y) ∈ Ma

is the optimal measure for the dual problem (16.27). We refer to, e.g., [135]
and the survey [213] and the references therein for more details. Therefore, in
terms of Q̂ we get

Fπ(T ) = U ′(X̂π(T ))X̂π(T ) = y(x)
dQ̂(y(x))

dP
I
(
y(x)

dQ̂(y(x))
dP

)

– cf. (16.10). With this expression for Fπ(T ) in hands, we can see that if
Fπ(T ) ∈ D

W
1,2 ∩D

Ñ
1,2, then a portfolio π is optimal if and only if it satisfies the

following equation:
(
µ(s) − ρ(s) − σ2(s)π(s)

)
E
[
Fπ(T )

∣∣Fs

]
+ σ(s)E

[
Ds

(
Fπ(T )

)∣∣Fs

]

+

∫
R0

θ(s, z)E[Ds,z

(
Fπ(T )

)
|Fs] − π(s)θ2(s, z)E[Fπ(T )|Fs]

1 + π(s)θ(s, z)
ν(dz) = 0, s ∈ [0, T ].

(16.30)

16.3 Optimal Portfolio under Partial Information
in an Anticipating Environment

On the probability space (Ω,F , P ), (see Sect. 12.5) we consider filtrations
E = {Et, t ∈ [0, T ]}, F = {Ft, t ∈ [0, T ]}, and G = {Gt, t ∈ [0, T ]} such that

Et ⊆ Ft ⊆ Gt ⊆ F for all t ∈ [0, T ]. (16.31)

This represents the structure of the flow of information considered in this
section.
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The market model considered has two investment possibilities:

• Price of a risk free asset with price dynamics
{

dS0(t) = ρ(t)S0(t)dt, t ∈ (0, T ],
S0(0) = 1

(16.32)

• A risky asset with price dynamics
{

dS1(t) = S1(t−)
[
µ(t)dt + σ(t)d−W (t) +

∫
R0
θ(t, z)Ñ(d−t, dz)

]
, t ∈ (0, T ],

S1(0) > 0.

(16.33)

The driving noises in the model are a standard Brownian motion W (t), t ∈
[0, T ], and an independent compensated Poisson random measure Ñ(dt, dz),
(t, z) ∈ [0, T ] × R0. Recall once again that we assumed

∫
R0

z2ν(dz) < ∞.

In this section, we assume that the coefficients ρ, µ, σ, and θ may be influenced
by other noises than the two driving the price dynamics. Thus we assume that
they are in general G-measurable. This leads to a different situation from the
one considered in (16.1) and (16.2). In fact, Itô nonanticipating calculus can-
not be applied any more and we have to enter the domain of anticipating
integration. We choose to interpret these integrals as forward integrals, be-
cause this is what the integrals would be identical to if we happen to be in a
semimartingale context, i.e., if the integrators would be semimartingales with
respect to the filtration G – see Lemma 8.9 and Remark 15.2. Moreover, in
the Brownian motion case the forward integrals can be regarded as limits of
Riemann sums, which makes the forward integrals natural for modeling gain
processes of insiders in finance. See Lemma 8.4.

Remark 16.12. Note that in the wide literature of the so-called enlargement
of filtrations, some conditions (often difficult to verify) have to be given to
ensure that the integrator is a semimartingale with respect to the enlarged
filtration. This is an unavoidable point if one does not want to leave the do-
main of semimartingale integration. The approach presented here does not
need these assumptions of semimartingality, and hence provides a consistent
framework for the study of these problems with respect to a general larger
filtration. For example, in Sect. 16.4 we prove a general insider optimal con-
sumption result, valid without any semimartingale assumptions about the
filtration/information available to the insider. This illustrates that in some sit-
uations the assumption of semimartingality may be irrelevant. On the other
side, we prove that if an optimal portfolio exists, then the integrators are
actually semimartingales with respect to the general enlarged filtration. See
Theorem 8.26 and the forthcoming Theorem 16.34.
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The literature with respect to enlargement of filtrations is wide indeed.
Without being able to or aiming at being complete, we can here refer to, e.g.,
[203] and references therein. Related works with respect to the application
to insider trading are, e.g., [6, 49, 76, 77, 90, 91, 92, 93, 116, 130, 131, 146,
191].

Remark 16.13. Market models of type (16.32) and (16.33) may appear also in
a different context, such as stochastic volatility models. In fact, in general, the
coefficients σ and θ need not be F-adapted, but can possibly be influenced by
other noises as well. The same can be said about µ and also ρ. See [181].

An example of a situation in which the price dynamics are of type (16.32)
and (16.33) is the case when there are “large” investors in the market (i.e., in-
vestors with influential capacity) and these investors have inside information;
this means that they have access to a larger filtration Gt ⊃ Ft when making
their decisions.

In this context a trader with only a partial information E at disposal will
be able to optimize his portfolio relying only on his own knowledge, thus
producing an E-measurable portfolio π. At any time t, π(t) represents the
fraction of the total wealth Xπ(t) = Xx

π(t) of the agent invested in the risky
asset. The value of such a portfolio is given by

dXπ(t) = Xπ(t−)
[
(ρ(t) + (µ(t) − ρ(t))π(t))dt + π(t)σ(t)d−W (t)

+ π(t)
∫

R0

θ(t, z)Ñ(d−t, dz)
]
; X(0) = x > 0.

(16.34)

Note that this equation is substantially different from (16.4), in fact the for-
ward integrals are coming in.

In this section, we are dealing with the optimal portfolio problem

u(x) := sup
π∈AE

E [U(Xx
π(T ))] = E [U(Xx

π∗(T ))] , (16.35)

for a given utility function U : [0,∞) −→ [−∞,∞). Here AE is the set of all
admissible portfolios for an agent with partial information E at disposal.

In particular, we focus on the case of logarithmic utility function, i.e.,

U(x) = log x, x > 0.

For simplicity, we split the discussion into two cases:
(1) The continuous case: σ �= 0, θ = 0.
(2) The pure jump case: σ = 0, θ �= 0.
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16.3.1 The Continuous Case: Logarithmic Utility

Here we study the market model given by

(Bond price) dS0(t) = ρ(t)S0(t)dt; S0(0) = 1 (16.36)

(Stock price) dS1(t) = S1(t)[µ(t)dt + σ(t)d−W (t)], S1(0) > 0,
(16.37)

where we assume that ρ(t), µ(t), and σ(t) satisfy the following conditions:

� ρ(t), µ(t), σ(t) are Gt-adapted. (16.38)

� E
[ T∫

0

{|ρ(t)| + |µ(t)| + σ2(t)}dt
]

< ∞. (16.39)

� σ(t) is Malliavin differentiable and Dt+σ(t) = lim
s→t+

Dsσ(t) exists

(16.40)

for a.a. t ∈ [0, T ].
� Equation (16.37) has a unique Gt-adapted solution S1(t), t ∈ [0, T ].

(16.41)

As before, E = {Et , t ∈ [0, T ]} and G = {Gt , t ∈ [0, T ]} are given filtrations
such that

Et ⊆ Ft ⊆ Gt ⊆ F for all t ∈ [0, T ]. (16.42)

Definition 16.14. The set AE of admissible portfolios consists of all
processes π = π(t), t ∈ [0, T ], satisfying the following conditions:

� π is Et-adapted. (16.43)

� π(t)σ(t), t ∈ [0, T ], is Skorohod integrable and càglàd. (16.44)

� E
[ T∫

0

|π(t)Dt+σ(t)|dt
]

< ∞. (16.45)

� E
[ T∫

0

|µ(t) − ρ(t)| · |π(t)|dt
]

< ∞. (16.46)

In this framework, problem (16.35) can be formulated as follows. Find
u(x), x > 0, and π∗ ∈ AE such that

u(x) = sup
π∈AE

E[log(Xx
π(T ))] = E[log(Xx

π∗(T ))], (16.47)
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where Xπ(t) = Xx
π(t), t ∈ [0, T ], is given by

dXπ(t) = Xπ(t)[(ρ(t) + (µ(t) − ρ(t))π(t))dt + π(t)σ(t)d−W (t)] (16.48)

and Xπ(0) = Xx
π(0) = x > 0. We now proceed to solve our problem (16.47).

Applying Theorem 8.12 to the forward differential equation (16.48), we get
the (unique) solution

Xπ(T ) = x exp
{ T∫

0

(ρ(t) + (µ(t) − ρ(t))π(t)

− 1
2π2(t)σ2(t))dt +

T∫

0

π(t)σ(t)d−W (t)
}

. (16.49)

Hence, using Corollary 8.19,

E[ log Xπ(T )] − log x =

= E
[ T∫

0

(ρ(t) + (µ(t) − ρ(t))π(t) − 1
2π2(t)σ2(t))dt +

T∫

0

π(t)σ(t)d−W (t)
]

= E
[ T∫

0

{ρ(t) + (µ(t) − ρ(t))π(t) − 1
2π2(t)σ2(t) + Dt+(π(t)σ(t))}dt

]
.

(16.50)

Since π(t) is Et-measurable and Et ⊆ Ft, we have

Dsπ(t) = 0 for all s > t.

Therefore, by the chain rule for the Malliavin derivative

Dt+(π(t)σ(t)) = σ(t)Dt+π(t) + π(t)Dt+σ(t) = π(t)Dt+σ(t),

when substituted into (16.50) gives

E
[
log Xπ(T )

]
− log x = E

[ T∫

0

{ρ(s) + β(s)π(s) − 1
2σ2(s)π2(s)}ds

]
, (16.51)

where
β(s) := µ(s) − ρ(s) + Ds+σ(s). (16.52)

Equation (16.51) can also be written as

E
[
log Xπ(T )

]
− log x = E

[ T∫

0

{ρ̂(s) + β̂(s)π(s) − 1
2 σ̂2(s)π2(s)}ds

]
, (16.53)
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where
ρ̂(s) = E[ρ(s)|Es],

and similarly we obtain for σ̂, β̂, σ̂2. We can now maximize pointwise for each
s with respect to π under the integral sign. We obtain

π∗(s)σ̂2(s) = β̂(s).

Summarizing the above we get the following result. See [181].

Theorem 16.15. (a) Suppose that σ(t) �= 0 for a.a. (ω, t) and

E
[ T∫

0

β̂
2
(s)

σ̂2(s)
ds
]

< ∞ , (16.54)

where β(s) is defined in (16.52). Then the value function u of problem
(16.47) is

u(x) = log x + E
[ T∫

0

{
ρ(s) +

β(s)β̂(s)

σ̂2(s)
− σ2(s)

2

( β̂(s)

σ̂2(s)

)2}
ds
]
.

It is also equal to

u(x) = log x + E
[ T∫

0

{
ρ(s) +

β̂(s)2

2σ̂2(s)

}
ds
]

< ∞. (16.55)

(b) Suppose that σ(t) �= 0 for a.a. (ω, t) and that

π̂(s) :=
β̂(s)

σ̂2(s)
∈ AE. (16.56)

Then π∗(s) := π̂(s) is an optimal control for problem (16.47).
(c) Suppose there exists an optimal portfolio π∗ ∈ AE for problem (16.47).

Then
π∗(s)σ̂2(s) = β̂(s). (16.57)

Corollary 16.16. (a) Suppose

σ(s) is Fs-measurable for all s ∈ [0, T ].

Then
Ds+σ(s) = 0 for all s ∈ [0, T ]

and hence
β(s) = µ(s) − ρ(s). (16.58)

This gives, under the conditions of Theorem 16.15,

π∗(s) =
µ̂(s) − ρ̂(s)

σ̂2(s)
(16.59)
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(b) In particular, if we assume that

Et = Ft = Gt for all t ∈ [0, T ]

then we get the well-known result

π∗(s) =
µ(s) − ρ(s)

σ2(s)
(16.60)

and

u(x) = log x + E
[ T∫

0

{
ρ(s) + 1

2

(µ(s) − ρ(s)
σ(s)

)2}
ds
]
, (16.61)

provided that

E
[ T∫

0

(µ(s) − ρ(s)
σ(s)

)2

ds
]

< ∞.

Remark 16.17. This result earlier should be compared with the ones in
Example 16.7.

Example 16.18. Delayed noise effect. Suppose we have a market where the
stock price dynamics (16.37) is given by

d−S1(t) = Si(t)
[
µ(t)dt + σ(t)d−W (t − δ)

]
. (16.62)

We assume that µ(t) and σ(t) are F-adapted. However, in this model we allow
for a delay δ ≥ 0 in the effect on S1(·) of the noise coming from W (·).

Integrating (16.62) we get

S1(t) = S1(0) +

t∫

0

S1(s)µ(s)ds +

t∫

0

S1(s)σ(s)d−W (s − δ)

= S1(0) +

t−δ∫

−δ

S1(r + δ)µ(r + δ)dr +

t−δ∫

−δ

S1(r + δ)σ(r + δ)d−W (r).

(16.63)

Define
S̃1(t) = S1(t + δ); −δ ≤ t. (16.64)

Then (16.63) can be written as

S̃1(t) = S1(0) +

t∫

−δ

S̃1(r)µ(r + δ)dr +

t∫

−δ

S̃1(r)σ(r + δ)d−W (r)

= S̃1(0) +

t∫

0

S̃1(r)µ(r + δ)dr +

t∫

0

S̃1(r)σ(r + δ)d−W (r).
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Or, equivalently,

dS̃1(t) = S̃1(t)
[
µ̃(t)dt + σ̃(t)d−W (t)

]
; S̃1(0) = S1(δ), (16.65)

where µ̃(t) = µ(t + δ), σ̃(t) = σ(t + δ).
Note that this is a price equation of the same type as in (16.33), where

the coefficients µ̃(t), σ̃(t) are adapted to the filtration

Gt := Ft+δ.

Suppose Et = Ft. Let µ(s) and ρ(s) be bounded Fs+δ-measurable and
choose

σ(s) = exp(W (s + δ)); s ∈ [0, T ].

Then Ds+σ(s) = σ(s) and hence the corresponding optimal portfolio is, by
Theorem 16.15,

π∗
δ(s) =

E[µ(s) − ρ(s) + σ(s)|Fs]
E[σ2(s)|Fs]

for δ > 0. (16.66)

On the other hand, if Et = Ft = Gt (corresponding to δ = 0) then Ds+σ(s) = 0
and we know by Corollary 16.16 that the optimal portfolio is

π∗
0(s) =

µ(s) − ρ(s)
σ2(s)

. (16.67)

Comparing (16.66) and (16.67) we see that, perhaps surprisingly,

lim
δ→0+

π∗
δ(s) �= π∗

0(s). (16.68)

Similarly, if the corresponding value functions are denoted by uδ(s) and u0(x),
respectively, we get

lim
δ→0+

uδ(x) = log x+E
[ T∫

0

{
ρ(s)+ 1

2

(µ(s) − ρ(s)
σ(s)

+1
)2}

ds
]
�= u0(x). (16.69)

We conclude that any positive delay δ in the information, no matter how
small, has a substantial effect on the optimal control and the value function.

16.3.2 The Pure Jump Case: Logarithmic Utility

We now consider the market given by

(Bond price) dS0(t) = ρ(t)S0(t)dt, S0(0) = 1. (16.70)

(Stock price) dS1(t)=S1(t−)[µ(t)dt +
∫

R0

θ(t, z)Ñ(d−t, dz)], S1(0) > 0,

(16.71)
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where we assume that ρ(t), µ(t), and θ(t, z) satisfy the following conditions:

� ρ(t), µ(t), and θ(t, z) are G-measurable, for all t ∈ [0, T ], z ∈ R. (16.72)

� θ(t, z) is bounded and Malliavin differentiable and Dt+,zθ(t, z) :=

lim
s→t+

Ds,zσ(t, z) (16.73)

exists for a.a. t, z and is bounded.

� E[
T∫
0

{|ρ(s)| + |µ(s)| +
∫

R0

(|θ(s, z)| + |Ds+,zθ(s, z)|)ν(dz)}ds] < ∞. (16.74)

� The equation (16.71) has a unique G-adapted solution S1(t), t ∈ [0, T ]. (16.75)

As before, {E = Et , t ∈ [0, T ]} and {G = Gt , t ∈ [0, T ]} are given filtrations
such that

Et ⊆ Ft ⊆ Gt ⊆ F for all t ∈ [0, T ].

Definition 16.19. The set AE of admissible portfolios consists of all processes
π = π(t), t ∈ [0, T ], satisfying the following conditions:

� π is E-adapted. (16.76)

� π(t)θ(t, z), t ∈ [0, T ], z ∈ R0, is Skorohod integrable with respect to Ñ .
(16.77)

� π(t)θ(t, z) > −1 + ε for a.a. t, z (where ε > 0 may depend on π), and
(16.78)

E[

T∫

0

∫

R0

| log (1 + π(s)θ(s, z))|ν(dz)dt] < ∞

� π(t)(θ(t, z)+Dt+,zθ(t, z))>−1 + ε for a.a. t, z (where ε > 0 may depend
(16.79)

on π), and

E
[ T∫

0

∫

R0

| log(1 + π(t)(θ(t, z) + Dt+,zθ(t, z)))|ν(dz)dt
]

< ∞ .

In this framework, problem (16.35) can be formulated as follows. Find
u(x), x > 0, and π∗ ∈ AE such that

u(x) = sup
π∈AE

E[log Xx
π(T )] = E[log(Xx

π∗(T ))], (16.80)

where Xπ(t) = Xx
π(t), t ∈ [0, T ], is given by

dXπ(t) = Xπ((t−)
[
(ρ(t) + (µ(t) − ρ(t))π(t))dt + π(t)

∫

R0

θ(t, z)Ñ(d−t, dz)
]

(16.81)
and Xπ(0) = Xx

π(0) = x > 0.
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We now proceed with the study of the solution of the above problem. First
note that if we apply the Itô formula for forward integrals (Theorem 15.8),
we get that the solution of (16.81) is given by

X(t) = x exp
[ t∫

0

{ρ(s) + (µ(s) − ρ(s))π(s)

+
∫

R0

[log(1 + π(s)θ(s, z)) − π(s)θ(s, z)]ν(dz)}ds

+

t∫

0

∫

R0

log(1 + π(s)θ(s, z))Ñ(d−s, dz)
]
. (16.82)

Hence, using Corollary 15.6 we get

E
[
log

X(T )
x

]
= E

[ T∫

0

{
ρ(s) + (µ(s) − ρ(s))π(s) (16.83)

+
∫

R0

[log(1 + π(s)θ(s, z)) − π(s)θ(s, z)]ν(dz)
}

ds

+

T∫

0

∫

R0

log(1 + π(s)θ(s, z))Ñ(d−s, dz)
]

= E
[ T∫

0

{
ρ(s) + (µ(s) − ρ(s))π(s)

+
∫

R0

[log(1 + π(s)θ(s, z)) − π(s)θ(s, z)

+ Ds+,z log(1 + π(s)θ(s, z))]ν(dz)
}

ds
]

=: Fπ. (16.84)

By the chain rule (Theorem 12.8) we get

Ds+,z log(1 + π(s)θ(s, z))

= log(1 + π(s)θ(s, z) + Ds+,z(π(s)θ(s, z))) − log(1 + π(s)θ(s, z))

= log(1 + π(s)(θ(s, z) + Ds+,zθ(s, z)) − log(1 + π(s)θ(s, z))

= log
(
1 +

π(s)Ds+,zθ(s, z)
1 + π(s)θ(s, z)

)
.
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When substituted into (16.84) this gives

Fπ := E
[ T∫

0

{
ρ(s) + (µ(s) − ρ(s))π(s)

+
∫

R0

[log(1 + π(s)(θ(s, z) + Ds+,zθ(s, z))) − π(s)θ(s, z)]ν(ds)
}

ds
]
.

(16.85)

We want to maximize the function

π → Fπ, π ∈ AE.

Suppose that an optimal π∗ ∈ AE exists. Then for all bounded η ∈ AE, there
exists δ > 0 such that π∗ + rη ∈ AE for r ∈ (−δ, δ) and the function

f(r) := Fπ∗+rη, r ∈ (−δ, δ),

is maximal for r = 0. Therefore,

0 =f ′(0) = E
[ T∫

0

{
(µ(s) − ρ(s))η(s)

+
∫

R0

[(1 + π∗(s)θ̃(s, z))−1θ̃(s, z)η(s) − θ(s, z)η(s)]ν(dz)
}

ds
]
,

where we have put

θ̃(s, z) = θ(s, z) + Ds+,zθ(s, z).

Hence

T∫

0

E
[{

µ(s)−ρ(s)+
∫

R0

[(1+π∗(s)θ̃(s, z))−1θ̃(s, z)−θ(s, z)]ν(dz)
}

η(s)
]
ds = 0.

Since for each s the random variables η(s), η ∈ AE, generate the whole σ-
algebra Es, we conclude that, for all s ∈ [0, T ],

E
[{

µ(s) − ρ(s) +
∫

R0

[(1 + π∗(s)θ̃(s, z))−1θ̃(s, z) − θ(s, z)]ν(dz)
}∣∣Es

]
= 0.

This proves part (a) of the following result – see [181].

Theorem 16.20. (a) Suppose there exists an optimal portfolio π∗ ∈ AE for
problem (16.80). Then y = π∗(s) satisfies the equation
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E
[ ∫

R0

θ(s, z) + Ds+,zθ(s, z)
1 + y(θ(s, z) + Ds+,zθ(s, z))

ν(dz)
∣∣Es

]

= E
[{

ρ(s) − µ(s) +
∫

R0

θ(s, z)ν(dz)
}∣∣Es

]
, s ∈ [0, T ]. (16.86)

(b) Suppose
θ(s, z) + Ds+,zθ(s, z) ≥ 0 for a.a. s, z (16.87)

and that for all s there exists a solution

y =: π̂(s)

of (16.86). Suppose
π̂(s) ∈ AE.

Then π̂ is an optimal portfolio for problem (16.80).

Proof Part (a) of the theorem is already discussed. As for Part (b) it is
enough to observe that if (16.87) holds, then the function Fπ given by (16.85)
is concave. 
�

Remark 16.21. This earlier result should be compared with those in Example
16.7.

Example 16.22. The Poisson process. Suppose η(t) =
∫ t

0

∫
R0

zÑ(ds, dz),
t ∈ [0, T ], is a compensated Poisson process. Then the Lévy measure ν(dz) is
the point mass at z = 1 and (16.86) gets the form

E
[ θ̃(s)
1 + yθ̃(s)

∣∣Es

]
= E[ρ(s) − µ(s) + θ(s, 1)|Es], (16.88)

where
θ̃(s) = θ(s, 1) + Ds+,1θ(s, 1).

Assume in addition that

θ̃(s) is Es-measurable.

Then (16.88) has the solution

y = π̂(s) = π∗(s) = E[ρ(s) − µ(s) + θ(s, 1)|Es]−1 − (θ̃(s))−1, (16.89)

provided that

E[ρ(s) − µ(s) + θ(s, 1)|Es] �= 0 and θ̃(s) �= 0; s ∈ [0, T ].
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Corollary 16.23. Full information case. Suppose

Et = Ft = Gt for all t ∈ [0, T ]

and that there exists an optimal portfolio π∗ ∈ AE for problem (16.80). Then
y = π∗(s) solves the equation

∫

R0

θ(s, z)
1 + yθ(s, z)

ν(dz) = ρ(s) − µ(s) +
∫

R0

θ(s, z)ν(dz). (16.90)

In the special case of Markovian coefficients, this result could have been
obtained by dynamic programming.

16.4 A Universal Optimal Consumption Rate
for an Insider

Suppose the cash flow at time t is modeled by a geometric Brownian motion
given by

dX(t) = X(t)[µdt + σ dW (t)]; X(0) = x > 0, t ≥ 0. (16.91)

Here µ, σ, and x are known constants. Suppose that at any time t we are
free to take out consumption (or dividends) at a rate c(t) = c(ω, t) ≥ 0. The
corresponding cash flow equation is then

dX(c)(t) = X(c)[µdt + σdW (t)] − c(t)dt; X(c)(0) = x > 0. (16.92)

In the classical setup it is assumed that c(t) is adapted with respect to the
filtration Ft generated by W (s); s ≤ t. This ensures that (16.92) still makes
sense as an Itô stochastic differential equation. Moreover, this is a natural as-
sumption from a modeling point of view. The decision about the consumption
c(t) rate at time t should only depend upon the information obtained from
observing the market up to time t and not upon any future event.

Now assume that the consumer has a logarithmic utility of his consumption
rate. The expected total discounted utility of a chosen consumption rate c(·)
is then

J(c) = E
[ ∞∫

0

e−δt log c(t)dt
]
, (16.93)

where δ > 0 (constant) is a given discounting exponent. Let the set AF of
admissible controls (consumption rates) be the set of non-negative F-adapted
processes c = c(t), t ≥ 0, such that X(c)(t) ≥ 0 for all t.
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Consider the following problem:

• Find c∗ ∈ AF such that

J(c∗) = sup
c∈AF

J(c). (16.94)

Such a control c∗ (if it exists) is called an optimal control for problem (16.94).
It is well-known, and easy to prove by using stochastic control theory, that

the optimal control c∗ for (16.94) is given by (in feedback form)

c∗(t) = δX(c∗)(t). (16.95)

In other words, it is optimal to consume at a rate proportional to current cash
amount, with a constant of proportionality equal to the discounting exponent.

This is a remarkably simple result. Note in particular that c∗ does not
depend on the parameters µ and σ. It is natural to ask if this result remains
valid in a more general setting. More precisely, we ask what happens if we
allow the following generalizations:

(i) We add a jump term (represented by a Poissonian random measure) in
(16.92).

(ii) We replace the constant coefficients by measurable stochastic processes:
δ = δ(ω, t), µ = µ(ω, t) etc.

(iii) We do not assume that these coefficient processes are F-adapted, but
we allow them to be arbitrary measurable processes.

(iv) We introduce a stochastic terminal time (or default time) τ , with values
in [0,∞]. This random time is not necessarily a stopping time with respect
to F, but just assumed to be measurable.

(v) We assume that the consumption rate c(t) is adapted to some filtra-
tion H = {Ht, t ≥ 0}, without any prior assumption about the relation
between Ft and Ht.

Two special cases in (v) are the following:

(v1) Ht ⊂ Ft for all t ≥ 0.

In this case the consumer has less information than what is represented by
the filtration of the underlying driving process(es). This is often reduced to
a partial observation control problem. We refer to [22] for more information
about this topic.

(v2) Ft ⊂ Ht for all t ≥ 0.

In this case the consumer has more information than what can be obtained
by observing the driving processes. This is the case of inside information and
in our terminology the consumer is an insider. For example, in the original
model (16.92) the extra information available could be the future value W (T )
of the underlying Brownian motion at some time T > 0.
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In the cases (i), (iii), (iv) and (v2) it is clear that the corresponding equa-
tion for the cash flow X(c)(t) is no longer an Itô stochastic differential equa-
tion, because of the anticipating coefficients, the default time, and the control.
We choose to model the integral

t∫

0

ϕ(s)dW (s) (16.96)

when ϕ(s) = X(c)(s)σ(s), s ∈ [0, T ], is not F-adapted, by using forward
integrals, which are defined and motivated in Sect. 8.2.

