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Preface

There are already several excellent books on Malliavin calculus. However,
most of them deal only with the theory of Malliavin calculus for Brownian
motion, with [35] as an honorable exception. Moreover, most of them discuss
only the application to regularity results for solutions of SDEs, as this was the
original motivation when Paul Malliavin introduced the infinite-dimensional
calculus in 1978 in [157]. In the recent years, Malliavin calculus has found
many applications in stochastic control and within finance. At the same time,
Lévy processes have become important in financial modeling. In view of this,
we have seen the need for a book that deals with Malliavin calculus for Lévy
processes in general, not just Brownian motion, and that presents some of the
most important and recent applications to finance.

It is the purpose of this book to try to fill this need. In this monograph
we present a general Malliavin calculus for Lévy processes, covering both the
Brownian motion case and the pure jump martingale case via Poisson random
measures, and also some combination of the two. We also present many of the
recent applications to finance, including the following:

The Clark—Ocone theorem and hedging formulae

Minimal variance hedging in incomplete markets

Sensitivity analysis results and efficient computation of the “greeks”
Optimal portfolio with partial information

Optimal portfolio in an anticipating environment

Optimal consumption in a general information setting

Insider trading

To be able to handle these applications, we develop a general theory of
anticipative stochastic calculus for Lévy processes involving the Malliavin
derivative, the Skorohod integral, the forward integral, which were originally
introduced for the Brownian setting only. We dedicate some chapters to the
generalization of our results to the white noise framework, which often turns
out to be a suitable setting for the theory. Moreover, this enables us to prove

VII



VIII  Preface

results that are general enough for the financial applications, for example, the
generalized Clark—Ocone theorem.

This book is based on a series of courses that we have given in different
years and to different audiences. The first one was given at the Norwegian
School of Economics and Business Administration (NHH) in Bergen in 1996,
at that time about Brownian motion only. Other courses were held later, every
time including more updated material. In particular, we mention the courses
given at the Department of Mathematics and at the Center of Mathematics for
Applications (CMA) at the University of Oslo and also the intensive or com-
pact courses presented at the University of Ulm in July 2006, at the University
of Cape Town in December 2006, at the Indian Institute of Science (IIS) in
Bangalore in January 2007, and at the Nanyang Technological University in
Singapore in January 2008.

At all these occasions we met engaged students and attentive readers. We
thank all of them for their active participation to the classes and their feed-
back. Our work has benefitted from the collaboration and useful comments
from many people, including Fred Espen Benth, Delphine David, Inga Baard-
shaug Eide, Xavier Gabaix, Martin Groth, Yaozhong Hu, Asma Khedher, Paul
Kettler, An Ta Thi Kieu, Jorgen Sjaastad, Thilo Meyer-Brandis, Farai Julius
Mhlanga, Yeliz Yolcu Okur, Olivier Menoukeu Pamen, Ulrich Rieder, Goncalo
Reiss, Alexander Sokol, Agnes Sulem, Olli Wallin, Diane Wilcox, Frank
Wittemann, Mihail Zervos, Tusheng Zhang, and Xunyu Zhou. We thank them
all for their help. Our special thanks go to Paul Malliavin for the inspiration
and continuous encouragement he has given us throughout the time we have
worked on this book. We also acknowledge with gratitude the technical sup-
port with computers of the Drift-IT at the Department of Mathematics at the
University of Oslo.

Oslo, Giulia Di Nunno
June 2008. Bernt Oksendal
Frank Proske
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Introduction

The mathematical theory now known as Malliavin calculus was first intro-
duced by Paul Malliavin in [157] as an infinite-dimensional integration by
parts technique. The purpose of this calculus was to prove the results about
the smoothness of densities of solutions of stochastic differential equations
driven by Brownian motion. For several years this was the only known appli-
cation. Therefore, since this theory was considered quite complicated by many,
Malliavin calculus remained a relatively unknown theory also among mathe-
maticians for some time. Many mathematicians simply considered the theory
as too difficult when compared with the results it produced. Moreover, to a
large extent, these results could also be obtained by using Héormander’s earlier
theory on hypoelliptic operators. See also, for example, [20, 113, 224, 229].

This was the situation until 1984, when Ocone in