Similarly, in order to deal with (i) we use forward integrals with respect to
Poisson random measures when modeling strategies in such markets. These in-
tegrals and their properties were discussed in Chap. 15. We now apply this for-
ward stochastic calculus machinery to study the extension of problem (16.94)
given in (1)–(5) above. This presentation is based on [179].

16.4.1 Formalization of a General Optimal Consumption Problem

We now consider a cash flow that after being subject to a consump-
tion/dividend rate c(t) ≥ 0, is modeled by the equation

dX(c)(t) = X(c)(t−)
[
µ(t)dt + σ(t)d−W (t) +

∫

R0

θ(t, z)Ñ(d−t, dz)
]

− c(t)dt, t ≥ 0 (16.97)

X(c) = x > 0.

Let H = {Ht, t ≥ 0} be another filtration, with no a priori relation to
F = {Ft, t ≥ 0}. The σ-algebra Ht represents the information available to the
agent at time t. We make no a priori adaptedness conditions on the given
processes µ(t), σ(t), and θ(t, z), t ∈ [0, T ], z ∈ R0, except that they are mea-
surable. This allows us to model the situation where the cash flow may be
influenced by the actions of other traders who are insiders.

The corresponding stochastic differential equation (16.97) is interpreted as
the forward stochastic integral equation

X(c)(t) = x +

t∫

0

X(c)(s)µ(s)ds +

t∫

0

X(c)(s)σ(s)d−W (s)

+

t∫

0

∫

R0

X(c)(s−)θ(s, z)Ñ(d−s, dz) −
t∫

0

c(s)ds; t ≥ 0, (16.98)

where d−W (s) and Ñ(d−s, dz) indicate that forward integral interpretation is
being used. See Sect. 12.5 for the probability space description and Chaps. 8
and 15 for definition and properties of the forward integrals.
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Let δ(t) ≥ 0 be a given measurable process, modeling a discounting expo-
nent, and let τ : Ω → [0,∞] be a given measurable random variable, repre-
senting a terminal or default time for the cash flow. We consider the problem
to maximize the sum of the expected total discounted logarithmic utility of
the consumption rate c(t) up to the default time τ and the logarithmic utility
of the terminal cash amount X(c)(τ), given by

J(c) = E
[ τ∫

0

e−δ(t) log c(t)dt + γe−δ(τ) log X(c)(τ)
]
, (16.99)

subject to the condition that X(c)(t) > 0 for all t < τ . Here γ ≥ 0 is a
constant. We assume that the choice of c(·) has no influence on δ, µ, σ, θ, or τ .

In Sect. 16.4.2 we show that, under some conditions, the optimal consump-
tion/dividend rate c∗(t) for (16.99) has the simple feedback form

c∗(t) = λ∗(t)X(c∗)(t), (16.100)

where

λ∗(t) =
E[X[0,τ ](t)e−δ(t)|Ht]

E[X[0,τ ](t)(
∫ τ

t
e−δ(s)ds + γe−δ(τ))|Ht]

. (16.101)

See Theorem 16.25. Note that λ∗(t) does not depend on any of the coefficients
µ(·), σ(·), and θ(·).

The problem discussed in this section is related to the optimal consumption
and portfolio problems associated with a random time horizon studied in [40],
[41]. However, our approach is different.

16.4.2 Characterization of an Optimal Consumption Rate

We assume the following about the market:

� µ(t), σ(t), θ(t, z), δ(t) and τ : Ω → [0,∞] (16.102)
are measurable for all t, z.

� θ(t, z) > −1 for a.a. t, z with respect to dt × ν(dz). (16.103)
� σ(s) and θ(s, z) are càglàd (with respect to s) (16.104)

and the forward integrals
τ∫

0

σ(s)d−W (s) and

τ∫

0

∫

R0

log(1 + θ(s, z))Ñ(d−s, dz)

exist and belong to L1(P ).

� E
[ τ∫

0

e−δ(t)k(t)dt + e−δ(τ)k(τ)
]

< ∞, where (16.105)
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k(t) =

t∫

0

{
|µ(s)| + σ2(s) +

∫

R0

| log(1 + θ(s, z)) − θ(s, z)|ν(dz)
}

ds

+
∣∣∣

t∫

0

σ(s)d−W (s)
∣∣∣+
∣∣∣

t∫

0

∫

R0

log(1 + θ(s, z))Ñ(d−s, dz)
∣∣∣.

We now represent the consumption rate c by its fraction λ of the total wealth,
i.e., we put

λ(t) =
c(t)

X(c)(t)
, t ≥ 0. (16.106)

We call λ = λ(t), t ≥ 0, the relative consumption rate. If X(c)(τ) = 0, we put
λ(τ) = 0.

If
t∫
0

λ(s)ds < ∞ a.s., for all t < τ , then the solution X(t) = X(λ)(t) of

the corresponding wealth equation is, by the Itô formula for forward integrals,
given by

X(λ)(t) =x exp
[ t∫

0

{µ(s) − λ(s) − 1
2σ2(s)

+
∫

R0

(log(1 + θ(s, z)) − θ(s, z))ν(dz)}ds

+

t∫

0

σ(s)d−W (s) +

t∫

0

∫

R0

log(1 + θ(s, z))Ñ(d−s, dz)
]
. (16.107)

Definition 16.24. The set AH of admissible controls or admissible relative
consumption rate is the set of non-negative H-adapted processes λ = λ(t),
t ≥ 0, such that

τ∫

0

λ(s)ds < ∞ P − a.s. (16.108)

and

E
[ τ∫

0

e−δ(t)| log λ(t)|dt + e−δ(τ)| log X(λ)(τ)|
]

< ∞. (16.109)

To each λ ∈ AH, we associate the consumption/dividend rate

cλ(t) := λ(t)X(λ)(t), t ≥ 0.
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The problem we study can now be formulated as follows:
Find λ∗ ∈ AH such that

J(cλ∗) = sup
λ∈AH

J(cλ), (16.110)

where

J(cλ) = E
[ τ∫

0

e−δ(t) log cλ(t)dt + γe−δ(τ) log X(λ)(τ)
]

Such λ∗ – if it exists – is called an optimal control for problem (16.110).
We can now state and prove our main result.

Theorem 16.25. Define

λ̂(t) =
E[X[0,τ ](t)e−δ(t)|Ht]

E[X[0,τ ](t)(
τ∫
t

e−δ(s)ds + γe−δ(τ))|Ht]
, t ≥ 0. (16.111)

If λ̂ ∈ AH then λ̂ = λ∗ is the optimal control for problem (16.110). If λ̂ �∈ AH

then an optimal control does not exist.

Proof Choose λ ∈ AH and put c(t) = λ(t)X(λ)(t). Then

J(c) = E
[ τ∫

0

e−δ(t) log c(t)dt + γe−δ(τ) log X(λ)(τ)
]

= E
[ τ∫

0

e−δ(t)
(

log λ(t) −
t∫

0

λ(s)ds
)
dt − γe−δ(τ)

τ∫

0

λ(t)dt
]

+ K,

(16.112)

where

K = E
[ τ∫

0

e−δ(t)h(t)dt + γe−δ(τ)(log x + h(τ))
]
,

with

h(t) =

t∫

0

{
µ(s) − 1

2σ2(s) +
∫

R0

(log(1 + θ(s, z)) − θ(s, z))ν(dz)
}

ds

+

t∫

0

σ(s)d−W (s) +

t∫

0

∫

R0

log(1 + θ(s, z))Ñ(d−s, dz). (16.113)

Note that K does not depend on λ. Now, by the Fubini theorem,
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τ∫

0

e−δ(t)

t∫

0

λ(s)ds dt =

τ∫

0

( τ∫

t

e−δ(s)ds
)
λ(t)dt.

Substituting this into (16.112) we get

J(c) − K = E

[ τ∫

0

{
e−δ(t) log λ(t) − λ(t)

τ∫

t

e−δ(s)ds − γe−δ(τ)λ(t)
}

dt

= E
[ ∞∫

0

X[0,τ ](t)
{

e−δ(t) log λ(t) − λ(t)

τ∫

t

e−δ(s)ds − γe−δ(τ)λ(t)
}

dt
]

= E
[ ∞∫

0

E
[
X[0,τ ](t)

{
e−δ(t) log λ(t) − λ(t)

τ∫

t

e−δ(s)ds − γe−δ(τ)λ(t)
}∣∣Ht

]
dt

]

= E
[ ∞∫

0

{
log λ(t)E[X[0,τ ](t)e−δ(t)

∣∣Ht]

− λ(t)E
[
X[0,τ ](t)

( τ∫

t

e−δ(s)ds + γe−δ(τ)
)∣∣Ht

]}
dt
]
.

We can maximize this pointwise, for each t, ω: The concave function

f(λ) := log λ · E
[
X[0,τ ](t)e−δ(t)|Ht

]

− λE
[
X[0,τ ](t)

( τ∫

t

e−δ(s)ds + γe−δ(τ)
)∣∣Ht

]

is maximal when

0 = f ′(λ) = λ−1E
[
X[0,τ ](t)e−δ(t)|Ht

]

− E
[
X[0,τ ](t)

( τ∫

t

e−δ(s)ds + γe−δ(τ)
)∣∣Ht

]
.

This gives the only possible optimal dividend candidate

λ̂(t) =
E[X[0,τ ](t)e−δ(t)|Ht]

E[X[0,τ ](t)(
τ∫
t

e−δ(s)ds + γe−δ(τ))|Ht]
. 
�

In particular, we get the following extension of the result (16.95).

Corollary 16.26. Suppose τ = ∞, γ = 0, and δ(t) = δ0t for some constant
δ0 > 0. Then the optimal relative consumption rate is

λ∗(t) = δ0.
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16.4.3 Optimal Consumption and Portfolio

In this section we apply the result from Sect. 16.4.2 to study the problem
of joint optimal consumption and portfolio for a trader (possibly with inside
information) in a market possibly influenced by other traders with inside
information.

Suppose we have a financial market with the following two investment
possibilities:

(1) A bond, with price S0(t) at time t given by

dS0(t) = ρ(t)S0(t)dt, S0(0) = 1. (16.114)

(2) A stock, with price S1(t) at time t given by

dS1(t) = S1(t−)
[
α(t)dt + β(t)d−W (t) +

∫

R0

ξ(t, z)Ñ(d−t, dz)
]
, (16.115)

S1(0) > 0.

In addition, we assume as before that we are given a discounting exponent
process δ(t) ≥ 0 and a default (or bankruptcy) time τ : Ω → [0,∞].

We make the similar assumptions as we did for the cash flow in Sect. 16.4.2,
i.e., we assume the following:

� ρ(t), α(t), β(t), ξ(t, z), δ(t) and τ are measurable for all t, z. (16.116)
� ξ(t, z) > −1 for a.a. t, z with respect to dt × ν(dz). (16.117)
� β(s) and ξ(s, z) are caglad (with respect to s) for all z (16.118)

and the forward integrals
τ∫

0

σ(s)d−W (s) and

τ∫

0

∫

R0

log(1 + ξ(s, z))Ñ(d−s, dz)

exist and belong to L1(P ).

Now suppose that a trader is free to choose at any time t both the relative
consumption rate λ(t) = c(t)/X(t) ≥ 0 and the fraction π(t) of the current
total wealth X(t) to be invested in the stocks. The wealth process X(t) =
X(λ,π)(t) corresponding to the consumption–portfolio pair (λ, π) is given by

dX(t) = ρ(t)(1 − π(t))X(t)dt − λ(t)X(t)dt

+ π(t)X(t−)
[
α(t)dt + β(t)d−W (t) +

∫

R0

ξ(t, z)Ñ(d−t, dz)
]

= X(t−)
[
{ρ(t) + (α(t) − ρ(t))π(t) − λ(t)}dt

+ π(t)β(t)d−W (t) +
∫

R0

π(t)ξ(t, z)Ñ(d−t, dz)
]
, (16.119)

X(0) = x > 0.
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As in Sect. 16.4.2 we assume that the information available to the trader at
time t is represented by a filtration H = {Ht, t ≥ 0}, with no a priori relation
to F = {Ft, t ≥ 0}.

Note that for each given portfolio choice π(t), (16.119) has the same form
as the cash flow equation (16.98), with

µ(s) = ρ(s) + (α(s) − ρ(s))π(s), (16.120)
σ(s) = π(s)β(s), (16.121)

θ(s, z) = π(s)ξ(s, z). (16.122)

In view of this, the following definition is natural:

Definition 16.27. We say that a consumption–portfolio pair (λ, π) is admis-
sible if

� λ(s) and π(s) are Hs-measurable, s ≥ 0. (16.123)
� The processes µ(·), σ(·), and θ(·, ·) defined by (4.7)–(4.9) (16.124)

satisfy conditions (3.2), (3.3), and (3.4).

� λ(s) ≥ 0 and

τ∫

0

λ(s)ds < ∞ a.s. (16.125)

� E
[ τ∫

0

e−δ(t)| log(λ(t)X(λ,π)(t)|dt + γe−δ(τ)| log X(λ,π)(τ)|
]

< ∞. (16.126)

The set of all admissible pairs (λ, π) is denoted by AH.

We now consider the following problem:
Find (λ∗, π∗) ∈ AH such that

J(λ∗, π∗) = sup
(λ,π)∈AH

J(λ, π), (16.127)

where

J(λ, π) = E
[ τ∫

0

e−δ(t) log(λ(t)X(λ,π)(t))dt + γe−δ(τ) log X(λ,π)(τ)
]
, (16.128)

with γ ≥ 0 a constant.
By applying Theorem 16.25 to the case when the coefficients µ, σ, and θ

are given by (16.120), (16.121), and (16.122) for each given π, we obtain the
following result:

Theorem 16.28. Define λ̂(t) as in (16.111). Then λ̂(t) is an optimal relative
consumption rate independent of the portfolio chosen, in the sense that

J(λ̂, π) ≥ J(λ, π)

for all λ, π such that (λ̂, π) ∈ AH and (λ.π) ∈ AH.
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Corollary 16.29. Suppose there exists an optimal pair (λ∗, π∗) ∈ AH for
problem (16.127). Then

λ∗(t) = λ̂(t) for all t ≥ 0,

where λ̂(t) is given by (16.111).

Thus we see that the optimal consumption–portfolio problem splits into
an optimal consumption problem (with solution λ∗ = λ̂) and then – by substi-
tuting λ = λ∗ into (16.119) – an optimal portfolio problem. For the solution
of optimal portfolio problems for an insider see the following sections.

16.5 Optimal Portfolio Problem under Inside
Information

In this section, we take the point of view of a trader who has some larger
information at his disposal during his portfolio selection process and would
like to take advantage of it.

16.5.1 Formalization of the Optimization Problem: General Utility
Function

Let us consider the following market model with two investment possibilities:

• A bond with price dynamics
{

dS0(t) = ρ(t)S0(t)dt, t ∈ (0, T ],
S0(0) = 1.

(16.129)

• A stock with price dynamics
{

dS1(t) = S1(t
−)
[
µ(t, π(t))dt + σ(t)d−W (t)+

∫
R0

θ(t, z)Ñ(d−t, dz)
]
,t ∈ (0, T ],

S1(0) > 0

(16.130)

on the complete probability space (Ω,F , P ) (see Sect. 12.5). The stochastic
coefficients ρ(t), µ(t, π), σ(t), and θ(t, z), t ∈ [0, T ], z ∈ R0, are measurable,
càglàd processes with respect to the parameter t, adapted to some given fil-
tration G, for each constant value of π. Here G := {Gt ⊂ F , t ∈ [0, T ]} is a
filtration with

Gt ⊃ Ft, t ∈ [0, T ].

We recall that F := {Ft ⊂ F , t ∈ [0, T ]} is the filtration generated by the
development of the noise events, i.e., the driving processes W (t) and Ñ(t, z),
t ∈ [0, T ], z ∈ R0. We also assume that θ(t, z) > −1, dt × ν(dz)-a.e., and that
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E

∫ T

0

{
|ρ(t)| + |µ(t)| + σ2(t) +

∫
R0

θ2(t, z)ν(dz)
}

dt < ∞.

In this model the coefficient µ(t), t ∈ [0, T ], depends on the portfolio choice
π(t), t ∈ [0, T ], of an insider who has access to the information represented
by the filtration H := {Ht ⊂ F , t ∈ [0, T ]} with

Ht ⊃ Gt ⊃ Ft, t ∈ [0, T ].

Accordingly, the insider’s portfolio π = π(t), t ∈ [0, T ], is a stochastic process
adapted to H. With the above conditions on µ, we intend to model a possible
situation in which an insider is so influential in the market to affect the prices
with his choices. In this sense we talk about a “large” insider.

This exogenous model for the price dynamics (16.129) and (16.130) is in
line with [51]. In [51] a dependence of the coefficient r on the portfolio π is
also considered. In our paper, this can also be mathematically carried through
without substantial change; however, the assumption that the return of the
bond depends on the agent’s portfolio could be considered unrealistic.

We consider the insider’s wealth process Xπ(t) = Xx
π(t), t ∈ [0, T ], to be

given by

dXπ(t) = Xπ(t−)
{[

ρ(t) +
(
µ(t, π(t)) − ρ(t)

)
π(t)

]
dt

+ π(t)σ(t)d−W (t) + π(t)
∫

R0

θ(t, z)Ñ(d−t, dz)
}

,
(16.131)

with initial capital Xπ(0) = Xx
π(0) = x > 0. By the Itô formula for forward in-

tegrals, see Theorem 8.12 and Theorem 15.8, the final wealth of the admissible
portfolio π is the unique solution of (16.131):

Xπ(t) = x exp
{∫ t

0

[
ρ(s) + (µ(s, π(s)) − ρ(s))π(s)

− 1
2
σ2(s)π2(s)

]
ds −

∫ t

0

∫
R0

[
π(s)θ(s, z) − log

(
1 + π(s)θ(s, z)

)]
ν(dz)ds

+
∫ t

0

π(s)σ(s)d−W (s) +
∫ t

0

∫
R0

log
(
1 + π(s)θ(s, z)

)
Ñ(d−s, dz)

}
.

(16.132)

Taking the point of view of an insider, with the only purpose of under-
standing his opportunities in the market, we are interested in solving the
optimization problem

u(x) := sup
π∈AH

E [U(Xx
π(T ))] = E [U(Xx

π∗(T ))] , (16.133)
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for the given utility function

U : [0,∞) −→ [−∞,∞)

that is a nondecreasing, concave, and lower semi-continuous function that we
assume to be continuously differentiable on (0,∞). Here the controls belonging
to the set AH of admissible portfolios are characterized as follows:

Definition 16.30. The set AH of admissible portfolios consists of all
processes π = π(t), t ∈ [0, T ], such that

� π is càglàd and adapted to the filtration H. (16.134)

� π(t)σ(t), t ∈ [0, T ], is forward integrable with respect to d−W (t).
(16.135)

� π(t)θ(t, z), t ∈ [0, T ], z ∈ R0, is forward integrable with respect to

Ñ(d−t, dz). (16.136)

� π(t)θ(t, z) > −1 + επ for a.a. (t, z) with respect to dt × ν(dz), for some
επ ∈ (0, 1) depending on π.

(16.137)

� E

∫ T

0

{
|µ(s, π(s))−ρ(s)||π(s)|+(1+σ2(s))π2(s)+

∫
R0

π2(s)θ2(s, z)ν(dz)
}

ds<∞

and E
[
exp

{
K

∫ T

0

|π(s)|ds
}]

< ∞ for all K > 0.

(16.138)

� log
(
1 + π(t)θ(t, z)

)
is forward integrable with respect to Ñ(d−t, dz).

(16.139)

� E
[
U(Xπ(T ))

]
< ∞ and 0 < E

[
U ′(Xπ(T ))Xπ(T )

]
< ∞,

where U ′(w) =
d

dw
U(w), w ≥ 0.

(16.140)

� For all π, β ∈ A, with β bounded, there exists a ζ > 0 such that the family
(16.141)

{
U ′(Xπ+δβ(T ))Xπ+δβ(T )

∣∣Mπ+δβ(T )
∣∣}

δ∈(−ζ,ζ)

is uniformly integrable.
Note that, for π ∈ AH and β ∈ AH bounded, π + δβ ∈ AH for any δ ∈ (−ζ, ζ)
with ζ small enough. Here the stochastic process Mπ(t), t ∈ [0, T ], is defined
as
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Mπ(t) :=
∫ t

0

{
µ(s, π(s)) − ρ(s) + µ′(s, π(s))π(s)

− σ2(s)π(s) −
∫

R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

ν(dz)
}

ds

+
∫ t

0

σ(s)d−W (s) +
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(d−s, dz),

(16.142)

where µ′(s, π) = ∂
∂π µ(s, π).

Remark 16.31. Condition (16.141) may be difficult to verify. Here we give
some examples of conditions under which it holds.

First, consider M(δ) := Mπ+δβ(T ). The uniformly integrability of
{M(δ)}δ∈(−ζ,ζ) is assured by

sup
δ∈(−ζ,ζ)

E
[
|M |p(δ)

]
< ∞ for some p > 1.

Observe that, since π, β ∈ AH (see (16.137)), we have 1+
(
π(s)+δβ(s)

)
θ(s, z) ≥

επ − ζ dt × ν(dz)-a.e. for some ζ ∈ (0, επ). Moreover, for ε > 0,

∫ T

0

∫
|z|≥ε

θ(s, z)
1 + (π(s) + δβ(s))θ(s, z)

Ñ(d−s, dz)

=
∫ T

0

∫
|z|≥ε

θ(s, z)
1 + (π(s) + δβ(s))θ(s, z)

Ñ(ds, dz).

Thus we have

E
[( ∫ T

0

∫
|z|≥ε

θ(s, z)
1 + (π(s) + δβ(s))θ(s, z)

Ñ(d−s, dz)
)2]

≤ 1
(επ − ζ)2

E
[ ∫ T

0

∫
|z|≥ε

θ2(s, z)ν(dz)ds
]

< ∞.

So, if

E
[( ∫ T

0

σ(s)d−W (s)
)2]

< ∞ and E
[( ∫ T

0

∫
|z|<ε

|θ(s, z)|Ñ(d−s, dz)
)2]

< ∞,

we have E[M2(δ)] < ∞ uniformly in δ ∈ (−ζ, ζ) if, for example, the coef-
ficients µ, µ′, r, σ are bounded. This shows that (16.141) holds if U ′(x)x is
uniformly bounded for x ∈ (0,∞). This is the case, for example, logarithmic
utility of U(x) = log x and exponential utility U(x) = − exp{−λx} (λ > 0).

Similarly, in the case of power utility function

U(x) =
1
γ

xγ , x > 0 for some γ ∈ (0, 1),
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we see that U ′(Xπ+δβ(T ))Xπ+δβ(T )|M(δ)| = Xγ
π+δβ(T )|M(δ)| and condition

(16.141) would be satisfied if

sup
δ∈(−ζ,ζ)

E
[
(Xγ

π+δβ(T )|M(δ)|)p
]

< ∞ for some p > 1.

Note that we can write

Xπ+δβ(T ) = Xπ(T )N(δ),

where

N(δ) := exp
{∫ T

0

[
(µ(s, π(s) + δβ(s)) − ρ(s))δβ(s) + (µ(s, π(s) + δβ(s))

− µ(s, π(s))π(s) − σ2(s)δβ(s)π(s) − 1
2
σ2(s)δ2β2(s)

]
ds

+
∫ T

0

δσ(s)β(s)d−W (s) +
∫ T

0

∫
R0

[
log(1 + (π(s) + δβ(s))θ(s, z))

− log(1 + π(s)θ(s, z)) − δβ(s)θ(s, z)
]
ν(dz)ds

+
∫ T

0

∫
R0

[
log(1 + (π(s) + δβ(s))θ(s, z))

− log(1 + π(s)θ(s, z))
]
Ñ(d−s, dz)

}
.

From the iterated application of the Hölder inequality, we have

E
[
(Xγ

π+δβ(T )|M(δ)|)p
]

≤
(
E
[(

Xπ(T )
)γpa1b1]) 1

a1b1
(
E
[(

N(δ)
)γpa1b2]) 1

a1b2
(
E
[(
|M(δ)|

)pa2
]) 1

a2 ,

where a1, a2: 1
a1

+ 1
a2

= 1 and b1, b2: 1
b1

+ 1
b2

= 1. Then we can choose a1 = 2
2−p ,

a2 = 2
p and also b1 = 2−p

γp , b2 = 2−p
2−p−γp for some p ∈ (1, 2

γ+1 ). Hence

E
[
(Xγ

π+δβ(T )|M(δ)|)p
]

≤
(
E
[(

Xπ(T )
)2]) γp

2
(
E
[(

N(δ)
) 2γp

2−p−γp
]) 2−p−γp

2
(
E
[(
|M(δ)|

)2]) p
2 .

If the value Xπ(T ) in (16.132) satisfies

E
[(

Xπ(T )
)2]

< ∞, (16.143)

then the condition (16.141) holds if

sup
δ∈(−ζ,ζ)

E
[
(N(δ)

) 2γp
2−p−γp }

]
< ∞.
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Since (16.138) holds, it is enough, e.g., that µ, µ′, r, σ are bounded to have

E
[
(N(δ)

) 2γp
2−p−γp }

]
< ∞ uniformly in δ ∈ (−ζ, ζ). Note that condition (16.143)

is verified, for example, if for all K > 0

E
[
exp

{
K
( ∫ T

0
|π(s)|ds +

∣∣ ∫ T

0
π(s)σ(s)d−W (s)

∣∣

+
∣∣ ∫ T

0

∫
R0

log(1 + π(s)θ(s, z))Ñ(d−s, dz)
∣∣)}] < ∞.

By similar arguments, we can also treat the case of a utility function such
with U ′(x) is uniformly bounded for x ∈ (0,∞). We omit the details. �

16.5.2 Characterization of an Optimal Portfolio under Inside
Information

The forward stochastic calculus gives an adequate mathematical framework
in which we can proceed to solve the optimization problem (16.133). This ap-
proach was first used in [33], for the Brownian motion case only. See Sect. 9.6.
The following is an extension to Lévy processes. Define

J(π) := E
[
U
(
Xπ(T )

)]
, π ∈ AH.

First, let us suppose that π is locally optimal for the insider, in the sense that
J(π) ≥ J(π + δβ) for all β ∈ A bounded, and π + δβ ∈ AH for all δ small
enough. Since the function J(π + δβ) is maximal at π, by (16.141) and (15.1),
we have

0 =
d

dδ
J(π + δβ)|δ=0

= E
[
U ′(Xπ(T ))Xπ(T )

{∫ T

0

β(s)
[
µ(s, π(s)) − ρ(s)

+ µ′(s, π(s))π(s) − σ2(s)π(s)

−
∫

R0

{
θ(s, z) − θ(s, z)

1 + π(s)θ(s, z)
}
ν(dz)

]
ds

+
∫ T

0

β(s)σ(s)d−W (s) +
∫ T

0

∫
R0

β(s)θ(s, z)
1 + π(s)θ(s, z)

Ñ(d−s, dz)
}]

.

(16.144)

Now let us fix t ∈ [0, T ) and h > 0 such that t + h ≤ T . We can choose β ∈ A
of the form

β(s) = αχ(t,t+h](s), 0 ≤ s ≤ T,

where α is an arbitrary bounded Ht-measurable random variable. Then
(16.144) gives
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0 = E
[
U ′(Xπ(T ))Xπ(T )

{∫ t+h

t

[
µ(s, π(s)) − ρ(s)

+ µ′(s, π(s))π(s) − σ2(s)π(s)

−
∫

R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

ν(dz)
]
ds

+
∫ t+h

t

σ(s)d−W (s) +
∫ t+h

t

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(d−s, dz)
}

· α
]
.

(16.145)

Since this holds for all such α, we can conclude that

E
[
Fπ(T )

(
Mπ(t + h) − Mπ(t)

)
|Ht

]
= 0, (16.146)

where

Fπ(T ) :=
U ′(Xπ(T ))Xπ(T )

E
[
U ′(Xπ(T ))Xπ(T )

] (16.147)

and

Mπ(t) :=
∫ t

0

{
µ(s, π(s)) − ρ(s) + µ′(s, π(s))π(s)

− σ2(s)π(s) −
∫

R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

ν(dz)
}

ds

+
∫ t

0

σ(s)d−W (s) +
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(d−s, dz), t ∈ [0, T ],

(16.148)

cf. (16.142). Define the probability measure Qπ on (Ω,HT ) by

Qπ(dω) := Fπ(T )P (dω) (16.149)

and denote the expectation with respect to the measure Qπ by EQπ
. Then,

by (16.147), we have

EQπ

[
Mπ(t + h) − Mπ(t)|Ht

]
=

E
[
Fπ(T )

(
Mπ(t + h) − Mπ(t)

)
|Ht

]
E
[
Fπ(T )|Ht

] = 0.

Hence the process Mπ(t), t ∈ [0, T ], is a (H, Qπ)-martingale (i.e., a martingale
with respect to the filtration H and under the probability measure Qπ).
On the other hand, the argument can be reversed as follows. If Mπ(t), t ∈
[0, T ], is a (H, Qπ)-martingale, then

E
[
Fπ(T )

(
Mπ(t + h) − Mπ(t)

)
|Ht

]
= 0,

for all h > 0 such that 0 ≤ t < t + h ≤ T , which is (16.146). Or equivalently,

E
[
α Fπ(T )

(
Mπ(t + h) − Mπ(t)

)]
= 0
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for all bounded Ht-measurable α ∈ AH. Hence (16.145) holds for all such α.
Taking linear combinations we see that (16.144) holds for all càglàd step
processes β ∈ AH. By our assumptions (16.135) and (16.136) on AH we get,
by an approximation argument, that (16.144) holds for all β ∈ AH. If the
function g(δ) := E

[
U(Xπ+δβ(T ))], δ ∈ (−ζ, ζ), is concave for each β ∈ AH,

we conclude that its maximum is achieved at δ = 0. Hence we have proved
the following result – see [63].

Theorem 16.32. (1) If the stochastic process π ∈ AH is locally optimal
for the problem (16.133), then the stochastic process Mπ(t), t ∈ [0, T ], is
a (H, Qπ)-martingale.
(2) Conversely, if the function g(δ) := E

[
U(Xπ+δβ(T ))], δ ∈ (−ζ, ζ), is con-

cave for each β ∈ AH and Mπ(t), t ∈ [0, T ], is a (H, Qπ)-martingale, then
π ∈ AH is optimal for the problem (16.133).

Remark 16.33. Since the composition of a concave increasing function with
a concave function is concave, we can see that a sufficient condition for the
function g(δ), δ ∈ (−ζ, ζ), to be concave is that the function

Λ(s) : π −→ ρ(s) + (µ(s, π) − ρ(s))π − 1
2
σ2(s)π2 (16.150)

is concave for all s ∈ [0, T ]. For this it is sufficient that µ(s, ·) are C2 for all s
and that

µ′′(s, π)π + 2µ′(s, π) − σ2 ≤ 0 (16.151)

for all s, π. Here we have set µ′ = ∂µ
∂π and µ′′ = ∂2µ

∂π2 .

Moreover, we also obtain the following result – see [63].

Theorem 16.34. (1) A stochastic process π ∈ AH is optimal for the problem
(16.133) only if the process

M̂π(t) := Mπ(t) −
∫ t

0

d[Mπ, Zπ](s)
Zπ(s)

, t ∈ [0, T ], (16.152)

is a (H, P )-martingale (i.e., a martingale with respect to the filtration H and
under the probability measure P ). Here

Zπ(t) := EQπ

[ dP

dQπ
|Ht

]
=
(
E
[
Fπ(T )|Ht

])−1
, t ∈ [0, T ]. (16.153)

(2) Conversely, if g(δ) := E
[
U(Xπ+δβ(T ))], δ ∈ (−ζ, ζ), is concave and

(16.152) is a (H, P )-martingale, then π ∈ AH is optimal for the problem
(16.133).

Proof If π ∈ AH is an optimal portfolio for an insider, then by Theorem 16.32
we know that Mπ(t), t ∈ [0, T ], is a (H, Qπ)-martingale. Applying the Girsanov
theorem (see e.g., [203] Theorem III.35) we obtain that
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M̂π(t) := Mπ(t) −
∫ t

0

d[Mπ, Zπ](s)
Zπ(s)

, t ∈ [0, T ],

is a (H, P )-martingale with

Zπ(t)=EQπ

[ dP

dQπ
|Ht

]
=E

[
(Fπ(T ))−1 Fπ(T )

E
[
Fπ(T )|Ht

] ∣∣Ht

]
=
(
E
[
Fπ(T )|Ht

])−1
.

Conversely, if M̂π(t), t ∈ [0, T ], is (H, P )-martingale, then Mπ(t), t ∈ [0, T ], is
a (H, Qπ)-martingale. Hence π is optimal by Theorem 16.32.

16.5.3 Examples: General Utility and Enlargement of Filtration

We now give some examples to illustrate the contents of the main results:

Example 16.35. Suppose that

σ(t) �=0, θ=0 and Ht =Ft ∨ σ(W (T0)), for all t ∈ [0, T ] (for some T0 > T ),
(16.154)

i.e., we consider a market driven by the Brownian motion only and where the
insider’s filtration is a classical example of enlargement of the filtration F by
the knowledge derived from the value of the Brownian motion at some future
time T0 > T .

Then we obtain the following result – see [63].

Theorem 16.36. Suppose that the function Λ in (16.150) is concave for all
s ∈ [0, T ]. A portfolio π ∈ AH is optimal for the problem (16.133) if and only
if d[Mπ, Zπ](t) is absolutely continuous with respect to the Lebesgue measure
dt and

µ′(t, π(t))π(t) + µ(t, π(t)) − ρ(t)

− σ2(t)π(t) + σ(t)
[W (T0) − W (t)

T0 − t
− 1

Zπ(t)
d

dt
[W,Zπ](t)

]
= 0.

(16.155)

Proof By Theorem 16.34, the portfolio π ∈ AH is optimal for the problem
(16.133) if and only if the process

M̂π(t) =
∫ t

0

{
µ′(s, π(s))π(s)

+ µ(s, π(s)) − ρ(s) − σ2(s)π(s)
}
ds +

∫ t

0

σ(s)d−W (s) −
∫ t

0

d[Mπ, Zπ](s)
Zπ(s)

(16.156)

is a (H, P )-martingale. Since M̂π(t) is continuous and has quadratic variation
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[M̂π, M̂π](t) =
∫ t

0

σ2(s)ds,

we conclude that M̂π(t) can be written

M̂π(t) =
∫ t

0

σ(s)dŴ (s) (16.157)

for some (H, P )-Brownian motion Ŵ .
On the other hand, by a result of Itô [121] we know that W (t), t ∈ [0, T ],

is a semimartingale with respect to (H, P ) with decomposition

W (t) = W̃ (t) +
∫ t

0

W (T0) − W (s)
T0 − s

ds, 0 ≤ t ≤ T, (16.158)

for some (H, P )-Brownian motion W̃ (t). Combining (16.156), (16.157), and
(16.158), we get

σ(t)dŴ (t) = dM̂π(t) =
{
µ′(t, π(t))π(t)

+ µ(t, π(t)) − ρ(t) − σ2(t)π(t)
}
dt + σ(t)dW̃ (t)

+ σ(t)
W (T0) − W (t)

T0 − t
dt − d[Mπ, Zπ](t)

Zπ(t)
.

(16.159)

By uniqueness of the semimartingale decomposition of M̂π(t) with respect to
(H, P ), we conclude that Ŵ (t) = W̃ (t) and

{
µ′(t, π(t))π(t) + µ(t, π(t)) − ρ(t) − σ2(t)π(t)

σ(t)
W (T0) − W (t)

T0 − t

}
dt − d[Mπ, Zπ](t)

Zπ(t)
= 0.

(16.160)

From this we deduce that d[Mπ, Zπ](t) = σ(t)d[W,Zπ](t) is absolutely contin-
uous with respect to dt and (16.155) follows. 
�

Corollary 16.37. Assume that (16.154) holds and, in addition, that

µ(t, π) = µ0(t) + a(t)π (16.161)

for some F-adapted processes µ0 and a with 0 ≤ a(t) ≤ 1
2σ2(t), t ∈ [0, T ],

which do not depend on π. Then π ∈ AH is optimal if and only if d[Mπ, Zπ](t)
is absolutely continuous with respect to dt and

(
σ2(t)−2a(t)

)
π(t) = µ0(t)−ρ(t)+σ(t)

[W (T0) − W (t)
T0 − t

− 1
Zπ(t)

d[W,Zπ](t)
dt

]
.

(16.162)
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Proof In this case we have that µ′(t, π(t)) = a(t). Therefore, the function
Λ defined in (16.150) is concave (by (16.151)) and the result follows from
Theorem 16.36. 
�
Next we give an example for a pure jump financial market.

Example 16.38. Suppose that

σ(t) = 0 and θ(t, z) = βz, (16.163)

where βz > −1 ν(dz)-a.e. (β > 0) and that

Ht = Ft ∨ σ(η(T0)) for some T0 > T, (16.164)

where

η(t) =
∫ t

0

∫
R0

zÑ(ds, dz)

(i.e., the insider’s filtration is the enlargement of F by the knowledge derived
from some future value η(T0) of the market driving process). Then by a result
of Itô, as extended by Kurtz (see [203] p. 256), the process

η̂(t) := η(t) −
∫ t

0

η(T0) − η(s)
T0 − s

ds (16.165)

is a (H, P )-martingale. By Proposition 5.2 in [65] the H-compensating measure
νH of the jump measure N is given by

νH(ds, dz) = νF(dz)ds + E
[ 1
T0 − s

∫ T0

s

Ñ(dr, dz)
∣∣Hs

]
ds (16.166)

= E
[ 1
T0 − s

∫ T0

s

N(dr, dz)
∣∣Hs

]
ds,

where νF = ν. This implies that the H-compensated random measure ÑH is
related to ÑF = Ñ by

ÑH(ds, dz)=N(ds, dz)−νH(ds, dz)=Ñ(ds, dz)−E
[ 1
T0−s

∫ T0

s

Ñ(dr, dz)
∣∣Hs

]
ds.

(16.167)
(Note that, in general, the random measure ÑH(ds, dz) is not a compensated
Poisson random measure and its compensator νH(ds, dz) is stochastic. We can
refer to [122] for a short introduction to random measures with integer values
and their compensators.)
Directly from the definition of the forward integral, we have
∫ t

0

∫
R0

βz

1 + π(s)βz
Ñ(d−s, dz) =

∫ t

0

∫
R0

βz

1 + π(s)βz
ÑH(ds, dz)

+
∫ t

0

∫
R0

βz

1 + π(s)βz
E
[ 1
T0 − s

∫ T0

s

Ñ(dr, dz)
∣∣Hs

]
ds.

(16.168)
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By Theorem 16.34, a portfolio π ∈ AH is optimal if and only if the process

M̂π(t) =
∫ t

0

{
µ(s, π(s)) − ρ(s) + µ′(s, π(s))π(s)

−
∫

R0

β2z2π(s)
1 + π(s)βz

ν(dz)
}
ds

+
∫ t

0

∫
R0

βz

1 + π(s)βz
Ñ(d−s, dz) −

∫ t

0

d[Mπ, Zπ](s)
Zπ(s)

(16.169)

is a (H, P )-martingale. Therefore, if we put

Gπ(s) := µ(s, π(s)) − ρ(s) + µ′(s, π(s))π(s)

−
∫

R0

β2z2π(s)
1 + π(s)βz

ν(dz)

+
∫

R0

βz

1 + π(s)βz
E
[ 1
T0 − s

∫ T0

s

Ñ(dr, dz)
∣∣Hs

]
,

(16.170)

and combining (16.168) and (16.169), we obtain that the process

M̂π(t) =
∫ t

0

Gπ(s)ds −
∫ t

0

d[Mπ, Zπ](s)
Zπ(s)

+
∫ t

0

∫
R0

βz

1 + π(s)βz
ÑH(ds, dz)

is a (H, P )-martingale. This is possible if and only if

∫ t

0

Gπ(s)ds −
∫ t

0

d[Mπ, Zπ](s)
Zπ(s)

= 0, for all t ∈ [0, T ].

This implies that d[Mπ, Zπ](t) is absolutely continuous with respect to the
Lebesgue measure dt. We have thus proved the following statement – see [63].

Theorem 16.39. Assume that (16.163) and (16.164) hold. Then π ∈ AH is
optimal if and only if d[Mπ, Zπ](t) is absolutely continuous with respect to the
Lebesgue measure dt and

Gπ(t) =
1

Zπ(t)
d

dt
[Mπ, Zπ](t) for almost all t ∈ [0, T ] (16.171)

where Gπ is given by (16.170).

In analogy with Corollary 16.37, we get the following result in the special
case when the influence of the trader on the market is given by (16.161).

Corollary 16.40. Assume that (16.163) and (16.164) hold and, in addition,
that also (16.161) holds. Then π ∈ AH is optimal if and only if d[Mπ, Zπ](t)
is absolutely continuous with respect to the Lebesgue measure dt and
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π(s)
∫

R0

β2z2

1 + π(s)βz
ν(dz) −

∫
R0

βz

1 + π(s)βz
E
[ 1
T0 − s

∫ T0

s

Ñ(dr, dz)
∣∣Hs

]

− 2a(s)π(s) = µ0(s) − ρ(s) − 1
Zπ(s)

d

ds
[Mπ, Zπ](s).

(16.172)

Corollary 16.41. Suppose that (16.161), (16.163), and (16.164) hold and
that

U(x) = log x, x ≥ 0. (16.173)

Then π ∈ AH is optimal if and only if

π(s)

∫
R0

β2z2

1 + π(s)βz
ν(dz)−

∫
R0

βz

1 + π(s)βz
E
[ 1

T0 − s

∫ T0

s

Ñ(dr, dz)
∣∣Hs

]
−2a(s)π(s)

= µ0(s) − ρ(s).

Proof If U(x) = log x then Fπ(T ) = 1 = Zπ(t), t ∈ [0, T ]. Hence [Mπ, Zπ] = 0.

�

16.6 Optimal Portfolio Problem under Inside
Information: Logarithmic Utility

In this sequel, we illustrate the study of the previous section to the case of
logarithmic utility. We proceed discussing the pure jump case alone first and
then add the Brownian component later.

16.6.1 The Pure Jump Case

Suppose now that our financial market is of the form (16.129) and (16.130)
with the coefficient σ ≡ 0. In addition, we assume θ(ω, t, z), ω ∈ Ω, t ∈
[0, T ], z ∈ R0, to be F-adapted and càglàd.

The optimization problem (16.133) we study is

u(x) := sup
π∈AH

E [log Xx
π(T )] = E [log Xx(π∗)(T )] , (16.174)

where, as usual, the wealth Xπ(t) = Xx
π(t), t ∈ [0, T ], of the insider is described

by the equation

dXπ(t) = Xπ(t−)
[
{ρ(t)(1 − π(t)) + π(t)µ(t))} dt +

∫
R0

π(t)θ(t, z)Ñ(d−t, dz)
]

and Xπ(0) = Xx
π(0) = x.

In the logarithmic case, we can describe the set of admissible portfolios as
follows:
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Definition 16.42. The set AH of admissible portfolios consists of all
processes π(t), t ∈ [0, T ], such that

� π is H-adapted. (16.175)

� π(t)θ(t, z), t ∈ [0, T ], z ∈ R0, is càglàd and forward integrable with

respect to Ñ . (16.176)

� π(t)θ(t, z) > −1 + επ for ν(dz)dt-a.a. (t,z) for some επ > 0. (16.177)

� E

[∫ T

0

∫
R0

(π(t)θ(t, z))2 νF (dz)dt

]
< ∞. (16.178)

� π is Malliavin differentiable and Dt+,zπ(t) = lim
s→t+

Ds,zπ(t) exists

for a.a. (t, z). (16.179)

� θ(t, z)(π(t) + Dt+,zπ(t)) > −1 + επ for a.a. (t,z) for some επ > 0.
(16.180)

� E

[∫ T

0

∫
R0

|θ(t, z)Dt+,zπ(t)|νF (dz)dt

]
< ∞. (16.181)

Recall that Dt+,zF = 0 whenever F is Ft-measurable. Then we have

Dt+,z log (1 + π(t)θ(t, z)) = log
(
1 + θ(t, z)(π(t) + Dt+,zπ(t))

)
−log (1 + π(t)θ(t, z)) .

The expression above together with conditions (16.176) and (16.180) yield

� log (1 + π(t)θ(t, z)) is càglàd and forward integrable.
� log (1 + π(t)θ(t, z)) ∈ ID1,2 and Dt+,z log (1 + π(t)θ(t, z)) exists

for a.a. (t, z).

� E

[∫ T

0

∫
R0

|Dt+,z log (1 + π(t)θ(t, z)) |νF (dz)dt

]
< ∞.

Compare with Definition 16.30.
Following the same lines of the proof of Theorem 16.32, we obtain the following
result.

Theorem 16.43. Suppose π(s) = π∗(t), t ∈ [0, T ], is optimal for problem
(16.174). Then Mπ(t), t ∈ [0, T ], given by

Mπ(t) =
∫ t

0

{
µ(s) − ρ(s) −

∫
R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

νF (dz)
}

ds

+
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(d−s, dz),
(16.182)

is a martingale with respect to the filtration H.
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Remark 16.44. Note that the process

Rt :=
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(d−s, dz), t ∈ [0, T ],

is a special H-semimartingale with decomposition given by (16.182) (for the
definition of a special semimartingale see, e.g., [203] p. 129).

We recall that the integer valued random measure N(dt, dz) has a unique pre-
dictable compensator νH(dt, dz) with respect to H (see [122], p.66). Note, how-
ever, that this alone would not imply that Rt, t ∈ [0, T ], is a H-semimartingale,
because the integrals with respect to νH(dt, dz) need not be processes of finite
variation. In any case, we may write

Mπ(t) =
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

(N − νH)(ds, dz)

+
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

(νH − νF)(ds, dz)

+
∫ t

0

{
µ(s) − ρ(s) −

∫
R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

νF (dz)
}

ds,

where νF(ds, dz) = ν(dz)dt. Hence by uniqueness of the semimartingale
decomposition of the H-semimartingale Mπ(t), t ∈ [0, T ] (see, e.g., [203],
Theorem 30, Chap. 7) we conclude that the finite variation part above must
be 0. Therefore, we get the following result – see [65].

Theorem 16.45. Suppose π ∈ AH is optimal for problem (16.174). Then π
solves the equation

∫ t

0

[
µ(s) − ρ(s)−

∫
R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

ν(dz)
]
ds

=
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

(νF − νH)(ds, dz).
(16.183)

In particular, we get

Corollary 16.46. Suppose H = F. Then a necessary condition for π to be
optimal is that for a.a. s

µ(s) − ρ(s) −
∫

R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

νF (dz) = 0. (16.184)

Note that this could also be seen by direct computation.

The following result may be regarded as a variant (in the Malliavin calculus
setting) of the result of [56], stating that if S1(t), t ∈ [0, T ], is a given locally
bounded, adapted càdlàg price process with respect to the filtration H and
there is no arbitrage by simple strategies on S1(t), t ∈ [0, T ], then S1(t),
t ∈ [0, T ], is a H-semimartingale. The result reads as follows – see [65].
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Theorem 16.47. Suppose there exists an optimal portfolio for problem
(16.174). Then the process

∫ t

0

∫
R0

θ(s, z)Ñ(ds, dz), t ∈ [0, T ],

is a H-semimartingale.

Proof We only need to show that
∫ t

0

∫
R0

θ(s, z)(νF − νH)(ds, dz), t ∈ [0, T ],
exists and is of finite variation. In this case, in fact, the H-martingale

∫ t

0

∫
R0

θ(s, z)(N − νH)(ds, dz) =
∫ t

0

∫
R0

θ(s, z)(N − νF)(ds, dz)

+
∫ t

0

∫
R0

θ(s, z)(νF − νH)(ds, dz)

exists and
∫

R0
θ(t, z)Ñ(dt, dz), t ∈ [0, T ], is a H-semimartingale. By

Theorem 16.32 we know that
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

(νF − νH)(ds, dz), t ∈ [0, T ],

is of finite variation. So by our assumption (16.177) it follows that

∫ t

0

∫
R0

θ(s, z)(νF − νH)(ds, dz), t ∈ [0, T ],

is of finite variation also. 
�

16.6.2 A Mixed Market Case

We consider once again our market model of form (16.129) and (16.130) where,
in addition, we assume θ(ω, t, z), ω ∈ Ω, t ∈ [0, T ], z ∈ R0, to be F-adapted
and continuous in z around zero for a.a. (ω, t). The flow of information avail-
able is the same as before with H being the inside information and F being
the one generated by the noise events. The optimization portfolio studied is
again

u(x) := sup
π∈AH

E [log Xx
π(T )] = E [log Xx

π∗(T )] , (16.185)

where the wealth Xπ(t) = Xx
π(t), t ∈ [0, T ], of the insider is described by the

equation

dXπ(t) = Xπ(t−)
[
{ρ(t)(1 − π(t)) + π(t)µ(t))} dt + π(t)σ(t)d−W (t)

+
∫

R0

π(t)θ(t, z)Ñ(d−t, dz)
]

, (16.186)
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and Xπ(0) = Xx
π(0) = 0. The set of admissible portfolios AH is given in

Definition 16.42 with the addition of the requirement π(t)σ(t), t ∈ [0, T ], to
be forward integrable with respect to W .

Proceeding in the same line and arguments as for Theorem 16.34 and
Theorem 16.43 we have the corresponding following result – see [65].

Theorem 16.48. Define

Mπ(t) =
∫ t

0

{
µ(s) − ρ(s) − σ2(s)π(s) −

∫
R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

νF (dz)
}

ds

+
∫ t

0

σ(s)dW (s) +
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(d−s, dz). (16.187)

Suppose π = π∗ is optimal for problem (16.185). Then Mπ(t), t ∈ [0, T ], is a
martingale with respect to the filtration H.

Further, we see that the orthogonal decomposition of Mπ(t), t ∈ [0, T ], into a
continuous part M c

π(t) and a discontinuous part Md
π(t), t ∈ [0, T ], is given by

M c
π(t) =

∫ t

0

σ(s)dW (s) +
∫ t

0

σ(s)α(s)ds, (16.188)

Md
π(t) =

∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

Ñ(d−s, dz) +
∫ t

0

γ(s)ds, (16.189)

where α(s) and γ(s) are unique H-adapted processes such that

∫ t

0

σ(s)α(s)ds+
∫ t

0

γ(s)ds=
∫ t

0

{
µ − ρ − σ2π −

∫
R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

νF (dz)
}

ds.

So the proof of Theorem 16.47, together with the fact that
∫ t

0
1

σ(s)dM c
π(s) =

W (t) +
∫ t

0
α(s)ds also is a H-martingale, gives the following result – [65].

Theorem 16.49. Suppose there exists an optimal portfolio for problem
(16.185). Then the underlying processes

∫ t

0

∫
R0

θ(s, z)Ñ(ds, dz) and W (t), t ∈ [0, T ],

are H-semimartingales.

Finally, we get as an analog to Theorem 16.45 – see [65].

Theorem 16.50. Suppose π ∈ AH is optimal for problem (16.185). Then π
solves the equation
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∫ t

0

{
µ(s) − ρ(s) − σ2(s)π(s) −

∫
R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

ν(dz)
}

ds

=
∫ t

0

σ(s)α(s)ds +
∫ t

0

∫
R0

θ(s, z)
1 + π(s)θ(s, z)

(νF − νH)(ds, dz), (16.190)

where α is the process from (16.188) and νH is the H compensator of N and,
as usual, we have set νF(dt, dz) = ν(dz)dt.

Corollary 16.51. Suppose H = F. Then a necessary condition for π to be
optimal is that, for a.a. s,

µ(s) − ρ(s) − σ2(s)π(s) −
∫

R0

π(s)θ2(s, z)
1 + π(s)θ(s, z)

ν(dz) = 0. (16.191)

16.6.3 Examples: Enlargement of Filtration

Let us consider a financial market (16.129) and (16.130) where the underlying
driving jump process of the risky asset is a pure jump Lévy process η(t),
t ∈ [0, T ], i.e.,

∫ t

0

∫
R0

θ(t, z)Ñ(dt, dz) =
∫ t

0

∫
R0

zÑ(dt, dz) =: η(t).

In this series of examples we want to analyze the optimization problem
(16.185) in which the insider has at most knowledge about the value of
the underlying driving processes W (T0) and η(T0) at some time T0 ≥ T .
This means that the insider filtration H is such that Ft ⊆ Ht ⊆ Kt, where
K := {Kt := Ft ∨ σ (W (T0), η(T0)) : t ∈ [0, T ]}. We refer to [65] for the
following result.

Proposition 16.52. Let H be an insider filtration such that Ft ⊆ Ht ⊆ Kt.
Then

W (t) −
∫ t

0

E [W (T0)|Hs] − W (s)
T0 − s

ds (16.192)

and

η(t) −
∫ t

0

E [η(T0)|Hs] − η(s)

T0 − s
ds = η(t) −

∫ t

0

E

[∫ T0

s

∫
R

z

T0 − s
Ñ(dr, dz)

∣∣∣∣Hs

]
ds

(16.193)

are H-martingales.

Proof We know by an extension of a result of Itô [121] (see also [203] p. 356)
that for a general Lévy process Λ(t), t ∈ [0, T ], with respect to some filtration
F̂t, t ∈ [0, T ], the process
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Λ(t) −
∫ t

0

Λ(T0) − Λ(s)
T0 − s

ds, t ∈ [0, T ],

is a
{
F̂t ∨ σ (Λ(T0))

}
-martingale for 0 ≤ t ≤ T0. Using this result and the

fact that W (t), t ∈ [0, T ], and η(t), t ∈ [0, T ], are independent we obtain that

W (t) −
∫ t

0

W (T0) − W (s)
T0 − s

ds and η(t) −
∫ t

0

η(T0) − η(s)
T0 − s

ds, t ∈ [0, T ],

are K-martingales. So we have

E

[
W (t) −

∫ t

0

E [W (T0)|Hs] − W (s)
T0 − s

ds

∣∣∣∣Hr

]

= E

[
W (t) − W (r) −

∫ t

r

E [W (T0)|Hs] − W (s)
T0 − s

ds

∣∣∣∣Hr

]

+ W (r) −
∫ r

0

E [W (T0)|Hs] − W (s)
T0 − s

ds

= E

[
E

[
W (t) − W (r) −

∫ t

r

W (T0) − W (s)
T0 − s

ds

∣∣∣∣Kr

] ∣∣∣∣Hr

]
+ W (r)

−
∫ r

0

E [W (T0)|Hs] − W (s)
T0 − s

ds

= 0 + W (r) −
∫ r

0

E [W (T0)|Hs] − W (s)
T0 − s

ds.

For η(t) −
∫ t

0
E[η(T0)|Hs]−η(s)

T0−s ds, t ∈ [0, T ], the reasoning is analogous. 
�
Proposition 16.52 tells us that in the present situation of enlargement of filtra-
tion the process α from (16.188) is of the form −E[W (T0)|Ht]−W (t)

T0−t , t ∈ [0, T ].
Moreover, we can easily deduce the H compensator νH of N from Proposition
16.52. In fact, we have the following result – see [65].

Proposition 16.53. The compensating measure νH of the jump measure N
with respect to H is given by

νH(ds, dz) = ν(dz)ds + E

[
1

T0 − s

∫ T0

s

Ñ(dr, dz)
∣∣∣∣Hs

]
ds (16.194)

= E

[
1

T0 − s

∫ T0

s

N(dr, dz)
∣∣∣∣Hs

]
ds. (16.195)

Proof We know (see [122] p. 80) that it is sufficient to show that if ν̂H is the
right-hand side of (16.194) then
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∫ t

0

∫
R0

f(z)(N − ν̂H)(ds, dz)

is a H-martingale for all f , which are bounded deterministic functions on R,
zero around zero, and that determine a measure on R with weight zero in zero.
The same argument holds for f invertible functions that are integrable with
respect to ν̂H (note that this implies also integrability with respect to ν). Let
f(z), ω ∈ Ω, be such a function. Then η̄(t), t ∈ [0, T ], given by

η̄(t) :=
∫ t

0

∫
R0

f(z)Ñ(ds, dz)

is a pure jump Lévy process (see, e.g., Sect. 2.3.2 in [8]). Consider the Lévy
process

W (t) + η̄(t), t ∈ [0, T ],

whose filtration is denoted by F̄t, t ∈ [0, T ]. Since f is invertible, we have
F̄t = Ft and K̄t = Kt, where K̄t = F̄t ∨ σ (W (T0), η̄(T0)). From Proposition
16.52 we then get that

M̄(t) :=
∫ t

0

∫
R0

f(z)Ñ(ds, dz) −
∫ t

0

E

[∫ T0

s

∫
R

f(z)
T0 − s

Ñ(dr, dz)
∣∣∣∣Gs

]
ds

is a H-martingale. (16.195) is then a straight forward algebraic transformation.

�

Using the measure given by (16.194) (note that here θ(t, z) = z), we
see that the necessary condition for an optimal portfolio given by equation
(16.190) in our present context becomes

∫ t

0

{
µ(s) − ρ(s) − σ2(s)π(s) −

∫
R0

π(s)z2

1 + π(s)z
ν(dz)

}
ds

=
∫ t

0

{
−σ(s)

E [W (T0)|Gs] − W (s)
T0 − s

−E

[∫ T0

s

∫
R

z

(1 + π(s)z)(T0 − s)
Ñ(dr, dz)

∣∣∣∣Gs

]}
ds. (16.196)

When η(t), t ∈ [0, T ], is of finite variation this can be rewritten as
∫ t

0

{
µ(s) − ρ(s) − σ2(s)π(s) −

∫
R0

zν(dz)
}

ds

=
∫ t

0

{
−σ(s)

E [W (T0)|Hs] − W (s)
T0 − s

−E

[∫ T0

s

∫
R

z

(1 + π(s)z)(T0 − s)
N(dr, dz)

∣∣∣∣Hs

]}
ds. (16.197)
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Given some additional assumptions, this is also a sufficient condition for a
portfolio π ∈ AH to be optimal. In fact, we have the following result – see [65].

Theorem 16.54. Assume that η(t), t ∈ [0, T ], is of finite variation. The port-
folio π = π(ω, s), ω ∈ Ω, s ∈ [0, T ], is optimal for the insider if and only if
π ∈ AH and for a.a. (ω, s) π solves the equation

µ(s) − ρ(s) − σ2(s)π(s) −
∫

R0

zν(dz)

=−σ(s)
E [W (T0)|Hs]

− − W (s)

T0 − s
− E

[∫ T0

s

∫
R

z

(1 + π(s)z)(T0 − s)
N(dr, dz)

∣∣∣∣Hs

]−

(16.198)

where the notation E[...]− denotes the left limit in s.

Proof By Proposition 16.52 and Proposition 16.53, the solution to equation
(16.186) becomes

E

[
log

Xπ(T )

x

]
= E

[∫ T

0

{
ρ(s) + (µ(s) − ρ(s))π(s) − 1

2
σ(s)2π2(s)

−
∫

R0

π(s)zν(dz)

}
ds +

∫ T

0

σ(s)π(s)d(W (s) + α(s)ds)

−
∫ T

0

σ(s)π(s)α(s)ds +

∫ T

0

∫
R0

log(1 + π(s)z)(N − νH)(ds, dz)

+

∫ T

0

∫
R0

log(1 + π(s)z)νH(ds, dz)

]
(16.199)

= E

[∫ T

0

{
ρ(s) + (µ(s) − ρ(s))π(s) − 1

2
σ(s)2π2(s)

−
∫

R0

π(s)zν(dz)
}

ds +

∫ T

0

{
σ(s)π(s)

E [W (T0)|Hs] − W (s)

T0 − s

+E
[ ∫ T0

s

∫
R0

log(1 + π(s)z)

(T0 − s)
N(dr, dz)

∣∣∣Hs

]}
ds

]
.

We can maximize this pointwise for each fixed (ω, s). Define

H(π) = ρ(s) + (µ(s) − ρ(s))π − 1

2
σ(s)2π2 −

∫
R0

πzν(dz)

+ σ(s)π
E [W (T0)|Hs] − W (s)

T0 − s
+ E

[∫ T0

s

∫
R0

log(1 + πz)

(T0 − s)
N(dr, dz)

∣∣∣∣Hs

]
.
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Then a stationary point π of H is given by

0 = H ′(π) =µ(s) − ρ(s) − σ2(s)π(s) −
∫

R0

zν(dz)

+ σ(s)
E [W (T0)|Hs] − W (s)

T0 − s

+ E

[∫ T0

s

∫
R

z

(1 + π(s)z)(T0 − s)
N(dr, dz)

∣∣∣∣Hs

]
.

Since H is concave, a stationary point of H is a maximum point of H. But,
since for a given ω the set of discontinuities has Lebesgue measure zero, the
equation

µ(s) − ρ(s) − σ2(s)π(s) −
∫

R0

zν(dz)

= −σ(s)
E [W (T0)|Hs]

− − W (s)

T0 − s
−E

[∫ T0

s

∫
R

z

(1 + π(s)z)(T0 − s)
N(dr, dz)

∣∣∣∣Hs

]−

also describes an optimal portfolio. 
�

Example 16.55. In order to get explicit expressions for π, we now apply this
to the case when η(t) is a compensated Poisson process of intensity λ > 0. In
this case the corresponding Lévy measure is

ν(dz)ds = λδ1(dz)ds,

where δ1(dz) is the unit point mass at 1, and we can write

η(t) = Q(t) − λt, t ∈ [0, T ],

Q being a Poisson process of intensity λ. Since in this case

l(π) := log(1 + π)
E [Q(T0)|Hs] − Q(s)

T0 − s

is concave in π, we get by Theorem 16.54 that a necessary and sufficient con-
dition for an optimal insider portfolio π for a.a (ω, s) is given by the equation

0 = µ(s) − ρ(s) − λ − σ2(s)π(s) + σ(s)
E [W (T0)|Hs]

− − W (s)
T0 − s

+
E [Q(T0) − Q(s)|Hs]

−

(1 + π(s))(T0 − s)
. (16.200)

If we deal with the market (16.129) and (16.130), with the Lévy measure given
above and σ ≡ 0, then we have the following result – see [65].
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Theorem 16.56. Assume that ρ(s) and µ(s) are bounded and λ + ρ(s) −
µ(s) > 0 and bounded away from 0. Then

(1) There exists an optimal insider portfolio if and only if

E [Q(T0)|Hs] − Q(s) > 0

for a.a (ω, s). In this case

π∗(s) =
E [Q(T0) − Q(s)|Hs]

−

(T0 − s)(λ + ρ(s) − µ(s))
− 1 (16.201)

is the optimal portfolio for the insider.
(2) Assume there exists an optimal insider portfolio π. Then the value function

u(x), x ∈ R, for the insider is finite for all T0 ≥ T .

Proof Part (1) follows from equation (16.200) setting σ ≡ 0. It remains to
prove (2). We substitute the value (16.201) for π∗ into the expression (16.199)
and get

E

[
log

Xπ(T )
x

]
= E

[∫ T

0

{
2ρ(s) − µ(s) + λ +

(
E [Q(T0)|Hs] − Q(s)

(T0 − s)

)

+ log
(

E [Q(T0)|Hs] − Q(s)
(T0 − s)(λ + ρ(s) − µ(s))

)(
E [Q(T0)|Hs] − Q(s)

(T0 − s)

)}
ds

]
.

(16.202)

By means of the value of the moments of the Poisson distribution and of the
Jensen inequality in its conditional form, we obtain

E

[∫ T

0

E [Q(T0)|Hs] − Q(s)
T0 − s

ds

]
=
∫ T

0

E[Q(T0) − Q(s)]
T0 − s

ds = λT < ∞

(16.203)
and

E

[∫ T

0

log (E [Q(T0)|Hs] − Q(s))
E [Q(T0)|Hs] − Q(s)

T0 − s
ds

]

≤ E

[∫ T

0

(
E[QT0 |Hs] − Q(s)

)2
T0 − s

ds

]

≤
∫ T

0

E
[
E[(Q(T0) − Q(s))2|Hs]

]
T0 − s

ds

≤
∫ T

0

E[(Q(T0) − Q(s))2]
T0 − s

ds

=
∫ T

0

(
λ2(T0 − s) + λ

)
ds < ∞ (16.204)
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and also

E

[∫ T

0

log
(

1
T0 − s

)
E [Q(T0)|Hs] − Q(s)

T0 − s
ds

]
=λ

∫ T

0

log
(

1
T0 − s

)
ds < ∞.

(16.205)
Using (16.203)–(16.205), we see that (16.202) is finite. 
�

Remark 16.57. In the pure Poisson jump case, Theorem 16.56 shows that if
the insider filtration is Kt = Ft∨σ(Q(T0)), t ∈ [0, T ], then there is no optimal
portfolio since E [Q(T0)|Hs]−Q(s) = 0 for all ω such that Q(T0) = 0. This is
contrary to the pure Brownian motion case with the enlargement of filtration
Kt = Ft ∨ σ(W (T0)), t ∈ [0, T ], where we have an optimal portfolio (see
[190]). The reason is that the insider has an arbitrage opportunity as soon as
he knows where Q(t), t ∈ [0, T ], does not jump. On the other hand, as soon
as there exists an optimal portfolio in the Poisson pure jump market for an
insider filtration Ft ⊆ Ht ⊆ Kt, the value function u(x), x > 0, for the insider
is finite also for T0 = T , which again is contrary to the pure Brownian motion
case.

Example 16.58. If again we deal with market (16.129) and (16.130), with the
Lévy measure given by the Poisson process, then we have the following result
– [65].

Theorem 16.59. Set

α(s) = −E [W (T0) − W (s)|Hs]
−

T0 − s
and γ(s) = −E [Q(T0) − Q(s)|Hs]

−

T0 − s
.

Then

(1) For all insider filtrations Ft ⊆ Ht ⊆ Kt and T0 > T there exists an optimal
insider portfolio given by

π∗(s) =
1

2σ2(s)
(
µ(s) − ρ(s) − λ − σ(s)α(s) − σ2(s)

+
√

(µ(s) − ρ(s) − λ − σ(s)α(s) + σ2(s))2 − 4σ2(s)γ(s)
)

. (16.206)

(2) The value function u(x), x > 0, for the insider is finite for all T0 > T .

Proof Part (1) follows by solving (16.200) for π. Here, the condition π(s) > −1
is not fulfilled ν(dz)dt a.e., but N(dz, dt) a.e., which is sufficient in the our
situation of the Poisson process. Concerning part (2), it is sufficient to consider
the largest insider filtration Kt = Ft ∨ σ (W (T0), Q(T0)), t ∈ [0, T ]. Then

α(s) = −W (T0) − W (s)
T0 − s

and γ(s) = −Q(T0) − Q(s)
T0 − s

.
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Using the fact that

E[
∫ T

0

α2(s)ds] =
∫ T

0

1
T0 − s

ds = log
(

T0

T0 − T

)

in addition to (16.203)–(16.205) and Jensen inequality, one can show the finite-
ness of u(x), x > 0, with the same techniques as in the proof of Theorem 16.56.


�

Remark 16.60. Contrary to the pure Poisson jump case, the mixed case gives
rise to an optimal insider portfolio for all insider filtrations H such that Ft ⊆
Ht ⊆ Kt, t ∈ [0, T ]. The reason is that while it is possible to introduce
arbitrage possibilities for the insider through an enlargement of filtration in
the pure jump case (see e.g., [90]), this is no longer the case in the mixed
market. But in contrast to the pure jump case, the finiteness of the value
function u(x), x > 0, is only ensured for T0 strictly bigger than T . However,
choosing the filtration “small enough with respect to the information W (T0),”
one can generate a finite value function also for T0 = T . The most obvious
example would be Ht = Ft ∨σ (Q(T0)), in which case α(s) ≡ 0. This example
is treated in [77].

16.7 Exercises

Problem 16.1. (*) Suppose U(x) = − 1
x , x > 0. Let

Fπ(T ) = U ′(Xπ(T ))Xπ(T ) =
1

Xπ(T )

as in (16.10), where Xπ(T ) is given in (16.4) and (16.5). Assume that the
coefficients ρ, µ, σ, θ and the control π are deterministic.

(a) Find DtFπ(T ) and Dt,zFπ(T );
(b) Find, among the deterministic portfolios, the portfolio π that maximizes

E
[
− 1

Xπ(T )

]

in the market (16.1) and (16.2).

Problem 16.2. Consider a market that is a combination of the markets
(16.36)–(16.37) and (16.70)–(16.71), i.e.,

(Bond price) dS0(t) = ρ(t)S0(t)dt, S0(0) = 1

(Stock price) dS1(t) = S1(t)
[
µ(t)dt + σ(t)d−W (t)

+
∫

R0

θ(t, z)Ñ(d−t, dz)
]
, S1(0) > 0



332 16 Applications to Stochastic Control: Partial and Inside Information

(with the described appropriate conditions for the coefficients). Define AW,Ñ
E

to be the set of portfolios π satisfying the conditions in both Definition 16.14
and Definition 16.19. Suppose π̃ ∈ AW,Ñ

E
is optimal, in the sense that

sup
π∈AW,Ñ

E

E
[
log Xπ(T )

]
= E

[
log Xπ̃(T )

]
,

where Xπ(T ) is the final value of the wealth process corresponding to portfo-
lio π. Prove that π̃ satisfies the equation

E
[
µ(t) − ρ(t) + Dt+σ(t) − σ2(t)π̃(t) +

∫
R0

( θ(t, z) + Dt,zθ(t, z)
1 + π̃(t)

(
θ(t, z) + Dt+,zθ(t, z)

)

− θ(t, z)
)
ν(dz)

∣∣∣Et

]
= 0.

[Hint. Combine the proofs of Theorem 16.15 and Theorem 16.20.]
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Regularity of Solutions of SDEs Driven
by Lévy Processes

In this chapter, we consider strong solutions of Itô diffusions driven by Lévy
noise and we study their smoothness related to Malliavin differentiability. The
next chapter will be devoted to the study of the smoothness of the probability
distributions associated to the solutions. This application of the Malliavin
calculus gave origin to its introduction [157]. Within the study of Itô diffusions
driven by Brownian noise, we can refer to the recent monographies, e.g., [53,
159, 168, 211] and the references there in. As for the study within the Lévy
type of noise, we can refer to, e.g., [35, 117, 220] and references therein. In
this short chapter, we present only some fundamental results.

17.1 The Pure Jump Case

As before, consider a compensated Poisson random measure Ñ(dt, dz) =
N(dt, dz) − ν(dz)dt defined on the complete probability space equipped with
filtration

(Ω,F , P ), F := {Ft : 0 ≤ t ≤ T} ,

where Ft, 0 ≤ t ≤ T , is the P -augmented filtration generated by the values
of the compensated Poisson random measure Ñ(dt, dz) associated to a pure
jump Lévy process and F = FT . We require that the Lévy measure ν fulfills
the integrability condition

∫

R0

z2ν(dz) < ∞.

We are interested in studying the regularity of solutions of the pure jump
Lévy stochastic differential equation (SDE)

X(t) = x +
∫ t

0

∫

R0

γ(s,X(s−), z)Ñ(ds, dz), 0 ≤ t ≤ T, (17.1)

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 333
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for x ∈ R, where γ : [0, T ]×R×R0 −→ R satisfies the linear growth condition
∫

R0

|γ(t, x, z)|2 ν(dz) ≤ C(1 + |x|2), 0 ≤ t ≤ T, x ∈ R, (17.2)

for a constant C < ∞ as well as the Lipschitz condition
∫

R0

|γ(t, x, z) − γ(t, y, z)|2 ν(dz) ≤ K |x − y|2 , 0 ≤ t ≤ T, x, y ∈ R, (17.3)

for a constant K < ∞.
Under the assumptions (17.2) and (17.3), one can employ Picard iteration

(just as in the Brownian motion case, see, e.g., [178]) to construct a unique
(global) strong solution X(t), t ∈ [0, T ], of (17.1), that is, there exists a unique
càdlàg adapted solution X(t), t ∈ [0, T ], such that

E
[

sup
0≤t≤T

|X(t)|2
]

< ∞. (17.4)

We aim at showing that X(t), t ∈ [0, T ], is regular in the sense that

X(t) ∈ D1,2 (17.5)

for all 0 ≤ t ≤ T .
Before proceeding to the main result, we need the following useful auxiliary

lemma.

Lemma 17.1. Let Fn, n ≥ 1, be a sequence in D1,2 such that

Fn −→ F, n −→ ∞,

in L2(P ). Further, we require that

sup
n≥1

E
[ ∫ T

0

∫

R0

|Ds,zFn|2 ν(dz)ds
]

< ∞.

Then F ∈ D1,2 and D·,·Fn, n ≥ 1 converges to D·,·F in the sense of the weak
topology of L2(P × λ × ν).

Proof By the boundedness assumption there exists a subsequence D·,·Fnk

such that
D·,·Fnk

−→ α, k −→ ∞,

weakly in L2(P × λ × ν). Using the duality relation we conclude that



17.1 The Pure Jump Case 335

E
[
(α, u)L2(λ×ν)

]
= E

[
Fδ(u)

]

for all u in the domain Dom(δ) of the Skorohod integral δ. So we see that
α(t, z) = Dt,zF . 
�

The next result shows the Malliavin differentiability of solutions to the
SDE (17.1). It was first proved in [35]. Our presentation is different from the
original in the sense that we use different operators: our Malliavin derivative
is in fact a difference operator (see, e.g., Theorem 12.8).

Theorem 17.2. Suppose that the conditions (17.2) and (17.3) hold. Then
there exists a unique strong solution X(t) to the SDE (17.1) such that X(t)
belongs to D1,2 for all 0 ≤ t ≤ T .

Proof The idea of the proof is first to show that the Picard approximations
Xn(t), n ≥ 0, to X(t) given by

Xn+1(t) = x +
∫ t

0

∫

R0

γ(s,Xn(s−), z)Ñ(ds, dz), X0(t) = x (17.6)

are in D1,2 and then to perform the limit n −→ ∞ (See, e.g., [168] for the
Brownian motion case). Let us first prove by induction on n that

Xn(t) ∈ D1,2 (17.7)

and that

φn+1(t) ≤ k1 + k2

∫ t

0

φn(s)ds (17.8)

for all 0 ≤ t ≤ T , n ≥ 0, where k1, k2 are constants and

φn(t) := sup
0≤r≤t

E
[ ∫

R0

sup
r≤s≤t

(Dr,·Xn(s))2 ν(dz)
]

< ∞. (17.9)

One can check that (17.7) and (17.8) are fulfilled for n = 0, since

Dt,z

∫ T

0

∫

R0

γ(s, x, ζ)Ñ(ds, dζ) = γ(t, x, z)

by Theorem 12.15. We assume that (17.7) and (17.8) hold n. Then, the clos-
ability of the Malliavin derivative Dt,z (see Theorem 12.6) and Theorem 12.8
imply that

Dr,zγ(t,Xn(t−), z) = γ(t,Xn(t−) + Dr,zXn(t−), z)− γ(t,Xn(t−), z) (17.10)
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for r ≤ t a.e. and ν−a.e. Hence, Theorem 12.15 gives that Xn+1(t) ∈ D1,2 and

Dr,zXn+1(t) =

∫ t

0

∫

R0

Dr,zγ(s, Xn(s−), ζ)Ñ(ds, dζ) + γ(r, Xn(r−), z)

=

∫ t

0

∫

R0

(
γ(s, Xn(s−) + Dr,zXn(s−), ζ) − γ(s, Xn(s−), ζ)

)
Ñ(ds, dζ)

+γ(r, Xn(r−), z)

=

∫ t

r

∫

R0

(
γ(s, Xn(s−) + Dr,zXn(s−), ζ) − γ(s, Xn(s−), ζ)

)
Ñ(ds, dζ)

+γ(r, Xn(r−), z),

for r ≤ t a.e. and ν−a.e. So it follows from (17.2), (17.3), Doob maximal
inequality, Fubini theorem, and the Itô isometry that

E
[ ∫

R0

sup
r≤s≤t

(Dr,·Xn+1(s))
2
ν(dz)

]

≤ 8K

∫ t

r

E
[ ∫

R0

∣∣Dr,zXn(u−)
∣∣2 ν(dz)

]
du + 2C

(
1 + E

[ ∣∣Xn(r−)
∣∣2 ])

≤ 8K

∫ t

r

E
[ ∫

R0

∣∣Dr,zXn(u−)
∣∣2 ν(dz)

]
du + 2C(1 + λ), (17.11)

for all 0 ≤ r ≤ t, where

λ := sup
n≥0

E
[

sup
0≤s≤T

|Xn(s)|2
]

< ∞.

Note that
E
[

sup
0≤s≤T

|Xn(s) − X(s)|2
]
−→ 0. n −→ ∞,

by the Picard iteration scheme. Thus (17.11) shows that (17.7) and (17.8) are
valid for n + 1.

Finally, a discrete version of Gronwall inequality (see, e.g., [20, Lemma
4.1] or Problem 17.1) applied to (17.11) yields

sup
n≥0

E
[ ∫ T

0

∫

R0

|Ds,zXn(t)|2 ν(dz)ds
]

< ∞

for all 0 ≤ t ≤ T . Then it follows from Lemma 17.1 that X(t) ∈ D1,2. 
�
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Remark 17.3. In [35] it is shown that the solution in Theorem 17.2 even sat-
isfies

X(t) ∈ D1,∞ (17.12)

for all 0 ≤ t ≤ T , where the space D1,∞ ⊂ L2(P ) is introduced as

D1,∞ :=
⋂
p≥1

D1,p.

Here, the space D1,p is defined by completion on a class of smooth random
variables (e.g., finite linear combinations of In(fn), n ≥ 0) with respect to the
seminorm ‖·‖1,p that is given by

‖F‖2
1,p = E

[
|F |p

]
+ E

[
‖D·F‖p

L2(λ×ν)

]
, p ≥ 1. (17.13)

17.2 The General Case

Similar arguments in the proof of Theorem 17.2 can be employed to extend the
latter result to the case of solutions X(t), t ∈ [0, T ], to stochastic differential
equations of the type

X(t) = x +
∫ t

0

α(s,X(s))ds +
∫ t

0

σ(s,X(s))dW (s)

+
∫ t

0

∫

R0

γ(s,X(s−), z)Ñ(ds, dz),

0 ≤ t ≤ T, x ∈ R
n, (17.14)

where α : [0, T ] × R
n −→ R

n, σ : [0, T ] × R
n −→ R

n×m, and γ : [0, T ] × R
n ×

R
n
0 −→ R

n×l are Borel measurable functions. Here

W (t) = (W1(t), ...,Wm(t)) (17.15)

is an m-dimensional Brownian motion and

Ñ(dt, dz)T = (Ñ1(dt, dz1), ..., Ñl(dt, dzl))
= (N1(dt, dz1) − ν1(dz1), ..., Nl(dt, dzl) − νl(dzl)), (17.16)

where Nj , j = 1, ..., l are independent Poisson random measures with Lévy
measures νj , j = 1, ..., l coming from l independent one-dimensional Lévy
processes. Let α(t, x) = (αi(t, x))1≤i≤n, σ(t, x) = (σij(t, x))1≤i≤n,1≤j≤m,
and γ(t, x, z) = (γij(t, x, zj))1≤i≤n,1≤j≤l be the coefficients of (17.14) in the
component form. Then X(t) = (Xi(t))1≤i≤n in (17.14) can be equivalently
written as
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Xi(t) = xi +
∫ t

0

αi(s,X(s))ds +
n∑

j=1

∫ t

0

σij(s,X(s))dWj(s)

+
l∑

j=1

∫ t

0

∫

R0

γij(s,X(s−), zj)Ñj(ds, dz), 0 ≤ t ≤ T, xi∈R, (17.17)

for x = (xi)1≤i≤n. Let us assume that W (t) and Ñ(dt, dz), t ∈ [0, T ], z ∈
R0, are constructed on the probability space (Ω,F , P ) given by (13.66) in
Sect. 12.5. To guarantee a unique strong solution to (17.14), we assume that
the coefficients of (17.14) satisfy linear growth and Lipschitz continuity, i.e.,

‖σ(t, x)‖2 + |α(t, x)|2 +
l∑

j=1

n∑
i=1

∫

R0

∣∣γij(t, x, zj)
∣∣2 νj(dzj) ≤ C(1+ |x|2) (17.18)

for all x ∈ R
n and

‖σ(t, x) − σ(t, y)‖2 + |α(t, x) − α(t, y)|2

+
l∑

j=1

n∑
i=1

∫

R0

∣∣γij(t, x, zj) − γij(t, y, zj)
∣∣2 νj(dzj) ≤ K |x − y|2 (17.19)

for all x, y ∈ R
n, 0 ≤ t ≤ T , where C,K < ∞ are constants and ‖ · ‖ is a

matrix norm.
Recall that a random variable F is Malliavin differentiable if and only if

F ∈ D1,2, where the space D1,2 ⊂ L2(P ) is defined by completion with respect
to the seminorms ‖·‖1,2 that are given by (l,m = 1, 2, . . .)

‖F‖2
1,2 =E

[
|F |2

]
+

m∑
i=1

E
[ ∥∥D·,iF

∥∥2

L2(λ)

]
+

l∑
j=1

E
[ ∥∥D·,·,jF

∥∥2

L2(λ×ν)

]
. (17.20)

Here Dt,i and Dt,z,j denote the Malliavin derivatives with respect to the Wi(t)
and Ñj(ds, dz), respectively. See Sect. 12.5. The next result is a generalization
of Theorem 17.2.

Theorem 17.4. Under the conditions of (17.18) and (17.19), the values X(t)
of the solution to (17.14) are Malliavin differentiable for all 0 ≤ t ≤ T .

Proof The proof is similar to the one of Theorem 17.2. For details see [35,
Chap. 10], where the Peano approximation scheme is used (instead of Picard
iteration). 
�

Remark 17.5. As already indicated in Remark 17.3, the regularity of the so-
lutions to (17.14) can be improved in various ways. For example, it is proved
in [114] for m = n = 1 and l = 0 in (17.14) that if α, σ are time-independent
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and in C∞
b (R) (space of infinitely differentiable functions with bounded deriv-

atives of all orders) then X(t) belongs to the Meyer–Watanabe test function
space D∞, that is,

X(t) ∈ D∞

for all 0 ≤ t ≤ T , where

D∞ :=
⋂

k∈N0,p≥1

Dk,p.

Here the spaces Dk,p are defined by completion with respect to the seminorms
‖·‖k,p, that is given by

‖F‖2
k,p = E

[
|F |p

]
+

k∑
j=1

E
[ ∥∥Dj

· F
∥∥p

L2(λj)

]
, k ∈ N0, p ≥ 1, (17.21)

where Dj
· F means

Dj
t1,...,tj,

F = Dt1Dt2 ...Dtj
F (17.22)

for a j-times Malliavin differentiable random variable F (see Definition 3.1).

17.3 Exercises

Problem 17.1. Let m ∈ N. Assume that there exist constants C, D and
numbers α0, ..., αm such that

α0 ≤ C

and

αk ≤ C +
D

m

k−1∑
j=0

αj , k = 1, ...,m.

Then
αk ≤ C

(
1 +

D

m

)k

, for all k = 0, 1, ...,m.

Problem 17.2. Consider the SDE (17.18) under conditions (17.19) and
(17.20) for m = l = n = 1. Suppose that α(t, ·), σ(t, ·), and γ(t, ·, z) are
continuously differentiable for all t ∈ [0, T ], z ∈ R0. Use the Itô formula to
represent DsXt explicitly.
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Absolute Continuity of Probability Laws

One of the original applications of the Malliavin calculus or the stochastic
calculus of variations pertains to the analysis of the existence and smoothness
of densities of random vectors on the Wiener space. In this short chapter
we want to provide some useful criteria based on Malliavin calculus for Lévy
processes to ensure the absolute continuity of probability laws with respect to
Lebesgue measure. Finally, we discuss the smoothness of densities of strong
solutions to stochastic differential equations driven by Lévy processes. See
[35, 38] for further details. See also recent related developments in, e.g., [13,
14, 57, 81, 82, 136].

18.1 Existence of Densities

In this section we consider a one-dimensional Brownian motion W (t), t ∈
[0, T ], and a compensated Poisson random measure Ñ(dt, dz) = N(dt, dz) −
ν(dz)dt, t ∈ [0, T ], z ∈ R0, on the probability space (Ω,F , P ) that is given by
(13.66) in Sect. 12.5 for N = 1 and R = 1. Recall that this space was called
the Wiener–Poisson space. We denote Dt, respectively, by Dt,z the Malliavin
derivative with respect to W , respectively, Ñ .

The main idea of the study of the absolute continuity of laws of random
vectors F is based on integration by parts, that is, on the duality relation
between Dt and δ. To develop some intuition for this principle let us first
analyze the real-valued case.

Theorem 18.1. Let the random variable F : Ω −→ R be Malliavin differen-
tiable with respect to W . Assume that the process

u(t) :=
DtF

‖D·F‖2
L2(λ)

, t ∈ [0, T ],

is Skorohod integrable. Then the law of F is absolutely continuous with respect
to Lebesgue measure. Furthermore, its density f is continuous and bounded

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 341
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and can be explicitly represented as

f(x) = E
[
χ{F>x}δ

( D·F

‖D·F‖2
L2(λ)

)]
, x ∈ R. (18.1)

Proof Let x1 < x2. Define

α(y) = χ[x1,x2](y)

and
β(y) =

∫ y

−∞
α(u)du.

Using the chain rule for Dt, one can show that β(F ) is Malliavin differentiable
with respect to W and that(

D·β(F ),D·F
)

L2(λ)
=
(
α(F )D·F,D·F

)
L2(λ)

= α(F ) ‖D·F‖2

L2(λ)
.

So
α(F ) =

(
D·β(F ),

D·F

‖D·F‖2

L2(λ)

)
L2(λ)

.

Then the duality relation between Dt and the Skorohod integral δ (on the
Wiener–Poisson space) and the Fubini theorem give

P (x1 ≤ F ≤ x2) = E
[
α(F )

]
= E

[(
D·β(F ),

D·F

‖D·F‖2

L2(λ)

)
L2(λ)

]

= E
[
β(F )δ

( D·F

‖D·F‖2

L2(λ)

)]

= E
[ ∫ F

−∞
α(u)du δ

( D·F

‖D·F‖2

L2(λ)

)]

=
∫ x2

x1

E
[
χ{F>u} δ

( D·F

‖D·F‖2
L2(λ)

)]
du,

which completes the proof. 
�
We wish to derive a multidimensional version of Theorem 18.1. To this end,

we need the following auxiliary result from finite dimensional real analysis.

Lemma 18.2. Let m be a finite measure on the Borel sets of R
n. Suppose

that ∣∣∣∣
∫

Rn

∂

∂xi
φ(x)m(dx)

∣∣∣∣ ≤ C ‖φ‖∞ (18.2)

for all test functions φ ∈ C∞
b (Rn) (space of infinitely differentiable functions

with bounded partial derivatives of all orders), where C < ∞ is a constant
not dependent of φ and ‖·‖∞ is the supremum-norm. Then m is absolutely
continuous with respect to the Lebsegue measure.
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Proof A proof of this result can be found, e.g., in [157], where techniques
from harmonic analysis are invoked. 
�

Let us consider a random vector F = (F1, ..., Fn), whose components are
Malliavin differentiable with respect to W . We introduce the Malliavin matrix
of F as the random symmetric nonnegative definite matrix

σF =
(
σij

F

)
1≤i,j≤n

(18.3)

with entries given by
σij

F =
(
D·Fi,D·Fj

)
L2(λ)

.

The next result is essentially due to [157].

Theorem 18.3. Let F = (F1, ..., Fn) be a random vector such that
(1) F belongs to D2,4, where the space D2,4 is defined as in (17.21) on the
Wiener–Poisson space.
(2) The Malliavin matrix σF in (18.3) has an inverse a.e.
Then the probability law of F is absolutely continuous with respect to Lebesgue
measure.

Proof Let φ ∈ C∞
b (Rn). Then by the chain rule (on the Wiener–Poisson

space) we see that φ(F ) ∈ D1,4 and that

Dtφ(F ) =
n∑

i=1

∂

∂xi
φ(F )DtFi.

The latter implies

(
D·φ(F ),D·Fj

)
L2(λ)

=
n∑

i=1

∂

∂xi
φ(F )σij

F .

So using the invertibility of the Malliavin matrix of F we have

∂

∂xi
φ(F ) =

n∑
j=1

(
D·φ(F ),D·Fj

)
L2(λ)

(
σ−1

F

)ij

. (18.4)

Let us introduce the function Φ : R
n×n −→ R

n×n given by

Φ(x) =

⎧⎨
⎩

x−1 exp
(
−
(

det(x)
)−2)

, det(x) �= 0,

0, det(x) = 0,

where det(x) denotes the determinant of x ∈ R
n×n. One can see that Φ ∈

C∞
b (Rn×n). Then using (18.4) gives



344 18 Absolute Continuity of Probability Laws

E
[
exp

(
−
(

det(σF )
)−2) ∂

∂xi
φ(F )

]

=
n∑

j=1

E
[(

D·φ(F ),D·Fj

)
L2(λ)

exp
(
−
(

det(σF )
)−2)(

σ−1
F

)ij]

=
n∑

j=1

E
[(

D·φ(F ),D·Fj

)
L2(λ)

(
Φ(σF )

)ij]

=
n∑

j=1

E
[(

D·φ(F ),
(
Φ(σF )

)ij

D·Fj

)
L2(λ)

]
. (18.5)

We want to apply the duality relation between Dt and the Skorohod integral δ

to the last expression in (18.5). Thus, we have to verify that
(
Φ(σF )

)ij

D·Fj

belongs to the domain of δ. To justify this, let us recall from Chap. 3 the
integration by parts formula (which can be extended to the Wiener–Poisson
space setting by the same proof). For Skorohod integrable processes u(t),
t ∈ [0, T ], and random variables X ∈ D1,2 with E

[
X2 ‖u‖2

L2(λ)

]
< ∞ we have

δ(Xu) = Xδ(u) −
(
D·X,u

)
L2(λ)

, (18.6)

provided that the right-hand side belongs to L2(P ) (see Theorem 3.15 and the
remark that follows). Because of condition (1) and Φ ∈ C∞

b (Rn×n), we observe

that
(
Φ(σF )

)ij

∈ D1,2 is bounded and that
(
D·
(
Φ(σF )

)ij

,D·Fj

)
L2(λ)

is in

L2(P ). So if we choose u(t) = DtFj and X =
(
Φ(σF )

)ij

, we conclude that
the right-hand side of (18.6) is square integrable. Thus Xu is in the domain
of δ. Hence, by applying the duality relation to (18.5) we obtain

E
[
exp

(
−
(

det(σF )
)−2) ∂

∂xi
φ(F )

]
=

n∑
j=1

E
[
φ(F )δ

((
Φ(σF )

)ij

D·Fj

)]

≤
n∑

j=1

E
[ ∣∣∣∣δ
((

Φ(σF )
)ij

D·Fj

)∣∣∣∣
]
‖φ‖∞

= C ‖φ‖∞ .

So it follows from Lemma 18.2 that the measure m defined by

m(B) =
∫

F−1

(
B

) exp
(
−
(

det(σF )
)−2)

P (dω), B ∈ B(Rn)

is absolutely continuous with respect to Lebesgue measure λn. So if λn(B) = 0
then m(B) = 0. Thus we get
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P (F ∈ B) = 0,

which gives the desired result. 
�

Remark 18.4. We mention that the regularity assumption on the random vec-
tor F in Theorem 18.3 can be considerably relaxed. See [42], where the authors
use a different approach based on a criterion for absolute continuity in finite
dimesional spaces.

18.2 Smooth Densities of Solutions to SDE’s Driven
by Lévy Processes

The density result for random vectors in Theorem 18.3 in concert with
Theorem 17.2 (or Remark 17.3) can be actually used to establish criteria for
the existence of densities of laws of (strong) solutions to SDEs of the type

X(t) = x +
∫ t

0

α(s,X(s))ds +
∫ t

0

σ(s,X(s))dW (s)

+
∫ t

0

∫

R0

γ(s,X(s−), z)Ñ(ds, dz),

0 ≤ t ≤ T, x ∈ R
n, (18.7)

where α : [0, T ] × R
n −→ R

n, σ : [0, T ] × R
n −→ R

n×m and γ : [0, T ] × R
n ×

R
n
0 −→ R

n×l are Borel measurable functions.
An important problem in view of applications refers to the existence of

smooth densities of distributions of solutions of SDEs. We want to state a
useful result that provides a criterion for the existence of C∞-densities of
solutions to (18.7). The latter criterion ensures that for each fixed t > 0 there
exists a function f ∈ C∞(Rn) such that

P (X(t) ∈ B) =
∫

B

f(x)dx, B ∈ B(Rn).

The statement of this result, which goes back to [38], requires the fol-
lowing conditions and notation. In the sequel we confine ourselves to the
case l = 1 in (18.7). Further, we assume that the Brownian motion W (t) =
(W1(t), ...,Wm(t)) and the compensated Poisson random measure Ñ(dt, dz) =
N(dt, dz) − ν(dz)dt are defined on the Wiener–Poisson space (13.66).

Let us denote by Lp,∞
+ the space given by

Lp,∞
+ :=

⋂
q≥p

Lq
+, (18.8)
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where
Lq

+ := {f : R0 −→ [0,∞) : f ∈ Lq(ν)} .

We impose the following conditions on the coefficients of (18.7):

(C.1) α, σ, and γ are time-independent.
(C.2) α, σ1, ..., σm ∈ C∞

b (Rn), where σ = (σ1, ..., σm).
(C.3) There exists some function ρ ∈ L2,∞

+ such that

sup
z∈R0,x∈Rn

1
ρ(z)

‖Dm
1 γ(x, z)‖ < ∞

for all m ∈ N. Here, D1 is the derivative with respect to x ∈ R
n.

(C.4)

sup
z∈R0,x∈Rn

∥∥∥∥
(
I + D1γ(x, z)

)−1
∥∥∥∥ < ∞,

where I ∈ R
n×n is the unit matrix.

Under these conditions one shows (see, e.g., [167]) that there exist unique
predictable processes Y (t), Z(t) ∈ R

n×n, such that

sup
0≤s≤t

‖Y (s)‖ , sup
0≤s≤t

‖Z(s)‖ ∈ Lp(P ) (18.9)

for all t ≥ 0 and p < ∞ as well as

Y (t) = I +
∫ t

0

Dα(X(s−))Y (s−)ds +
∫ t

0

Dσ(X(s−))Y (s−)dW (s)

+
∫ t

0

∫
R0

D1γ(X(s−), z)Y (s−)Ñ(ds, dz) (18.10)

and

Z(t)= I−
∫ t

0

Z(s−)
(
Dα(X(s−))−

m∑
i=1

Dσi(X(s−))2

−
∫

R0

(
I + D1γ(X(s−), z)

)−1
D1γ(X(s−), z)2ν(dz)

)
ds

−
∫ t

0

Dσ(X(s−))Z(s−)dW (s)

−
∫ t

0

∫
R0

Z(s−)
(
I + D1γ(X(s−), z)

)−1
D1γ(X(s−), z)Ñ(ds, dz). (18.11)

Using Itô formula one verifies that

Z(t) = Y −1(t) for all t ≥ 0 a.e.
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If, e.g., (18.7) has no jump part then

DsX(t) = Y (t)Y −1(s)σ(Xs)χ[0,t](s) a.e.

Finally, define the reduced Malliavin covariance matrix Ct by

Ct =
∫ t

0

m∑
i=1

Z(s−)σi(X(s−))Z(s−)σi(X(s−))ds.

The next result gives a sufficient condition for the existence of a smooth
density of X(t) in terms of a moment condition of the inverse of Ct.

Theorem 18.5. Let t > 0 and require that
∥∥C−1

t

∥∥ ∈ Lp(P )

for all p ≥ 2. Then X(t) has a C∞-density with respect to Lebesgue measure.

Proof See [35]. 
�

18.3 Exercises

Problem 18.1. Use Theorem 18.1 to derive a formula for the density of the
(risk neutral) log-prices X(t), t ∈ [0, T ], in the Barndorff–Nielsen and Shep-
hard model (12.47), (12.48).



Appendix A: Malliavin Calculus on the Wiener
Space

In this book we have, for several reasons, chosen to present the Malliavin
Calculus in the setting of the Hida white noise probability space (Ω,F ,P),
where Ω = S′(R) is the Schwartz space of tempered distributions. In the
Brownian case there is an alternative setting, namely the Wiener space Ω =
C0[0, T ] of continuous functions ω : [0, T ] → R with ω(0) = 0. We now present
this approach.

Malliavin calculus was originally introduced to study the regularity of the
law of functionals of the Brownian motion, in particular, of the solution of
stochastic differential equations driven by the Brownian noise [157].

Shortly, the idea is as follows. Let f be a smooth function on R
d. The

crucial idea for proving the regularity of the law of an R
d-valued functional

X of the Wiener process is to express the partial derivative of f at X as
a derivative of the functional f(X) with respect to a new derivation on the
Wiener space. Based on some integration by parts formula, this derivation
should exhibit the property of fulfilling the following relation:

E

[
∂|α|f

∂xα
(X)

]
= E [f(X)Lα(X)] ,

where Lα(X) is a functional of the Wiener process not depending on f and
where ∂|α|

∂xα is the partial derivative of order |α| = α1+ ...+αd, α = (α1, ..., αd).
Provided Lα(X) is sufficiently integrable, the law of X should be smooth.

Hereafter we outline the classical presentation of the Malliavin derivative on
the Wiener space. For further reading, we refer to, for example, [53, 168, 211].

A.1 Preliminary Basic Concepts

Let us first recall some basic concepts from classical analysis, see, for example,
[78].

349
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Definition A.1. Let U be an open subset of R
n and let f : U −→ R

m.

(1)We say that f has a directional derivative at the point x ∈ U in the
direction y ∈ R

n if

Dyf(x) := lim
ε→0

f(x + εy) − f(x)
ε

=
d

dε
[f(x + εy)]|ε=0 (A.1)

exists. If this is the case we call the vector Dyf(x) ∈ R
m the directional

derivative at x in the direction y. In particular, if we choose y to be the
jth unit vector ej = (0, . . . , 1, . . . , 0), with 1 on jth place, we get

Dεj
f(x) =

∂f

∂xj
(x) ,

the jth partial derivative of f .
(2)We say that f is differentiable at x ∈ U if there exists a matrix A ∈ R

m×n

such that

lim
h→0
h∈Rn

|f(x + h) − f(x) − Ah|
|h| = 0. (A.2)

If this is the case we call A the derivative of f at x and we write

A = f ′(x).

Proposition A.2. The following relations between the two concepts hold true.

(1) If f is differentiable at x ∈ U , then f has a directional derivative in all
directions y ∈ R

n and

Dyf(x) = f ′(x)y = Ay. (A.3)

(2)Conversely, if f has a directional derivative at all x ∈ U in all the direc-
tions y = ej, j = 1, ..., n, and all the partial derivatives

Dej
f(x) =

∂f

∂xj
(x)

are continuous functions of x, then f is differentiable at all x ∈ U and

f ′(x) =
[

∂fi

∂xj
(x)
]

1≤i≤m
1≤j≤n

= A ∈ R
m×n , (A.4)

where fi is component number i of f , that is, f = (f1, ..., fm)T .

We define similar operations in a more general context. First let us recall
some basic concepts from functional analysis.
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Definition A.3. Let X be a Banach space, that is, a complete, normed vector
space over R, and let ‖x‖ denote the norm of the element x ∈ X. A linear
functional on X is a linear map

T : X → R.

Recall that T is called linear if T (ax + y) = aT (x) + T (y) for all a ∈ R,
x, y ∈ X. A linear functional T is called bounded (or continuous) if

|||T ||| := sup
‖x‖≤1

|T (x)| < ∞

Sometimes we write 〈T, x〉 or Tx instead of T (x) and call 〈T, x〉 “the action of
T on x”.The set of all bounded linear functionals is called the dual of X and
is denoted by X∗. Equipped with the norm ||| · |||, the space X∗ is a Banach
space.

Example A.4. X = R
n with the Euclidean norm |x| =

√
x2

1 + · · · + x2
n is a

Banach space. In this case it is easy to see that we can identify X∗ with Rn.

Example A.5. Let X = C0([0, T ]) be the space of continuous real functions ω
on [0, T ] such that ω(0) = 0. Then

‖ω‖∞ := sup
t∈[0,T ]

|ω(t)|

is a norm on X called the uniform norm. With this norm, X is a Banach
space and its dual X∗ can be identified with the space M([0, T ]) of all signed
measures ν on [0, T ], with norm

|||ν||| = sup
|f |≤1

T∫

0

f(t)dν(t) = |ν|([0, T ]).

Example A.6. Let X = Lp([0, T ]) = {f : [0, T ] → R;
T∫
0

|f(t)|pdt < ∞} be

equipped with the norm

‖f‖p =
[ T∫

0

|f(t)|pdt
]1/p

(1 ≤ p < ∞).

Then X is a Banach space and its dual can be identified with Lq([0, T ]), where

1
p

+
1
q

= 1 .

In particular, if p = 2, then q = 2, so L2([0, T ]) is its own dual.
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We now extend the definitions of derivative and differentiability we had
for R

n to arbitrary Banach spaces.

Definition A.7. Let U be an open subset of a Banach space X and let f be
a function from U into R

m.

(1)We say that f has a directional derivative (or Gateaux derivative) Dyf(x)
at x ∈ U in the direction y ∈ X if

Dyf(x) :=
d

dε
[f(x + εy)]ε=0 ∈ R

m (A.5)

exists.
(2)We say that f is Fréchet-differentiable at x ∈ U , if there exists a bounded

linear map
A : X → R

m,

that is, A = (A1, ..., Am)T , with Ai ∈ X∗ for i = 1, ...,m, such that

lim
h→0
h∈X

|f(x + h) − f(x) − A(h)|
‖h‖ = 0. (A.6)

We write

f ′(x) =

⎡
⎢⎣

f ′(x)1
...

f ′(x)m

⎤
⎥⎦ = A ∈ (X∗)m. (A.7)

for the Fréchet derivative of f at x.

Similar to the Euclidean case (see Proposition A.2) we have the following
result.

Proposition A.8.

(1) If f is Fréchet-differentiable at x ∈ U ⊂ X, then f has a directional
derivative at x in all directions y ∈ X and

Dyf(x) = 〈f ′(x), y〉 ∈ R
m, (A.8)

where
〈f ′(x), y〉 = (〈f ′(x)1, y〉, . . . , 〈f ′(x)m, y〉)T

is the m-vector whose ith component is the action of the ith component
f ′(x)i of f ′(x) on y.

(2) Conversely, if f has a directional derivative at all x ∈ U in all directions
y ∈ X and the linear map

y → Dyf(x) , y ∈ X
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is continuous for all x ∈ U , then there exists an element ∇f(x) ∈ (X∗)m

such that
Dyf(x) = 〈∇f(x), y〉 .

If this map x → ∇f(x) ∈ (X∗)m is continuous on U , then f is Fréchet
differentiable and

f ′(x) = ∇f(x) . (A.9)

A.2 Wiener Space, Cameron–Martin Space,
and Stochastic Derivative

We now apply these operations to the Banach space Ω = C0([0, T ]) considered
in Example A.5 above. This space is called the Wiener space, because we can
regard each path

t → W (t, ω)

of the Wiener process starting at 0 as an element ω of C0([0, T ]). Thus we may
identify W (t, ω) with the value ω(t) at time t of an element ω ∈ C0([0, T ]):

W (t, ω) = ω(t).

The space Ω = C0([0, T ]) is naturally equipped with the Borel σ-algebra
generated by the topology of the uniform norm. One can prove that this σ-
algebra coincides with the σ-algebra generated by the cylinder sets (see, e.g.,
[36]). This measurable space is equipped with the probability measure P ,
which is given by the probability law of the Wiener process:

P
{
W (t1) ∈ F1, . . . ,W (tk) ∈ Fk

}

=
∫

F1×···×Fk

ρ(t1, x, x1)ρ(t2 − t1, x, x2) · · · ρ(tk − tk−1, xk−1, xk)dx1, · · · dxk,

where Fi ⊂ R, 0 ≤ t1 < t2 < · · · < tk ≤ T , and

ρ(t, x, y) = (2πt)−1/2 exp(−1
2
|x − y|2), t ∈ [0, T ], x, y ∈ R.

The measure P is called the Wiener measure on Ω.
Just as for Banach spaces, we now give the following definition.

Definition A.9. Let F : Ω → R be a random variable, choose g ∈ L2([0, T ]),
and consider

γ(t) =

t∫

0

g(s)ds ∈ Ω. (A.10)

Then we define the directional derivative of F at the point ω ∈ Ω in direction
γ ∈ Ω by

DγF (ω) =
d

dε
[F (ω + εγ)]|ε=0 , (A.11)

if the derivative exists in some sense (to be made precise later).
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Note that we consider the derivative only in special directions, namely in
the directions of elements γ of the form (A.10). The set of γ ∈ Ω, which can
be written on the form (A.10) for some g ∈ L2([0, T ]), is called the Cameron–
Martin space and it is hearafter denoted by H. It turns out that it is difficult
to obtain a tractable theory involving derivatives in all directions. However,
the derivatives in the directions γ ∈ H are sufficient for our purposes.

Definition A.10. Assume that F : Ω → R has a directional derivative in all
directions γ of the form γ ∈ H in the strong sense, that is,

DγF (ω) := lim
ε→0

F (ω + εγ) − F (ω)
ε

(A.12)

exists in L2(P ). Assume in addition that there exists ψ(t, ω) ∈ L2(P ×λ) such
that

DγF (ω) =

T∫

0

ψ(t, ω)g(t)dt, for all γ ∈ H . (A.13)

Then we say that F is differentiable and we set

DtF (ω) := ψ(t, ω). (A.14)

We call D·F ∈ L2(P × λ) the stochastic derivative of F . The set of all
differentiable random variables is denoted by D1,2.

Example A.11. Suppose F =
T∫
0

f(s)dW (s) =
T∫
0

f(s)dω(s), where f(s) ∈

L2([0, T ]). Then if γ ∈ H, we have

F (ω + εγ) =

T∫

0

f(s)(dω(s) + εdγ(s))

=

T∫

0

f(s)dω(s) + ε

T∫

0

f(s)g(s)ds,

and hence

F (ω + εγ) − F (ω)
ε

=

T∫

0

f(s)g(s)ds

for all ε > 0. Comparing with (A.13), we see that F ∈ D1,2 and

DtF (ω) = f(t), t ∈ [0, T ], ω ∈ Ω. (A.15)

In particular, choosing
f(t) = X[0,t1](t)
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we get

F =

T∫

0

X[0,t1](s)dW (s) = W (t1)

and hence
Dt(W (t1)) = X[0,t1](t). (A.16)

Let P denote the family of all random variables F : Ω → R of the form

F = ϕ(θ1, . . . , θn),

where ϕ(x1, . . . , xn) =
∑
α

aαxα, with xα = xα1
1 . . . xαn

n and α = (α1, ..., αn),

is a polynomial and θi =
T∫
0

fi(t)dW (t) for some fi ∈ L2([0, T ]), i = 1, ..., n.

Such random variables are called Wiener polynomials. Note that P is dense in
L2(P ).

Lemma A.12. Chain rule. Let F = ϕ(θ1, . . . , θn) ∈ P. Then F ∈ D1,2 and

DtF =
n∑

i=1

∂ϕ

∂θi
(θ1, . . . , θn) · fi(t). (A.17)

Proof Let ψ(t) denote the right-hand side of (A.17). Since

sup
s∈[0,T ]

E[|W (s)|N ] < ∞ for all N ∈ N,

we see that

1
ε
[F (ω + εγ) − F (ω)] =

1
ε

[
ϕ
(
θ1 + ε(f1, g), . . . , θn + ε(fn, g)

)
− ϕ(θ1, . . . , θn)

]

−→
n∑

i=1

∂ϕ

∂θi
(θ1, . . . , θn) · Dγ(θi), ε → 0,

in L2(P ). Hence F has a directional derivative in direction γ in the strong
sense and by (A.15) we have

DγF =

T∫

0

ψ(t)g(t)dt.

By this we end the proof. 
�
We now introduce the norm ‖ · ‖1,2, on D1,2:

‖F‖2
1,2 := ‖F‖2

L2(P ) + ‖DtF‖2
L2(P×λ), F ∈ D1,2 . (A.18)

Unfortunately, it is not clear if D1,2 is closed under this norm. To avoid this
difficulty we work with the following family.
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Definition A.13. We define D1,2 to be the closure of the family P with respect
to the norm ‖ · ‖1,2.

Thus D1,2 consists of all F ∈ L2(P ) such that there exists Fn ∈ P with the
property that

Fn −→ F in L2(P ) as n → ∞ (A.19)

and
{DtFn}∞n=1 is convergent in L2(P × λ).

If this is the case, it is tempting to define

DtF := lim
n→∞

DtFn .

However, for this to work we need to know that this defines DtF uniquely.
In other words, if there is another sequence Gn ∈ P such that

Gn → F in L2(P ) as n → ∞ (A.20)

and
{DtGn}∞n=1 is convergent in L2(P × λ), (A.21)

does it follow that limn→∞ DtFn = limn→∞ DtGn?
By considering the difference Hn = Fn − Gn, we see that the answer to

this question is positive, in view of the following theorem.

Theorem A.14. Closability of the derivative. The operator Dt is clos-
able, that is, if the sequence {Hn}∞n=1 ⊂ P is such that

Hn → 0 in L2(P ) as n → ∞ (A.22)

and
{DtHn}∞n=1 converges in L2(P × λ) as n → ∞,

then
lim

n→∞
DtHn = 0. (A.23)

The proof is based on the following useful result.

Lemma A.15. Integration by parts formula. Suppose F,ϕ ∈ D1,2 and
γ ∈ H with g ∈ L2([0, T ]). Then

E
[
DγF · ϕ

]
= E

[
F · ϕ ·

T∫

0

g(t)dW (t)
]
− E

[
F · Dγϕ

]
. (A.24)

Proof By the Cameron–Martin theorem (see, e.g., [158]) we have∫
Ω

F (ω + εγ) · ϕ(ω)P (dω) =
∫

Ω

F (ω)ϕ(ω − εγ)Q(dω),

where

Q(dω) = exp
{

ε

T∫

0

g(t)dW (t) − 1
2
ε2

T∫

0

g2(t)dt
}

P (dω),
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being ω(t) = W (t, ω), t ≥ 0, ω ∈ Ω, a Wiener process on the Wiener space
Ω = C0([0, T ]). This gives

E
[
DγF · ϕ

]
=
∫

Ω

lim
ε→0

1
ε

[
F (ω + εγ) − F (ω)

]
· ϕ(ω)P (dω)

= lim
ε→0

1
ε

∫
Ω

F (ω + εγ)ϕ(ω) − F (ω)ϕ(ω)P (dω)

= lim
ε→0

1
ε

∫
Ω

F (ω)
[
ϕ(ω − εγ) exp

{
ε

T∫

0

g(t)dω(t)

− 1
2
ε2

T∫

0

g2(t)dt
}
− ϕ(ω)

]
P (dω)

=
∫

Ω

F (ω) · d

dε

[
ϕ(ω − εγ) exp(ε

T∫

0

g(t)dω(t)

− 1
2
ε2

T∫

0

g2(t)dt)
]
|ε=0

P (dω)

= E
[
Fϕ ·

T∫

0

g(t)dW (t)
]
− E

[
FDγϕ

]
.

By this we end the proof. 
�
Proof of Theorem A.14. By Lemma A.15 we get

E
[
DγHn · ϕ

]
= E

[
Hnϕ ·

T∫

0

gdW
]
− E

[
Hn · Dγϕ

]
−→ 0, n → ∞,

for all ϕ ∈ P. Since {DγHn}∞n=1 converges in L2(P ) and P is dense in L2(P ),
we conclude that DγHn → 0 in L2(P ) as n → ∞. Since this holds for all
γ ∈ H, we obtain that DtHn → 0 in L2(P × λ). 
�

In view of Theorem A.14 and the discussion preceding it, we can now make
the following unambiguous definition.

Definition A.16. Let F ∈ D1,2, so that there exists {Fn}∞n=1 ⊂ P such that

Fn → F in L2(P )

and {DtFn}∞n=1 is convergent in L2(P × λ). Then we define

DtF = lim
n→∞

DtFn in L2(P × λ) (A.25)
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and

DγF =

T∫

0

DtF · g(t)dt

for all γ(t) =
t∫
0

g(s)ds ∈ H, with g ∈ L2([0, T ]). We call DtF the Malliavin

derivative of F.

Remark A.17. Strictly speaking we now have two apparently different defini-
tions of the derivative of F :

1. The stochastic derivative DtF of F ∈ D1,2 given by Definition A.10.
2. The Malliavin derivative DtF of F ∈ D1,2 given by Definition A.16.

However, the next result shows that if F ∈ D1,2∩D1,2, then the two derivatives
coincide.

Lemma A.18. Let F ∈ D1,2 ∩ D1,2 and suppose that {Fn}∞n=1 ⊂ P has the
properties

Fn → F in L2(P ) and {DtFn}∞n=1 converges in L2(P × λ).
(A.26)

Then
DtF = lim

n→∞
DtFn in L2(P × λ) . (A.27)

Hence
DtF = DtF for F ∈ D1,2 ∩ D1,2. (A.28)

Proof By (A.26) we get that {DγFn}∞n=1 converges in L2(P ) for each γ(t) =
t∫
0

g(s)ds with g ∈ L2([0, T ]). By Lemma A.15 and (A.26) we get

E
[
(DγFn − DγF ) · ϕ

]
=E

[
(Fn − F )·ϕ·

t∫

0

gdW
]
− E

[
(Fn − F ) · Dγϕ

]
−→ 0

for all ϕ ∈ P. Hence DγFn → DγF in L2(P ) and (A.27) follows. 
�
In view of Lemma A.18 we now use the same symbol DtF for the derivative

and DγF for the directional derivative of all the elements F ∈ D1,2 ∩ D1,2.

Remark A.19. Note that from the definition of D1,2 follows that, if {Fn}∞n=1 ∈
D1,2 with Fn → F in L2(P ) and {DtFn}∞n=1 converges in L2(P × λ), then

F ∈ D1,2 and DtF = lim
n→∞

DtFn .
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A.3 Malliavin Derivative via Chaos Expansions

Since an arbitrary F ∈ L2(P ) can be represented by its chaos expansion

F =
∞∑

n=0

In(fn),

where fn ∈ L̃2([0, T ]n) for all n, it is natural to ask if we can express the
derivative of F (if it exists) by means of this. See Chap. 1 for the definition and
properties of the Itô iterated integrals In(fn). Hereafer, we consider derivation
according to Definition A.16 and Lemma A.18.
Let us first look at a special case.

Lemma A.20. Suppose F = In(fn) for some fn ∈ L̃2([0, T ]n). Then F ∈
D1,2 and

DtF = nIn−1(fn(·, t)), (A.29)

where the notation In−1(fn(·, t)) means that the (n−1)-iterated Ito integral is
taken with respect to the n−1 first variables t1, . . . , tn−1 of fn(t1, . . . , tn−1, t),
that is, t is fixed and kept outside the integration.

Proof First consider the special case when

fn = f⊗n

for some f ∈ L2([0, T ]), that is, when

fn(t1, . . . , tn) = f(t1) . . . f(tn), (t1, . . . , tn) ∈ [0, T ]n.

Then exploiting the definition and properties of Hermite polynomials hn (see
(1.15)), we have

In(fn) = ‖f‖nhn(
θ

‖f‖ ), (A.30)

where θ =
T∫
0

f(t)dW (t). Moreover, by the chain rule (A.17) we have

DtIn(fn) = ‖f‖nh′
n(

θ

‖f‖ ) · f(t)
‖f‖ .

Recall that a basic property of the Hermite polynomials is that

h′
n(x) = nhn−1(x). (A.31)

This gives (A.29) in this case:

DtIn(fn) = n‖f‖n−1hn−1(
θ

‖f‖ )f(t) = nIn−1(f⊗(n−1))f(t) = nIn−1(fn(·, t)).
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Next, suppose fn has the form

fn = ξ⊗α1
1 ⊗̂ ξ⊗α2

2 ⊗̂ · · · ⊗̂ ξ⊗αk

k , α1 + · · · + αk = n, (A.32)

where ⊗̂ denotes symmetrized tensor product and {ξj}∞j=1 is an orthonormal
basis for
L2([0, T ]). Then by an extension of (1.15) we have (see [119])

In(fn) = hα1(θ1) · · ·hαk
(θk) (A.33)

with

θj =

T∫

0

ξj(t)dW (t)

and again (A.29) follows by the chain rule (A.17). Since any fn ∈ L̃2([0, T ]n)
can be approximated in L2([0, T ]n) by linear combinations of functions of the
form given by (A.32), the general result follows. 
�

Lemma A.21. Let P0 ⊆ P denote the set of Wiener polynomials of the form

pk

( T∫

0

ξ1(t)dW (t), . . . ,

T∫

0

ξk(t)dW (t)
)
,

where pk(x1, . . . , xk) is an arbitrary polynomial in k variables and {ξ1, ξ2, . . .}
is a given orthonormal basis for L2([0, T ]). Then P0 is dense in P in the norm
‖ · ‖1,2.

Proof Let q := p
( T∫

0

f1(t)dW (t), . . . ,
T∫
0

fk(t)dW (t)
)
∈ P. We approximate q

by

q(m) :=p
( T∫

0

m∑
j=0

(f1, ξj)L2([0,T ])ξj(t)dW (t), . . . ,

T∫

0

m∑
j=0

(fk, ξj)L2([0,T ])ξj(t)dW (t)
)
.

Then q(m) → q in L2(P ) and

Dtq
(m) =

k∑
i=1

∂p

∂xi
·

m∑
j=1

(fi, ξj)L2([0,T ])ξj(t) →
k∑

i=1

∂p

∂xi
· fi(t)

in L2(P × λ) as m → ∞. 
�
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Theorem A.22. Let F =
∞∑

n=0
In(fn) ∈ L2(P ). Then F ∈ D1,2 if and only if

∞∑
n=1

nn!‖fn‖2
L2([0,T ]n) < ∞ (A.34)

and if this is the case we have

DtF =
∞∑

n=1

nIn−1(fn(·, t)). (A.35)

Proof Define Fm =
m∑

n=0
In(fn). Then Fm ∈ D1,2 and Fm → F in L2(P ).

Moreover, if m > k we have

‖DtFm − DtFk‖2
L2(P×λ) = ‖

m∑
n=k+1

nIn−1(fn(·, t))‖2
L2(P×λ)

=

T∫

0

E
[( m∑

n=k+1

nIn−1(fn(·, t))
)2]

dt

=
∫ T

0

m∑
n=k+1

n2(n − 1)!‖fn(·, t)‖2
L2([0,T ]n−1)dt

=
m∑

n=k+1

nn!‖fn‖2
L2([0,T ]n), (A.36)

by Lemma A.20 and the orthogonality of the iterated Itô integrals (see (1.12)).
Hence if (A.34) holds then {DtFn}∞n=1 is convergent in L2(P × λ) and hence
F ∈ D1,2 and

DtF = lim
m→∞

DtFm =
∞∑

n=0

nIn−1(fn(·, t)).

Conversely, if F ∈ D1,2 then, thanks to Lemma A.21, there exist polyno-

mials pk(x1, . . . , xnk
) =

∑
mi:

∑
mi≤k

am1,...,mnk

nk∏
i=1

hmi
(xi) of degree k for some

am1,...,mnk
∈ R, such that if we put Fk = pk(θ1, . . . , θnk

) then Fk ∈ P and
Fk → F in L2(P ) and

DtFk → DtF in L2(P × λ) as k → ∞.

By applying (A.33) we see that there exist f
(k)
j ∈ L̃2([0, T ]j), 1 ≤ j ≤ k, such

that

Fk =
k∑

j=0

Ij(f
(k)
j ).
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Since Fk → F in L2(P ) we have

k∑
j=0

j!‖f (k)
j − fj‖2

L2([0,T ]j) ≤ ‖Fk − F‖2
L2(P ) → 0 as k → ∞.

Therefore, ‖f (k)
j − fj‖L2([0,T ]j) −→ 0 as k → ∞, for all j. This implies that

‖f (k)
j ‖L2([0,T ]j) −→ ‖fj‖L2([0,T ]j) as k → ∞, for all j. (A.37)

Similarly, since DtFk → DtF in L2(P × λ), we get by the Fatou lemma
combined with the calculation, leading to (A.36) that

∞∑
j=0

j · j!‖fj‖2
L2([0,T ]j) =

∞∑
j=0

lim
k→∞

(j · j!‖f (k)
j ‖2

L2([0,T ]j))

≤ lim
k→∞

∞∑
j=0

j · j!‖f (k)
j ‖2

L2([0,T ]j)

= lim
k→∞

‖DtFk‖2
L2(P×λ)

= ‖DtF‖2
L2(P×λ) < ∞ ,

where we have put f
(k)
j = 0 for j > k. Hence (A.34) holds and the proof is

complete. 
�



Solutions

In this chapter we present a solution to the exercises marked with (*) in the
book. The level of the exposition varies from fully detailed to just sketched.

Problems of Chap. 1

1.1 Solution

(a) Consider the following equalities:

exp
{
tx − t2

2
}

= exp
{1

2
x2
}

exp
{
− 1

2
(x − t)2

}

= exp
{1

2
x2
} ∞∑

n=0

tn

n!
dn

dtn
exp

{
− 1

2
(x − t)2)

}
|t=0

= exp
{1

2
x2
} ∞∑

n=0

{ (−1)ntn

n!
dn

dun
exp

{
− 1

2
u2)
}
|u=x

= exp
{1

2
x2
} ∞∑

n=0

(−1)ntn

n!
dn

dxn
exp

{
− 1

2
x2
}

=
∞∑

n=0

tn

n!
hn(x),

with the substitution u = x − t.
(b) Set u = t

√
λ. Using the result in (a), we get

exp
{
tx − t2λ

2

}
= exp

{
u

x√
λ
− u2

2

}

=

∞∑
n=0

un

n!
hn
( x√

λ

)

=

∞∑
n=0

tnλn/2

n!
hn
( x√

λ

)
.
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(c) If we choose x = θ, λ = ‖g‖2, and t = 1 in (b), we get

exp
{ T∫

0

gdW − 1
2
‖g‖2

}
=

∞∑
n=0

‖g‖n

n!
hn

( θ

‖g‖
)
.

(d) In particular, if we choose g(s) = χ[0,t](s), s ∈ [0, T ], we get

exp
{
W (t) − 1

2
t
}

=
∞∑

n=0

tn/2

n!
hn

(W (t)√
t

)
. 
�

1.3 Solution

(a) ξ = W (t) =
T∫
0

χ[0,t](s)dW (s), so f0 = 0, f1 = χ[0,t], and fn = 0 for n ≥ 2.

(b) ξ =
T∫
0

g(s)dW (s), so f0 = 0, f1 = g, and fn = 0 for n ≥ 2.

(c) Since

t∫

0

t2∫

0

1 dW (t1)dW (t2) =

t∫

0

W (t2)dW (t2) =
1
2
W 2(t) − 1

2
t ,

we get that

W 2(t) =t + 2

t∫

0

t2∫

0

1 dW (t1)dW (t2)

=t + 2

T∫

0

t2∫

0

χ[0,t](t1)χ[0,t](t2)dW (t1)dW (t2) = t + I2[f2].

Thus f0 = t,
f2(t1, t2) = χ[0,t](t1)χ[0,t](t2) =: χ⊗2

[0,t],

and fn = 0 for n �= 2.
(d) By Problem 1.1 (c) and (1.15), we have

ξ = exp
{ T∫

0

g(s)dW (s)
}

= exp
{1

2
‖g‖2

} ∞∑
n=0

‖g‖n

n!
hn

( θ

‖g‖
)

= exp
{1

2
‖g‖2

} ∞∑
n=0

Jn[g⊗n] =
∞∑

n=0

1
n!

exp
{1

2
‖g‖2

}
In[g⊗n].
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Hence
fn =

1
n!

exp(
1
2
‖g‖2)g⊗n, n = 0, 1, 2, . . . ,

where
g⊗n(x1, . . . , xn) := g(x1)g(x2) · · · g(xn).

(e) We have the following equalities:

ξ =
∫ T

0

g(s)W (s) ds

=
∫ T

0

g(s)
∫ s

0

1dW (t) ds

=
∫ T

0

∫ T

t

g(s)ds dW (t)

= I1(f1),

where f1(t) :=
∫ T

t
g(s)ds, t ∈ [0, T ]. 
�

1.4 Solution

(a) Since
T∫
0

W (t)dW (t) = 1
2W 2(T ) − 1

2T , we have

F = W 2(T ) = T + 2

T∫

0

W (t)dW (t).

Hence E[F ] = T and ϕ(t) = 2W (t), t ∈ [0, T ].
(b) Define M(t) = exp

{
W (t) − 1

2 t
}
, t ∈ [0, T ]. Then by the Itô formula

dM(t) = M(t)dW (t)

and therefore

M(T ) = 1 +

T∫

0

M(t)dW (t).

Moreover,

F = exp{W (T )} = exp
{T

2
}

+ exp
{T

2
} T∫

0

exp
{
W (t) − 1

2
t
}
dW (t).

Hence

E[F ] = exp
{T

2
}

and ϕ(t) = exp
{
W (t) +

T − t

2
}
, t ∈ [0, T ].
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(c) Integration by parts (application of the Itô formula) gives

F =

T∫

0

W (t)dt = TW (T ) −
T∫

0

tdW (t) =

T∫

0

(T − t)dW (t).

Hence, E[F ] = 0 and ϕ(t) = T − t, t ∈ [0, T ].
(d) By the Itô formula

dW 3(t) = 3W 2(t)dW (t) + 3W (t)dt.

Hence

F = W 3(T ) = 3

T∫

0

W 2(t)dW (t) + 3

T∫

0

W (t)dt.

Therefore, by (c) we get

E[F ] = 0 and ϕ(t) = 3W 2(t) + 3T (1 − t), t ∈ [0, T ].

(e) Put X(t) = e
1
2 t, Y (t) = cos W (t), N(t) = X(t)Y (t), t ∈ [0, T ]. Then we

have

dN(t) = X(t)dY (t) + Y (t)dX(t) + dX(t)dY (t)

= e
1
2 t[− sin W (t)dW (t) − 1

2
cos W (t)dt] + cos W (t) e

1
2 t 1

2
dt

= −e
1
2 t sin W (t)dW (t).

Hence

e
1
2 T cos W (T ) = 1 −

T∫

0

e
1
2 t sinW (t)dW (t)

and also

F = cos W (T ) = e−
1
2 T − e−

1
2 T

T∫

0

e
1
2 t sinW (t)dW (t).

Hence E[F ] = e−
1
2 T and ϕ(t) = −e

1
2 (t−T ) sin W (t), t ∈ [0, T ]. 
�

1.5 Solution

(a) By Itô formula and Kolmogorov backward equation we have
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dY (t) =
∂g

∂t
(t, X(t))dt +

∂g

∂x
(t, X(t))dX(t) +

1

2

∂2g

∂x2
(t, X(t))(dX(t))2

=
∂

∂t
[PT−tf(ξ)]|ξ=X(t)dt + σ(X(t))

∂

∂ξ
[PT−tf(ξ)]|ξ=X(t)dW (t)

+{b(X(t))
∂

∂ξ
[PT−tf(ξ)]|ξ=X(t)+

1

2
σ2(X(t))

∂2

∂ξ2 [PT−tf(ξ)]|ξ=X(t)}dt

=
∂

∂t
[PT−tf(ξ)]|ξ=X(t)dt + σ(X(t))

∂

∂ξ
[PT−tf(ξ)]|ξ=X(t)dW (t)

+
∂

∂u
[Puf(ξ)] |ξ=X(t)

|u=T−t

dt

= σ(X(t))
∂

∂ξ
[PT−tf(ξ)]|ξ=X(t)dW (t).

Hence

Y (T ) = Y (0) +

T∫

0

[σ(x)
∂

∂ξ
PT−tf(ξ)]|ξ=X(t)dW (t).

Since Y (T ) = g(T,X(T )) = [P0f(ξ)]|ξ=X(T ) = f(X(T )) and Y (0) =
g(0,X(0)) = PT f(X), (1.29) follows.

(b.1) If F = W 2(T ), we apply (a) to the case when f(ξ) = ξ2 and X(t) =
x + W (t) (assuming W (0) = 0 as before). This gives

Psf(ξ) = Eξ[f(X(x))] = Eξ[X2(s)] = ξ2 + s

and hence
E[F ] = PT f(x) = x2 + T

and
ϕ(t) = [

∂

∂ξ
(ξ2 + s)]|ξ=x+W (t) = 2W (t) + 2x.

(b.2) If F = W 3(T ), we choose f(ξ) = ξ3 and X(t) = x + W (t) and get

Psf(ξ) = Eξ[X3(s)] = ξ3 + 3sξ .

Hence
E[F ] = PT f(x) = x3 + 3Tx

and

ϕ(t) = [
∂

∂ξ
(ξ3 + 3(T − t)ξ)]|ξ=x+W (t) = 3(x + W (t))2 + 3(T − t).

(b.3) In this case f(ξ) = ξ, so

Psf(ξ) = Eξ[X(s)] = ξeρs

and so
E[F ] = PT f(x) = xeρT
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and

ϕ(t) = [αξ
∂

∂ξ

(
ξeρ(T−t)

)
]|ξ=X(t)

= αX(t) exp(ρ(T − t))

= αx exp
{
ρT − 1

2
α2t + αW (t)

}
.

(c) We proceed as in (a) and put

Y (t) = g(t,X(t)), t ∈ [0, T ], with g(t, x) = PT−tf(x)

and

dX(t) = b(X(t))dt + σ(X(t))dW (t) ; X(0) = x ∈ R
n,

where

b : R
n → R

n, σ : R
n → R

n×m and W (t) = (W1(t), . . . ,Wm(t))

is the m-dimensional Wiener process. Then by Itô formula and (1.31), we
have

dY (t) =
∂g

∂t
(t,X(t))dt +

n∑
i=1

∂g

∂xi
(t,X(t))dXi(t)

+
1
2

n∑
i,j=1

∂2g

∂xi∂xj
(t,X(t))dXi(t)dXj(t)

=
∂

∂t
[PT−tf(ξ)]|ξ=X(t)dt + [σT (ξ)∇ξ(PT−tf(ξ))]|ξ=X(t)dW (t)

+[Lξ(PT−tf(ξ))]|ξ=X(t)dt,

where

Lξ =
n∑

i=1

bi(ξ)
∂

∂ξi

+
1
2

n∑
i,j=1

(σσT )ij(ξ)
∂2

∂ξi∂ξj

is the generator of the Itô diffusion X(t), t ≥ 0. So by the Kolmogorov
backward equation we get

dY (t) = [σT (ξ)∇ξ(PT−tf(ξ)]|ξ=X(t)dW (t)

and hence, as in (a),

Y (T ) = f(X(T )) = PT f(x) +

T∫

0

[σT (ξ)∇ξ(PT−tf(ξ))]|ξ=X(t)dW (t),

which gives, with F = f(X(T )),

E[F ]=PT f(x) and ϕ(t)=[σT (ξ)∇ξ(PT−tf(ξ))]|ξ=X(t), t ∈ [0, T ]. 
�
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Problems of Chap. 2

2.5 Solution

(a) Since W (t), t ∈ [0, T ], is F-adapted, we have

T∫

0

W (t)δW (t) =

T∫

0

W (t)dW (t) =
1
2
W 2(T ) − 1

2
T.

(b)

T∫

0

( T∫

0

g(s)dW (s)
)
δW (t) =

T∫

0

I1[f1(·, t)]δW (t) = I2[f̃1], where f1(t1, t) =

g(t1), t ∈ [0, T ]. This gives

f̃1(t1, t) =
1
2
[
g(t1) + g(t)

]
, t ∈ [0, T ],

and hence

I2[f̃1] = 2

T∫

0

t2∫

0

f̃1(t1, t2)dW (t1)dW (t2)

=

T∫

0

t2∫

0

g(t1)dW (t1)dW (t2) +

T∫

0

t2∫

0

g(t2)dW (t1)dW (t2)

=

T∫

0

t2∫

0

g(t1)dW (t1)dW (t2) +
∫ T

0

W (t2)g(t2)dW (t2).

(S.1)

Using integration by parts (i.e., the Itô formula), we see that

( T∫

0

g(t1)dW (t1)
)
W (T ) =

T∫

0

t2∫

0

g(t1)dW (t1)dW (t2)

+

T∫

0

g(t2)W (t2)dW (t2) +

T∫

0

g(t)dt.

(S.2)

Combining (S.1) and (S.2), we get

T∫

0

( T∫

0

g(s)dW (s)
)
δW (t) =

( T∫

0

g(t)dW (t)
)

W (T ) −
T∫

0

g(t)dt.
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(c) By Problem 1.3 (c) we have
T∫

0

W 2(t0)δW (t) =

T∫

0

(
t0 + I2[f2(·, t)]

)
δW (t),

where
f2(t1, t2, t) = χ[0,t0](t1)χ[0,t0](t2), t ∈ [0, T ].

Now

f̃2(t1, t2, t)=
1
3
[
f2(t1, t2, t) + f2(t, t2, t1) + f2(t1, t, t2)

]

=
1
3
[
χ[0,t0](t1)χ[0,t0](t2)+χ[0,t0](t)χ[0,t0](t2)+χ[0,t0](t1)χ[0,t0](t)

]

=
1
3
[
χ{t1,t2<t0} + χ{t,t2<t0} + χ{t1,t<t0}

]

=χ{t,t1,t2<t0}+
1
3
χ{t1,t2<t0<t}+

1
3
χ{t,t2<t0<t1} +

1
3
χ{t,t1<t0<t2}

and hence, using (1.15),
T∫

0

W 2(t0)δW (t) = t0W (T ) +

T∫

0

I2[f2(·, t)]δW (t)

= t0W (T ) + I3[f̃2] = t0W (T ) + 6J3[f̃2]
= t0W (T )

+ 6

T∫

0

t3∫

0

t2∫

0

χ[0,t0](t1)χ[0,t0](t2)χ[0,t0](t3)dW (t1)dW (t2)dW (t3)

+ 6

T∫

0

t3∫

0

t2∫

0

1
3
χ{t1,t2<t0<t3}dW (t1)dW (t2)dW (t3)

= t0W (T ) + t
3/2
0 h3

(W (t0)√
t0

)

+ 2

T∫

t0

t0∫

0

t2∫

0

dW (t1)dW (t2)dW (t3)

= t0W (T ) + t
3/2
0

(W 3(t0)

t
3/2
0

− 3
W (t0)√

t0

)

+ 2

T∫

t0

(1
2
W 2(t0) −

1
2
t0
)
dW (t3)

= t0W (T ) + W 3(t0) − 3t0W (t0) +
(
W 2(t0) − t0

)(
W (T ) − W (t0)

)
= W 2(t0)W (T ) − 2t0W (t0).
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(d) By Problem 1.3 (d) and (1.15) we get

T∫

0

exp(W (T ))δW (t) =

T∫

0

∞∑
n=0

1
n!

eT/2In[1] δW (t)

=
∞∑

n=0

1
n!

eT/2In+1[1]

= eT/2
∞∑

n=0

1
n!

T
n+1

2 hn+1

(W (T )√
T

)
.

(e) Using Problem 1.3 (e) we have that

F =
∫ T

0

FδW (t) = I1(f1),

with f1(t) :=
∫ T

t
g(s)ds, t ∈ [0, T ]. Hence

∫ T

0

FδW (t) = I2(f̃1),

where

f̃1(t1, t2) =
1
2

(∫ T

t1

g(s)ds +
∫ T

t2

g(s)ds
)
.

This gives

F =
∫ T

0

FδW (t)

=J2

(∫ T

t1

g(s)ds
)

+ J2

(∫ T

t2

g(s)ds
)

=
∫ T

0

∫ t2

0

(∫ T

t1

g(s)ds
)
dW (t1)dW (t2)

+
∫ T

0

( ∫ t2

0

1dW (t1)
)(∫ T

t2

g(s)ds
)
dW (t2)

=
∫ T

0

(∫ t2

0

g(s)W (s)ds
)
dW (t2)+

∫ T

0

2W (t2)
(∫ T

t2

g(s)ds
)
dW (t2). 
�

Problems of Chap. 3

3.2 Solution

(a) DtW (T ) = χ[0,T ](t) = 1, t ∈ [0, T ], by (3.8).
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(b) By (3.8) we get

Dt

T∫

0

s2dW (s) = t2.

(c) By (3.2) we have

Dt

T∫

0

t2∫

0

cos(t1 + t2)dW (t1)dW (t2) = Dt

(1
2
I2[cos(t1 + t2)]

)

=
1
2

2 I1[cos(· + t)]

=

T∫

0

cos(t1 + t)dW (t1).

(d) By the chain rule, we get

Dt

(
3W (s0)W 2(t0)+log(1 + W 2(s0))

)
=
[
3W 2(t0) +

2W (s0)
1 + W 2(s0)

]
χ[0,s0](t)

+ 6W (s0)W (t0)χ[0,t0](t).

(e) By Problem 2.5 (b) we have

Dt

T∫

0

W (t0)δW (t) = Dt

(
W (t0)W (T ) − t0

)

= W (t0)χ[0,T ](t) + W (T )χ[0,t0](t)

= W (t0) + W (T )χ[0,t0](t). 
�

3.3 Solution

(a) By Problem 1.3 (d) and (3.2), we have

Dt exp
{ T∫

0

g(s)dW (s)
}

= Dt

∞∑
n=0

In[fn] =
∞∑

n=1

nIn−1[fn(·, t)]

=
∞∑

n=1

n
1
n!

exp
{1

2
‖g‖2

}
In−1

[
g(t1) . . . g(tn−1)g(t)

]

= g(t)
∞∑

n=1

1
(n − 1)!

exp
{1

2
‖g‖2

}
In−1

[
g⊗(n−1)

]

= g(t) exp
{ T∫

0

g(s)dW (s)
}

.
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(b) The suggested chain rule and (3.8) give

Dt exp
{ T∫

0

g(s)dW (s)
}

= exp
{ T∫

0

g(s)dW (s)
}

Dt

( T∫

0

g(s)dW (t)
)

= g(t) exp
{ T∫

0

g(s)dW (s)
}

.

(c) The points above together with Corollary 3.13 give

Dt exp{W (t0} = exp{W (t0)}χ[0,t0](t). 
�

Problems of Chap. 4

4.1 Solution

(a) If s > t we have

EQ[W̃ (s)|Ft] =
E[Z(T )W̃ (s)|Ft]

E[Z(T )|Ft]

=
E[Z(T )W̃ (s)|Ft]

Z(t)
(S.3)

= Z−1(t)E[E[Z(T )W̃ (s)|Fs]|Ft]

= Z−1(t)E[W̃ (s)E[Z(T )|Fs]|Ft]

= Z−1(t)E[W̃ (s)Z(s)|Ft]. (S.4)

Applying Itô formula to Y (t) := Z(t)W̃ (t), we get

dY (t) = Z(t)dW̃ (t) + W̃ (t)dZ(t) + dW̃ (t)dZ(t)

= Z(t)[θ(t)dt + dW (t)] + W̃ (t)[−θ(t)Z(t)dW (t)] − θ(t)Z(t)dt

= Z(t)[1 − θ(t)W̃ (t)]dW (t),

and hence Y (t) is an Ft-martingale (with respect to P ). Therefore, by
(S.3),

EQ[W̃ (s)|Ft] = Z−1(t)E[Y (s)|Ft] = Z−1(t)Y (t) = W̃ (t).

(b) We apply the Girsanov theorem to the case with θ(t) = a. Then X is a
Wiener process with respect to the measure Q defined by

Q(dω) = Z(T, ω)P (dω) on FT ,

where
Z(t) = exp

{
− aW (t) − 1

2
a2t
}

, 0 ≤ t ≤ T.
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(c) In this case we have

β(t) = bY (t), α(t) = aY (t), γ(t) = cY (t)

and hence we put

θ =
β(t) − α(t)

γ(t)
=

b − a

c

and
Z(t) = exp

{
− θW (t) − 1

2
θ2t
}
, 0 ≤ t ≤ T.

Then
W̃ (t) := θt + W (t), 0 ≤ t ≤ T,

is a Wiener process with respect to the measure Q defined by Q(dω) =
Z(T, ω)P (dω) on FT and

dY (t) = bY (t)dt + cY (t)[dW̃ (t) − θdt] = aY (t)dt + cY (t)dW̃ (t). 
�

4.2 Solution

(a) F = W (T ) implies DtF = χ[0,T ](t) = 1, for t ∈ [0, T ], and hence

E[F ] +

T∫

0

E[DtF |Ft]dW (t) =

T∫

0

1 dW (t) = W (T ) = F.

(b) F =
T∫
0

W (s)ds implies DtF =
T∫
0

DtW (s)ds =
T∫
0

χ[0,s](t)ds =
T∫
t

ds = T − t,

which gives

E[F ] +

T∫

0

E[DtF |Ft]dW (t) =

T∫

0

(T − t)dW (t)

=

T∫

0

W (s)dW (s) = F,

using integration by parts.
(c) F = W 2(T ) implies DtF = 2W (T )DtW (T ) = 2W (T ). Hence

E[F ] +

T∫

0

E[DtF |Ft]dW (t) = T +

T∫

0

E[2W (T )|Ft]dW (t)

= T + 2

T∫

0

W (t)dW (t)

= T + W 2(T ) − T = W 2(T ) = F.
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(d) F = W 3(T ) implies DtF = 3W 2(T ). Hence, by Itô formula,

E[F ] +

T∫

0

E[DtF |Ft]dW (t) =

T∫

0

E[3W 2(T )|Ft]dW (t)

= 3

T∫

0

E[(W (T ) − W (t))2 + 2W (t)W (T ) − W 2(t)|Ft]dW (t)

= 3

T∫

0

(T − t)dW (t) + 6

T∫

0

W 2(t)dW (t) − 3

T∫

0

W 2(t)dW (t)

= 3

T∫

0

W 2(t)dW (t) − 3

T∫

0

W (t)dt = W 3(T ).

(e) F = exp{W (T )} implies DtF = exp{W (T )}. Hence

RHS = E[F ] +

T∫

0

E[DtF |Ft]dW (t)

= eT/2 +

T∫

0

E[exp{W (T )}|Ft]dW (t)

= eT/2 +

T∫

0

E[exp
{
W (T ) − 1

2
T
}

eT/2|Ft]dW (t)

= eT/2 + exp{1
2
T}

T∫

0

exp
{
W (t) − 1

2
t
}
dW (t). (S.5)

Here we have used that

M(t) := exp
{

W (t) − 1
2
t
}

is a martingale. In fact, by Itô formula we have dM(t) = M(t)dW (t).
Combined with (S.5) this gives

RHS = exp
{1

2
T
}

+ exp
{1

2
T
}
(M(T ) − M(0)) = expW (T ) = F.

(f) F = (W (T ) + T ) exp
{
− W (T ) − 1

2T
}

implies DtF = exp
{
− W (T ) −

1
2T
}[

1 − W (T ) − T
]
. Note that

Y (t) :=
(
W (t) + t

)
N(t), with N(t) = exp

{
− W (t) − 1

2
t
}
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is a martingale, since

dY (t) =(W (t) + t)N(t)(−dW (t)) + N(t)(dW (t) + dt) − N(t)dt

=N(t)[1 − t − W (t)]dW (t).

Therefore,

E[F ] +

T∫

0

E[DtF |Ft]dW (t) =

T∫

0

E[N(T )(1 − (W (T ) + T ))|Ft]dW (t)

=

T∫

0

N(t)(1 − (W (t) + t))dW (t)

=

T∫

0

1 dY (t) = Y (T ) − Y (0)

=(W (T ) + T ) exp
{
− W (T ) − 1

2
T
}

= F. 
�

4.3 Solution

(a) ϕ̃(t) = EQ[DtF −F
T∫
t

Dtθ(s)dW̃ (s)|Ft]. If θ(s), t ∈ [0, T ], is deterministic,

then Dtθ = 0 and hence

ϕ̃(t) = EQ[DtF |Ft] = EQ[2W (T )|Ft]

= EQ[2W̃ (T ) − 2

T∫

0

θ(s)ds|Ft]

= 2W̃ (t) − 2

T∫

0

θ(s)ds

= 2W (t) − 2

T∫

t

θ(s)ds.

(b) By application of the generalized Clark–Ocone formula, we have

ϕ̃(t) = EQ[DtF |Ft]

= EQ

[
exp

{ T∫

0

λ(s)dW (s)
}

λ(t)|Ft

]

= λ(t)EQ

[
exp

{ T∫

0

λ(s)dW̃ (s) −
T∫

0

λ(s)θ(s)ds
}
|Ft

]



Solutions 377

= λ(t) exp
{ T∫

0

(
1
2
λ2(s) − λ(s)θ(s))ds

}
EQ

[
exp

{ T∫

0

λ(s)dW̃ (s)

− 1
2

T∫

0

λ2(s)ds
}
|Ft

]

= λ(t) exp
{ T∫

0

λ(s)(
1
2
λ(s) − θ(s))ds

}
exp

{ t∫

0

λ(s)dW̃ (s) − 1
2

t∫

0

λ2(s)ds
}

= λ(t) exp
{ t∫

0

λ(s)dW (s) +

T∫

t

λ(s)(
1
2
λ(s) − θ(s))ds

}
.

(S.6)

(c) By application of the generalized Clark–Ocone formula, we have

ϕ̃(t) = EQ[DtF − F

T∫

t

Dtθ(s)dW̃ (s)|Ft]

= EQ[λ(t)F |Ft] − EQ[F

T∫

t

dW̃ (s)|Ft]

=: A − B.

(S.7)

Now W̃ (t) = W (t) +

t∫

0

θ(s)ds = W (t) +

t∫

0

W (s)ds or

dW (t) + W (t)dt = dW̃ (t).

We solve this equation for W (t) by multiplying by the “integrating factor”
et and get

d(etW (t)) = etdW̃ (t).

Hence

W (u) = e−u

u∫

0

esdW̃ (s) (S.8)

or

dW (u) = −e−u

u∫

0

esdW̃ (s)du + dW̃ (u). (S.9)
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Using (S.9) we may rewrite F as follows:

F = exp
{ T∫

0

λ(s)dW (s)
}

= exp
{ T∫

0

λ(s)dW̃ (s) −
T∫

0

λ(u)e−u(

u∫

0

esdW̃ (s))du
}

= exp
{ T∫

0

λ(s)dW̃ (s) −
T∫

0

(

T∫

0

λ(u)e−udu)esdW̃ (s)
}

= K(T ) exp
{1

2

T∫

0

ξ2(s)ds
}

,

where

ξ(s) = λ(s) − es

T∫

s

λ(u)e−udu (S.10)

and

K(t) = exp
{ t∫

0

ξ(s)dW̃ (s) − 1
2

t∫

0

ξ2(s)ds
}

, 0 ≤ t ≤ T. (S.11)

Hence

A = EQ[λ(t)F |Ft] (S.12)

= λ(t) exp
{1

2

T∫

0

ξ2(s)ds
}

E[K(T )|Ft]

= λ(t) exp
{1

2

T∫

0

ξ2(s)ds
}
K(t). (S.13)

Moreover, if we put

H := exp
{1

2

T∫

0

ξ2(s)ds
}
, (S.14)

we get

B = EQ[F (W̃ (T ) − W̃ (t))|Ft]

= H EQ[K(T )(W̃ (T ) − W̃ (t))|Ft]
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= H EQ

[
K(t) exp

{ T∫

t

ξ(s)dW̃ (s) − 1
2

T∫

t

ξ2(s)ds
}

(W̃ (T ) − W̃ (t))|Ft

]

= H K(t)EQ

[
exp

{ T∫

t

ξ(s)dW̃ (s) − 1
2

T∫

t

ξ2(s)ds
}

(W̃ (T ) − W̃ (t))
]

= H K(t)E
[
exp

{ T∫

t

ξ(s)dW (s) − 1
2

T∫

t

ξ2(s)ds
}

(W (T ) − W (t))
]
. (S.15)

This last expectation can be evaluated by using the Itô formula. Put

X(t) = exp
{ t∫

t0

ξ(s)dW (s) − 1
2

t∫

t0

ξ2(s)ds
}

and
Y (t) = X(t) (W (t) − W (t0)).

Then

dY (t) = X(t)dW (t) + (W (t) − W (t0))dX(t) + dX(t)dW (t)
= X(t)[1 + (W (t) − W (t0))ξ(t)]dW (t) + ξ(t)X(t)dt

and hence

E[Y (T )] = E[Y (t0)] + E[

T∫

t0

ξ(s)X(s)ds]

=

T∫

t0

ξ(s)E[X(s)]ds (S.16)

=

T∫

t0

ξ(s)ds. (S.17)

Combining (S.7) and (S.10)–(S.16), we conclude that

ϕ̃(t) = λ(t)HK(t) − H K(t)

T∫

t

ξ(s)ds

= exp
{1

2

T∫

0

ξ2(s)ds
}

exp
{ t∫

0

ξ(s)dW̃ (s)

−1
2

t∫

0

ξ2(s)ds
}[

λ(t) −
T∫

t

ξ(s)ds
]
. 
�
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4.4 Solution

(a) Since u = µ−ρ
σ is constant we get using (4.27)

θ1(t) = eρtσ−1S−1(t)EQ[e−ρT DtW (T )|Ft] = eρ(t−T )σ−1S−1(t).

(b) Here µ = 0, σ(s) = c S−1(s) and hence

u(s) =
µ − ρ

σ
= −ρ

c
S(s) = −ρ(W (s) + S(0)).

Hence
T∫

t

Dtu(s)dW̃ (s) = ρ
[
W̃ (t) − W̃ (T )

]
.

Therefore,

B := EQ

[
F

T∫

t

Dtu(s)dW̃ (s)|Ft

]
= ρEQ[e−ρT W (T )(W̃ (t) − W̃ (T ))|Ft].

(S.18)
To proceed further, we need to express W in terms of W̃ : since

W̃ (t) = W (t) +

t∫

0

u(s)ds = W (t) − ρS(0)t − ρ

t∫

0

W (s)ds,

we have
dW̃ (t) = dW (t) − ρW (t)dt − ρS(0)dt

or
e−ρtdW (t) − e−ρtρW (t)dt = e−ρt(dW̃ (t) + ρS(0)dt)

or
d(e−ρtW (t)) = e−ρtdW̃ (t) + ρe−ρtS(0)dt.

Hence

W (t) = S(0)[eρt − 1] + eρt

t∫

0

e−ρsdW̃ (s). (S.19)

Substituting this in (S.18) we get

B = ρEQ[

T∫

0

e−ρsdW̃ (s) (W̃ (t) − W̃ (T ))|Ft]

= ρEQ[

t∫

0

e−ρsdW̃ (s) (W̃ (t) − W̃ (T ))|Ft]
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+ρEQ[

T∫

t

e−ρsdW̃ (s) (W̃ (t) − W̃ (T ))|Ft]

= ρEQ[

T∫

t

e−ρsdW̃ (s) (W̃ (t) − W̃ (T ))]

= ρ

T∫

t

e−ρs(−1)ds = e−ρT − e−ρt.

Hence

θ1(t) = eρtc−1(EQ[Dt(e−ρT W (T ))|Ft] − B)
= eρtc−1(e−ρT − e−ρT + e−ρt) = c−1,

as expected.
(c) Here σ = c S−1(t) and hence

u(s) =
µ − ρ

c
S(s) =

µ − ρ

c

[
eµsS(0) + c

s∫

0

eµ(s−r)dW (r)
]
.

So
Dtu(s) = (µ − ρ)eµ(s−t)χ[0,s](t).

Hence

θ1(t) = eρtc−1EQ[(Dt(e−ρT W (T )) − e−ρT W (T )

T∫

t

Dtu(s)dW̃ (s)|Ft]

= eρ(t−T )c−1(1 − (µ − ρ)EQ[W (T )

T∫

t

eµ(s−t)dW̃ (s)|Ft]). (S.20)

Again we try to express W in terms of W̃ : since

dW̃ (t) = dW (t) + u(t)dt

= dW (t) +
µ − ρ

c
[eµtS(0) + c

t∫

0

eµ(t−r)dW (r)]dt,

we have

e−µtdW̃ (t) = e−µtdW (t) + [
µ − ρ

c
S(0) + (µ− ρ)

t∫

0

e−µrdW (r)]dt. (S.21)
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If we put

X(t) =

t∫

0

e−µrdW (r), X̃(t) =

t∫

0

e−µrdW̃ (r),

(S.21) can be written as

dX̃(t) = dX(t) +
µ − ρ

c
S(0)dt + (µ − ρ)X(t)dt

or
d(e(µ−ρ)tX(t)) = e(µ−ρ)tdX̃(t) − µ − ρ

c
S(0)e(µ−ρ)tdt

or

X(t) = e(ρ−µ)t

t∫

0

e−ρsdW̃ (s) − µ − ρ

c
S(0)e(ρ−µ)t

t∫

0

e(µ−ρ)sds

= e(ρ−µ)t

t∫

0

e−ρsdW̃ (s) − S(0)
c

[1 − e(ρ−µ)t].

From this we get

e−µtdW (t) = e(ρ−µ)te−ρtdW̃ (t) + (ρ − µ)e(ρ−µ)t(

t∫

0

e−ρsdW̃ (s))dt

+
S(0)

c
(ρ − µ)e(ρ−µ)tdt

or

dW (t) = dW̃ (t) + (ρ − µ)eρt(

t∫

0

e−ρsdW̃ (s))dt +
S(0)

c
(ρ − µ)eρtdt.

In particular,

W (T ) = W̃ (T ) + (ρ − µ)

T∫

0

eρs(

s∫

0

e−ρrdW̃ (r))ds +
S(0)
ρc

(ρ − µ)(eρT − 1).

(S.22)
Substituted in (S.20) this gives

θ1(t) = eρ(t−T )c−1{1 − (µ − ρ)EQ[W̃ (T )

T∫

t

eµ(s−t)dW̃ (s)|Ft]

+(µ − ρ)2EQ[

T∫

0

eρs(

s∫

0

e−ρrdW̃ (r))ds

T∫

t

eµ(s−t)dW̃ (s)|Ft]}
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= eρ(t−T )c−1{1 − (µ − ρ)

T∫

t

eµ(s−t)ds

+(µ − ρ)2
T∫

t

eρsEQ[(

s∫

t

e−ρrdW̃ (r)) (

T∫

t

eµ(r−t)dW̃ (r))|Ft]ds}

= eρ(t−T )c−1{1−µ − ρ

µ
(eµ(T−t) − 1)+(µ − ρ)2

T∫

t

eρr(

s∫

t

e−ρr eµ(r−t)dr)ds}

= eρ(t−T )c−1{1 − µ − ρ

ρ
(eρ(T−t) − 1)}. 
�

Problems of Chap. 5

5.5 Solution

(a) We have the following equations:

T∫

0

W (T )δW (t) =

T∫

0

W (T ) �
•

W (t)dt

= W (T ) �
T∫

0

•
W (t)dt

= W (T ) � W (T ) = W 2(T ) − T,

by (5.60).
(b) We have the following equations:

T∫

0

( T∫

0

gdW
)
�

•
W (t)dt =

( T∫

0

gdW
)
�

T∫

0

•
W (t)dt

= (

T∫

0

gdW ) � W (T )

=
( T∫

0

gdW
)
W (T ) −

T∫

0

g(s)ds,

by (5.57).
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(c) We have the following equations:

T∫

0

W 2(t0)δW (t) =

T∫

0

(W �2(t0) + t0)δW (t)

= W �2(t0) � W (T ) + t0W (T )
= W �2(t0) � (W (T ) − W (t0))

+W �2(t0) � W (t0) + t0W (T )
= W �2(t0) (W (T ) − W (t0)) + W �3(t0) + t0W (T )
= (W 2(t0) − t0) (W (T ) − W (t0)) + W 3(t0)
−3t0W (t0) + t0W (T )

= W 2(t0)W (T ) − 2t0W (t0),

where we have used (5.40) and (5.60).
(d) We have the following equations:

T∫

0

exp(W (T ))δW (t) = exp(W (T )) �
T∫

0

•
W (t)dt

= exp(W (T )) � W (T )

= exp�(W (T ) +
1
2
T ) � W (T )

= exp(
1
2
T )

∞∑
n=0

1
n!

W (T )�(n+1)

= exp(
1
2
T )

∞∑
n=0

T
n+1

2

n!
hn+1

(
W (T )√

T

)
. 
�

Problems of Chap. 6

6.4 Solution
Since

•
W (s) =

∑∞
i=1 ei(s)Hε(i) , the expansion (6.8) for Dt

•
W (s) is

Dt

•
W (s) =

∞∑
i,k=1

ei(s)ek(t)Hε(i)−ε(k)χ{i=k}

=
∞∑

i=1

ei(s)ei(t),

which is not convergent. Hence, for all s ∈ R, we have
•

W (s) /∈ Dom(Dt). 
�
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Problems of Chap. 7

7.2 Solution
By Proposition 7.2 we have

g(eY ) =
∫

R

g(ty)
1√
2πv

exp�
{
− (y − Y )�2

2v

}
dy.

Substituting ey = z in the integral, we obtain

g(Z) = g(eY ) =
∫ ∞

0

g(z)
1√
2πv

exp�
{
− (log z − log Z)�2

2v

}dz

z
.

Hence the Donsker delta function of Z is

δZ(z) =
1√
2πv

1
z

exp�
{
− (log z − log Z)�2

2v

}
χ(0,∞)(z),

as claimed. 
�

Problems of Chap. 8

8.2 Solution

(a)
∫ T

0
W (T )d−W (t) = W (T )

∫ T

0
dW (t) = W 2(T )

(b) Consider the following equations:
∫ T

0

W (t)
[
W (T ) − W (t)

]
d−W (t)

=
∫ T

0

W (t)W (T )d−W (t) −
∫ T

0

W 2(t)d−W (t)

= W (T )
∫ T

0

W (t)dW (t) −
[1
3
W 3(T ) −

∫ T

0

W (t)dt
]

= W (T )
[1
2
W 2(T ) − 1

2
T
]
−
[1
3
W 3(T ) −

∫ T

0

W (t)dt
]

=
1
6
W 3(T ) − 1

2
TW (T ) +

∫ T

0

W (t)dt.

(c) Consider the following equations:
∫ T

0

(∫ T

0

g(s)dW (s)
)
d−W (t)

=
∫ T

0

g(s)dW (s)
∫ T

0

d−W (t)

= W (T )
∫ T

0

g(s)dW (s). 
�
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Problems of Chap. 9

9.1 Solution

(a) By Theorem 9.4 we have

dY (t) =2Y (t)
[
α(t)dt + β(t)dW (t)

]
+ β2(t)dt

+
∫

R0

[
(X(t) + γ(t, z))2 − X2(t) − 2X(t)γ(t, z)

]
ν|(dz)dt

+
∫

R0

[
(X(t−) + γ(t, z))2 − X2(t−)

]
Ñ(dt, dz)

=
(
2α(t)Y (t) + β2(t) +

∫
R0

γ2(t, z)ν(dz)
)
dt + 2β(t)Y (t)dW (t)

+
∫

R0

[
2X(t−)γ(t, z) + γ2(t, z)

]
Ñ(dt, dz).

(b) By Theorem 9.4 we have

dY (t) =Y (t)
[
α(t)dt + β(t)dW (t)

]
+

1
2
Y (t)β2(t)dt

+
∫

R0

[
exp{X(t)+γ(t, z)}− exp{X(t)}− exp{X(t)}γ(t, z)

]
ν(dz)dt

+
∫

R0

[
exp{X(t−) + γ(t, z)} − exp{X(t−)

]
Ñ(dt, dz)

=Y (t−)
[(

α(t) +
1
2
β2(t) +

∫
R0

[
exp{γ(t, z)} − 1 − γ(t, z)

]
ν(dz)

)
dt
]

+ β(t)dW (t) +
∫

R0

[
exp{γ(t, z) − 1

]
Ñ(dt, dz).

(c) By Theorem 9.4 we have

dY (t) = − sin X(t)
[
α(t)dt + β(t)dW (t)

]
− 1

2
cos X(t)β2(t)dt

+
∫

R0

[
cos
(
X(t) + γ(t, z)

)
− cos X(t) + sin X(t) γ(t, z)

]
ν(dz)dt

+
∫

R0

[
cos
(
X(t−) + γ(t, z)

)
− cos X(t−)

]
Ñ(dt, dz)

=
[
− α(t) sin X(t) − 1

2
β2(t) cos X(t)

]

+ cos X(t)
∫

R0

[
cos γ(t, z) − 1

]
ν(dz)

+ sin X(t)
∫

R0

[
γ(t, z) − sin γ(t, z)

]
ν(dz)dt − β(t) sin X(t)dW (t)

+
∫

R0

[
cos X(t−)

(
cos γ(t, z)−1

)
−sin X(t−) sin γ(t, z)

]
Ñ(dt, dz). 
�
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9.2 Solution
Applying Problem 9.1 (b) to the case

α(t) = −
∫

R0

[
eh(t)z − 1 − h(t)z

]
ν(dz),

β(t) = 0

γ(t, z) = h(t)z,

we obtain

dY (t)=Y (t)
{(

−
∫

R0

[
eh(t)z−1−h(t)z

]
ν(dz) +

∫
R0

[
eh(t)z−1 − h(t)z

]
ν(dz)

)
dt

+
∫

R0

[
eh(t)z − 1big]Ñ(dt, dz)

}

=Y (t)
∫

R0

[
eh(t)z − 1big]Ñ(dt, dz). 
�

9.6 Solution

(a) Since d
(
tη(t)

)
= tdη(t) + η(t)dt, we have

F =
∫ T

0

η(t)dt

=Tη(T ) −
∫ T

0

tdη(t)

=T

∫ T

0

∫
R0

zÑ(dt, dz) −
∫ T

0

t

∫
R0

zÑ(dt, dz)

=
∫ T

0

∫
R0

(T − t)zÑ(dt, dz).

Hence F is replicable, with replicating portfolio ϕ(t) = T − t, t ∈ [0, T ].
(c) Define

Y (t) = exp
{

η(t) −
∫ t

0

∫
R0

(
ez − 1 − z

)
ν(dz)ds

}
.

Then, by Problem 9.2 we have

dY (t) = Y (t−)
∫

R0

(
ez − 1

)
Ñ(dt, dz).

Hence

Y (T ) = 1 +
∫ T

0

∫
R0

Y (t−)
(
ez − 1

)
Ñ(dt, dz).
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Therefore,

eη(T ) =Y (T )M

=M +
∫ T

0

∫
R0

MY (t−)
(
ez − 1

)
Ñ(dt, dz),

where
M = exp

{
T

∫
R0

(
ez − 1 − z

)
ν(dz)

}
.

Hence F = exp{η(T )} is not replicable unless ν(dz) = λδz0(dz) is a point
mass at some point z0 �= 0. In this case, the process η(t), t ∈ [0, T ],
corresponds to the compensated Poisson process with jump size z0 and
intensity λ > 0. 
�

Problems of Chap. 10

10.1 Solution

(a) By the Itô formula we have

η3(T ) =
∫ T

0

∫
R0

[
(η(t) + z)3 − η3(t) − 3η2(t)z

]
ν(dz)dt

+
∫ T

0

∫
R0

[
(η(t) + z)3 − η3(t)

]
Ñ(dt, dz)

=
∫ T

0

∫
R0

[
3η(t)z2 + z3

]
ν(dz)dt

+
∫ T

0

∫
R0

[
3η2(t)z + 3η(t)z2 + z3

]
Ñ(dt, dz)

=
∫ T

0

∫
R0

z3ν(dz)dt +
∫ T

0

∫
R0

3η(t)z2ν(dz)dt

+
∫ T

0

∫
R0

z3Ñ(dz, dt) +
∫ T

0

∫
R0

3η(t)z2Ñ(dt, dz)

+
∫ T

0

∫
R0

3η2(t)zÑ(dt, dz)

=
∫ T

0

∫
R0

z3ν(dz)dt +
∫ T

0

∫
R0

3
(∫ t

0

∫
R0

z1Ñ(ds, dz1)
)
z2ν(dz)dt

+
∫ T

0

∫
R0

z3Ñ(dt, dz)+
∫ T

0

∫
R0

(∫ t

0

∫
R0

3z1Ñ(dt, dz1)
)
z2Ñ(dt, dz)

+
∫ T

0

∫
R0

3η2(t)zÑ(dt, dz).
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Now we also have
∫ T

0

∫
R0

3η
2
(t)zÑ(dt, dz) =

∫ T

0

∫
R0

3
(
t

∫
R0

ζ
2
ν(dζ)

)
zÑ(dt, dz)

+

∫ T

0

∫
R0

3
( ∫ t

0

∫
R0

z
2
1Ñ(dt, dz1)

)
zÑ(dt, dz)

+

∫ T

0

∫
R0

6
( ∫ t

0

∫
R0

∫ t2

0

∫
R0

z1z2Ñ(dt1, dz1)Ñ(dt2, dz2)
)
zÑ(dt, dz)

=I1
(
3t1z1

∫
R0

ζ
2
ν(dζ)

)
+ J2

(
3z

2
1z2

)
+ J3

(
6z1z2z3

)
.

Summing up we get

η3(T ) =Tm3 + I1

(
3Tm2z1 + z3

1

)
+ J2

(
3z1z

2
2 + 3z2

1z2

)
+ J3

(
6z1z2z3

)

=Tm3 + I1

(
3Tm2z1 + z3

1

)
+ I2

(3
2
(z1z

2
2 + z2

1z2)
)

+ I3

(
z1z2z3

)
,

where m1 =
∫

R0
ζiν(dζ), i = 2, 3, ....

(b) By Example 10.4 we have that

F0 := exp
{∫ T

0

∫
R0

zÑ(dt, dz) −
∫ T

0

∫
R0

(
ez − 1 − z

)
ν(dz)dt

}

has chaos expansion F0 =
∑∞

n=0 In(fn) given by (10.7):

fn =
1
n!
(
ez − 1

)⊗n(t1, z1, ..., tn, zn).

It follows that F has the expansion

F =
∞∑

n=0

In(Kfn) where K := exp
{

T

∫
R0

(
ez − 1 − z

)
ν(dz)

}
.

(c) We have the following equalities:

F =
∫ T

0

g(s)dη(s) =
∫ T

0

∫
R0

g(s)zÑ(ds, dz) = I1(f1),

where f1(s, z) = g(s)z, s ∈ [0, T ], z ∈ R0.
(d) We have the following equalities:

F =
∫ T

0

g(s)η(s) =
∫ T

0

g(s)
∫ s

0

∫
R0

zÑ(ds, dz)

=
∫ T

0

∫
R0

(∫ T

t

g(s)ds
)
zÑ(dt, dz) = I1(f1)

with f1(t, z) = z
∫ T

t
g(s)ds, t ∈ [0, T ], z ∈ R0. 
�
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Problems of Chap. 11

11.3 Solution

(a) Since ∫ T

0

g(s)dη(s) =
∫ T

0

∫
R0

g(s)zÑ(dt, dz) = I1(g(t1)z1),

we get

∫ T

0

(∫ T

0

g(s)dη(s)
)
f(t)δη(t) =

∫ T

0

∫
R0

I1(g(t1)z1)f(tz)z2Ñ(dt2, dz2)

=I2

(1
2
(
g(t1)f(t2) + g(t2)f(t1)

)
z1z2

)

=
∫ T

0

∫
R0

(
int

t−2
0

∫
R0

1
2
(
g(t1)f(t2)+g(t2)f(t1)

)
z1z2Ñ(dt1, dz1)

)
Ñ(dt2, dz2)

=
∫ T

0

∫
R0

[
f(t2)

∫ t−2

0

g(t1)dη(t1) + g(t2)
∫ t−2

0

f(t1)dη(t1)
]
z2Ñ(dt2, dz2)

=
∫ T

0

(∫ t−2

0

g(t1)dη(t1)
)
f(t2)dη(t2)+

∫ T

0

(∫ t−2

0

f(t1)dη(t1)
)
g(t2)dη(t2).

(S.23)

(b) Using the computation in (S.23), but with f and g interchanged, we get

∫ T

0

(∫ T

0

f(t)dη(t)
)
g(s)δη(s) = I2

(1
2
(
f(t1)g(t2) + f(t2)g(t1)

)
z1z2

)
,

which is the same as we obtained in (a).
(c) This is a direct consequence of (a) and (b). 
�

Problems of Chap. 12

12.1 Solution

(a) By Problem 10.1 we have the expansion

η3(T ) = Tm3 + I1

(
3Tm2z1 + z3

1

)
+ I2

(3
2
(
z1z

2
2 + z2

1z2

))
+ I3

(
z1z2z3

)
,

where mi =
∫

R0
ζiν(dζ), i = 1, 2, .... This gives

Dt,zη
3(T ) =3Tm2z + z3 + 3I1(z1z

2 + z2
1z) + 3I2(z1z2z)

=3Tm2z + z3 + 3z2η(T ) + 3zI1(z2
1) + 3zI2(z1z2).
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If we use that
η2(T ) = Tm2 + I1(z2) + I2(z1z2)

(see Example 12.9), we can see that the above expression can be written

Dt,zη
3(T ) = 3η2(T )z + 3η(T )z2 + z3.

(b) By Problem 10.1 we have the expansion

eη(T ) =
∞∑

n=0

In(gn),

where

gn = Kfn with fn =
1
n!

(ez − 1)⊗n, n = 1, 2, ...

and K = exp
{

T

∫
R0

(
ez − 1 − z

)
ν(dz)

}
.

This gives

Dt,ze
η(T ) =

∞∑
n=1

nIn−1(gn(·, t.z))

=
∞∑

n=1

nIn−1

(K
n!

(ez − 1)⊗n−1
)
(ez − 1)

=
∞∑

n=1

In−1

( K

(n − 1)!
(ez − 1)⊗n−1

)
(ez − 1)

=eη(T )(ez − 1). 
�

12.2 Solution
The direct application of Theorem 12.8 yields

(a) Dt,zη
3(T ) = (η(T ) + z)3 − η3(T ) = 3η2(T )z + 3η(T )z2 + z3.

(b) Dt,ze
η(T ) = eη(T )+z − eη(T ) = eη(T )(ez − 1).

Compare with the solution of Problem 12.1. 
�

Problems of Chap. 13

13.1 Solution
Recall that

η(t) = m2

∞∑
i=1

(∫ t

0

ei(s)ds
)
Kε(i,1) , t ∈ R,

and
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•
η(t) = m2

∞∑
i=1

ei(t)Kε(i,1) , t ∈ R,

where ε(i,j) = ε(κ(i,j)). Hence

η(t + h) − η(t)
h

− •
η(t) = m2

∞∑
i=1

( 1
h

∫ t+h

t

[
ei(s) − ei(t)

]
ds
)
Kε(i,1) .

By (13.11) we have

κ(i, 1) = 1 +
i(i − 1)

2
.

Therefore, if we put

ai(h) :=
1
h

∫ t+h

t

[
ei(s) − ei(t)

]
ds,

we have

∥∥∥η(t + h) − η(t)
h

− •
η(t)

∥∥∥2

−q
= m2

2

∞∑
i=1

|ai(h)|2ε(i,1)!(2N)−qε(i,1)

= m2
2

∞∑
i=1

|ai(h)|2(2κ(i, 1))−q

= m2
2

∞∑
i=1

|ai(h)|2(2 + i(i − 1))−q

by (13.25). Since
sup
t∈R

|ek(t)| = O(k−1/2)

(see [104]), we see that

sup
{
|ai(h)| h ∈ [0, 1], i = 1, 2, ...

}
< ∞.

Moreover, since
ai(h) −→ 0, h → 0 (i = 1, 2, ...),

we can conclude that
∥∥∥η(t + h) − η(t)

h
− •

η(t)
∥∥∥2

−q
−→ 0, h → 0,

for all q ≥ 1, by bounded convergence. This implies that

d

dt
η(t) =

•
η(t) in (S)∗. 
�
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Problems of Chap. 15

15.1 Solution

(a) By Lemma 15.5 we have

X(t) =
∫ t

0

∫
R0

η(T )zÑ(δs, dz)

=
∫ t

0

∫
R0

(
η(T )z + Dt+,zη(T )z

)
Ñ(δs, dz) −

∫ t

0

∫
R0

z2Ñ(ds, dz)

=
∫ t

0

∫
R0

η(T )zÑ(d−s, dz) −
∫ T

0

∫
R0

z2ν(dz)ds −
∫ t

0

∫
R0

z2Ñ(ds, dz)

= η(t)η(T ) −
∫ t

0

∫
R0

z2N(ds, dz), t ∈ [0, T ].

(b) Since

Dt+,zη(t) = Dt+,z

(∫ t

0

∫
R0

z2N(ds, dz)
)

= 0,

by applications of the chain rule we get that Dt+,zX(t) = η(t)z.
(c) By (15.8), we have that

θ(t, z) := St,zγ(t, z) = zSt,zη(T ) = z(η(T ) − z).

(d) First note that by the above we have

A(t, z) :=Dt+,z

(
2X(t−)z(η(T ) − z) + z2(η(T ) − z)2

)

=2X(t−)z2 + z(η(T ) − z)2η(t−)z + 2η(t−)z3

+ z2(η2(T ) − (η(T ) − z)2)

=2X(t−)z2 + 2η(t−)η(T )z2 + 2η(T )z3 − z4.

Therefore, the Itô formula for Skorohod integrals gives

δX2(t) =
∫

R0

[
(X(t−) + θ(t, z))2 − X2(t−) + A(t, z)

]
Ñ(δt, dz)

+
∫

R0

[
(X(t) + θ(t, z))2 − X2(t) − 2X(t)θ(t, z) − A(t, z)

− f ′(X(t))Dt+,zθ(t, z)
]
ν(dz)dt

=
∫

R0

[
2X(t−)z(η(T ) − z) + z2(η(T ) − z)2 + A(t, z)

]
Ñ(δt, dz)

+
∫

R0

[
z2(η(T ) − z)2 + A(t, z) − 2X(t)z2

]
ν(dz)dt. 
�
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Problems of Chap. 16

16.1 Solution

(a) By the chain rule and (16.5) we have

DtFπ(T ) = Dt
1

Xπ(T )
= − 1

X2
π(T )

DtXπ(T ) = − 1
Xπ(T )

σ(t)π(t)

and

Dt,zFπ(T ) =
1

Xπ(T ) + Dt,zXπ(T )
− 1

Xπ(T )

=
1

Xπ(T )(1 + π(t)θ(t, z))
− 1

Xπ(T )

=
−π(t)θ(t, z)

Xπ(T )(1 + π(t)θ(t, z))
.

(b) The equation for the optimal deterministic portfolio π is obtained by
choosing Et = F0 for all t ∈ [0, T ] in (16.12). This gives

µ(s) − ρ(s) − 2σ2(s)π(s) −
∫

R0

π(s)θ2(s, z)(2 + π(s)θ(s, z))
(1 + π(s)θ(s, z))2

ν(dz) = 0. 
�
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markets. Séminaires et Congrès, 16:71–82, 2007.

68. G. Di Nunno and B. Øksendal. A representation theorem and a sensitivity
result for functionals of jump diffusions. In Mathematical analysis of random
phenomena, pages 177–190. World Sci. Publ., Hackensack, NJ, 2007.

69. G. Di Nunno, B. Øksendal, and F. Proske. White noise analysis for Lévy
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119. K. Itô. Multiple Wiener integral. J. Math. Soc. Japan, 3:157–169, 1951.
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a Lévy process with application to chaos expansion of local time. Ann. Inst.
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188. J. Picard. Formules de dualité sur l’espace de Poisson. Ann. Inst. H. Poincaré
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Notation and Symbols

Numbers
N The natural numbers
Z The integer numbers
Q The rational numbers
R The real numbers
R0 p. 160
C The complex numbers
C

N The set of all sequences of complex numbers
T p. 7
J p. 66(
2N
)α p. 68

Kq(R) p. 74
C

N

c p. 74
m2 p. 215

Measures
P pp. 7, 64, 213, 236
PW pp. 195, 236
P Ñ pp. 195, 236
λ = dt Lebesgue measure
ν p. 160
ρ p. 215

Operations
f ⊗ g p. 11
f⊗̂g p. 11
W⊗(n+1) p. 13
〈ω, φ〉 p. 64
X � Y pp. 70, 219
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Spaces and Norms
(Ω,F , P ) pp. 7, 64, 159, 195, 213, 236
Sn p. 8
Gn p. 176
C0([0, T ]) pp. 27, 351
L2 ([0, T ]n) p. 8
L̃2([0, T ]n) p. 8
L̃2((λ × ν)n) p. 176
L2(Sn) p. 8
L2(Gn) p. 176
L2((λ × ν)n) p. 175
L2(([0, T ] × R0)n) p. 175
L2(P ) p. 9
L2(FT , P ) p. 166
L2(P × λ) p. 21
L2(P × λ × ν) p. 182
L2(S) p. 208
Dom(δ) pp. 20, 181
D1,2 pp. 28, 185, 356
Dom(Dt) p. 87
S = S(Rd), p. 63
‖ · ‖K,α, p. 63
S ′ = S ′(Rd) p. 64
(S)k p. 69
‖f‖2

k p. 69
(S) pp. 69, 217
(S)−q p. 69
‖F‖2

−q p. 69
(S)∗ pp. 69, 217
Gλ pp. 76, 227
G pp. 77, 227
G∗ pp. 77, 227
D0 p. 138
D

E
1,2 p. 188

D̃1,2 p. 205
D

W
1,2 p. 238

M p. 266
M1,2 p. 266
D1,p p. 337
D1,∞ p. 337
Dk,p p. 339
D∞ p. 339
D1,2 p. 354
P p. 355
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Filtrations and σ-Algebras
F pp. 7, 161
Ft p. 7
FG p. 30
FW

T p. 195
F Ñ

T p. 195
G p. 142
Gt p. 142
E p. 198
Et p. 198
H p. 299
Ht p. 302

Functions, Random Variables, and Transforms
f̃ pp. 8, 20, 175
hn p. 10
ek p. 66
χ = χA(x) = χ{x∈A} p. 15
Hα p. 66
HX(·) = X̃(·) p. 73
f♦ p. 75
δY (·) pp. 112, 120, 242
∆η(t) p. 160

Hα p. 195
lm p. 215
pj p. 215
κ(i, j) p. 215
δκ(i,j) p. 215
Kα p. 216
Lt(x) p. 248

Processes and Fields
W = W (t) = W (t, ω) p. 7
w(φ, ω) = wφ(ω) p. 64
•

W (t) p. 70
η(t) = η(t, ω) p. 159
N = N(dt, dz) p. 160
Ñ = Ñ(dt, dz) p. 161
•
η(t) p. 218
•
Ñ(t, z) p. 218
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Integrals and Differentials
Jn(f) pp. 8, 176
In(g) pp. 10, 176
δ(u) pp. 20, 181
Ñ(δt, dz) p. 181
δη(t) pp. 20, 182
d−W (s) p. 132
Ñ(d−t, dz) p. 265
Derivatives
∂α, p. 64
DtF pp. 28, 86, 87, 356
DγF pp. 85, 353
DγF p. 354
DtF p. 354
Dt,zF pp. 186, 228
Dt+ϕ(t) p. 138
Dt+,zθ(t, z) p. 266
DtF p. 238
Dj

t1,...,tj,
p. 339

Dyf pp. 350, 352

Admissible Controls
A p. 170
AF pp. 129, 298,
AG pp. 143, 130
AG,Q p. 148
AE pp. 198, 276, 289, 294
AH pp. 302, 309, 320

Notations
MT Transpose of a matrix M
P ∼ Q Measure P is equivalent to measure Q
E[F ] (generalized) Expectation w.r.t. measure P
EQ[F ] Expectation w.r.t. measure Q
E[F |Ft] (generalized) Conditional expectation
càdlàg Right continuous with left limits
càglàd Left continuous with right limits
a.a., a.e., a.s. Almost all, almost everywhere, almost surely
s.t. Such that
w.r.t. With respect to
SDE Stochastic differential equation
BSDE Backward stochastic differential equation
:= Equal to by definition



Index

(S)∗-integral, 80
T -claim, 169
∆-hedging, 55
H-transform, 73
S−transform, 76

admissible consumption rates, 298
admissible consumption-portfolio pair,

306
admissible portfolios

inside information, 143, 148, 309,
320

partial information, 198, 276, 289,
294

admissible relative consumption rate,
302

Asian option, 263

backward stochastic differential
equation, 50

bankruptcy time, 305
Barndorff–Nielsen and Shephard model,

206
Bayes formula

generalized, 107
Bayes rule, 46
Black–Scholes equation, 56
Black–Scholes formula, 51
BNS model, 206
Bochner–Minlos–Sazonov theorem, 64,

213

càdlàg paths, 159
Cameron–Martin space, 354

Cameron–Martin theorem, 356
chain rule, 29, 30, 76, 92, 100, 189, 238
chaos expansion, 11, 67, 68, 176, 216
characteristic exponent, 160
claim, 169

Markovian type, 111
replicable, 169, 255

Clark–Ocone formula, 43, 196
under change of measure, 46, 198

Clark–Ocone formula in G∗, 106, 234
Clark–Ocone formula in L2(P ), 103,

233, 237
under change of measure, 107, 198

combination of noises, 195, 235
complete market, 171
consumption rate, 298, 300
consumption-portfolio pair, 305
cumulant generating function, 206

default time, 299, 305
delayed noise effect, 292
delta, 54, 209, 256, 262
difference operator, 187
digital option, 106, 127, 204, 231, 262
Dirac delta function, 248
directional derivative, 237, 350

integration by parts, 356
strong sense, 354

discounting exponent process, 305
dividend rate, 300
Donsker delta function, 112, 120, 242
dual problem, 286
duality formula, 34, 44, 94, 190
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enlargement of filtrations, 287, 315, 324
European call option, 49, 190
exercise price, 49

feedback form, 299
filtration, 7, 161

full information, 274
inside information, 286, 299, 308
partial information, 274, 286, 299

first variation process, 56
Fock space, 191
forward integrable, 132

in the strong sense, 138
forward integral, 132, 265
forward process, 135, 268
Fourier inversion formula, 244
Fourier transform, 189
Fréchet derivative, 352
Fubini formula for Skorohod integrals,

184
fundamental theorem of calculus, 37,

192

gamma, 54, 209
Gateaux derivative, 352
generalized expectation, 69, 217

conditional, 95, 232
geometric Lévy process, 164
Girsanov theorem, 59, 197
greeks, 54, 207, 256

density method, 54
Malliavin weight, 57, 209

Gronwall inequality, 336

Hermite function, 66
Hermite polynomials, 10

generating formula, 79
Hermite transform, 73
Hida distribution space, 69
Hida test function space, 69
Hida–Malliavin derivative, 86

incomplete market, 171
independent increments, 159
indicator function, 15
inductive topology, 69
information

delayed, 274
full, 274, 298

inside, 273, 308
partial, 273, 299
partial observation, 274

informed trader, 130
insider, 130
integration by parts, 36, 90, 190
invariant distribution, 207
Itô formula

for forward integrals, 136, 137, 268
for Lévy processes, 163, 164
for Skorohod integrals, 140, 270

Itô representation theorem, 17, 167
Itô–Lévy process, 163
iterated integral, 176
iterated Itô integral, 8, 10, 195

knock-out option, 125

Lévy measure, 160
Lévy process, 159

in law, 160
jump, 160
jump measure, 160

compensated, 161
pure jump type, 162, 214
subordinator, 206

Lévy stochastic differential equation,
333

strong solution, 334
Lévy–Hermite transform, 226
Lévy–Hida stochastic distribution

space, 217
Lévy–Hida stochastic test function

space, 217
Lévy–Iô decomposition theorem, 162
Lévy–Khintchine formula, 160
Legendre transform, 286
local time, 248

chaos expansion, 252

Malliavin derivative, 28, 86, 186, 196,
358

closability, 28, 91, 187
in probability, 238

Malliavin matrix, 343
Malliavin weight, 57, 209
market model, 48, 55, 109, 169, 254,

275, 287, 289, 293, 307
Bachelier-Lévy type, 173
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maturity, 49
Meyer-Watanabe test function space,

339
minimal variance hedging, 199

partial information, 199

non-anticipating derivative, 253
nonanticipating derivative, 44
Novikov condition, 60, 197

occupation density formula, 249
Ornstein–Uhlenbeck process, 61

Lévy–, 172, 206
leverage effect, 206
mean reversion rate, 206

path dependent option, 125
Picard approximations, 335
Poisson process, 297
Poisson random measure, 160

compensated, 161
portfolio, 49

minimal variance hedging, 199
replicating (also hedging), 49, 110,

170
self-financing, 49
value process, 49

portfolios
buy-hold-sell, 277

predictable process, 163
product rule, 30, 188
projective topology, 69

quadratic covariation process, 165

random field, 181
reduced Malliavin covariance matrix,

347
relative consumption rate, 302
rho, 54
risk less asset, 48
risky asset, 48, 169

Schwartz space, 63
self-financing, 49
Skorohod integrable, 20
Skorohod integral, 20, 181, 182, 192

closability, 36, 191
generalized, 81

Skorohod integrals
isometry, 94

Skorohod process, 140
space of generalized random variables,

227
space of smooth random variables, 227
stationary increments, 159
stochastic derivative, 354, 358

closability, 356
integration by parts, 356

stochastic differential equation, 337
stochastic gradient

see Malliavin derivative, 85
stochastically continuous, 159
symmetric function, 8, 175
symmetrization, 8, 20, 175

tempered distributions, 64, 213
tensor product, 11

symmetrized, 11, 216
terminal wealth, 285
theta, 54
topology of (S)∗, 75

utility function
exponential utility, 281, 310
general, 142, 276, 309
logarithmic utility, 147, 281, 283, 288,

310, 319
power utility, 282, 284, 310

value process, 49
vega, 54

white noise
of the compensated Poisson random

measure, 218
of the Lévy process, 218
probability measure, 64
probability space, 64, 213
singular, 70
smoothed, 64

Wick chain rule, 76, 92, 230
Wick exponential, 72, 220
Wick power, 72, 220
Wick product, 70, 78, 219
Wick version, 75, 229
Wick/Doléans–Dade exponential, 166,

221
Wiener measure, 353
Wiener space, 353
Wiener–Poisson space, 195
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Hájek, P.; Havránek, T.: Mechanizing
Hypothesis Formation

Heinonen, J.: Lectures on Analysis on Metric
Spaces

Hlawka, E.; Schoißengeier, J.; Taschner, R.:
Geometric and Analytic Number Theory

Holmgren, R. A.: A First Course in Discrete
Dynamical Systems

Howe, R., Tan, E. Ch.: Non-Abelian
Harmonic Analysis

Howes, N. R.: Modern Analysis and Topology

Hsieh, P.-F.; Sibuya, Y. (Eds.): Basic
Theory of Ordinary Differential Equations

Humi, M., Miller, W.: Second Course in
Ordinary Differential Equations for
Scientists and Engineers



Hurwitz, A.; Kritikos, N.: Lectures on
Number Theory

Huybrechts, D.: Complex Geometry: An
Introduction

Isaev, A.: Introduction to Mathematical
Methods in Bioinformatics

Istas, J.: Mathematical Modeling for the Life
Sciences

Iversen, B.: Cohomology of Sheaves

Jacod, J.; Protter, P.: Probability Essentials

Jennings, G. A.: Modern Geometry with
Applications

Jones, A.; Morris, S. A.; Pearson, K. R.:
Abstract Algebra and Famous Inpossibilities

Jost, J.: Compact Riemann Surfaces

Jost, J.: Dynamical Systems. Examples of
Complex Behaviour

Jost, J.: Postmodern Analysis

Jost, J.: Riemannian Geometry and
Geometric Analysis

Kac, V.; Cheung, P.: Quantum Calculus

Kannan, R.; Krueger, C. K.: Advanced
Analysis on the Real Line

Kelly, P.; Matthews, G.: The Non-Euclidean
Hyperbolic Plane

Kempf, G.: Complex Abelian Varieties and
Theta Functions

Kitchens, B. P.: Symbolic Dynamics

Klenke, A.: Probability Theory

Kloeden, P.; Ombach, J.; Cyganowski, S.:
From Elementary Probability to Stochastic
Differential Equations with MAPLE

Kloeden, P. E.; Platen; E.; Schurz, H.:
Numerical Solution of SDE Through
Computer Experiments

Koralov, L. B.; Sinai, Ya. G.: Theory of
Probability and Random Processes. 2nd

edition

Kostrikin, A. I.: Introduction to Algebra

Krasnoselskii, M. A.; Pokrovskii, A. V.:
Systems with Hysteresis

Kuo, H.-H.: Introduction to Stochastic
Integration

Kurzweil, H.; Stellmacher, B.: The Theory of
Finite Groups. An Introduction

Kyprianou, A. E.: Introductory Lectures on
Fluctuations of Lévy Processes with
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Smoryński, C.: Logical Number Theory I. An
Introduction
Srivastava: A Course on Mathematical Logic
Stichtenoth, H.: Algebraic Function Fields
and Codes
Stillwell, J.: Geometry of Surfaces
Stroock, D. W.: An Introduction to the
Theory of Large Deviations
Sunder, V. S.: An Invitation to von Neumann
Algebras
Tamme, G.: Introduction to Étale
Cohomology
Tondeur, P.: Foliations on Riemannian
Manifolds
Toth, G.: Finite Möbius Groups,
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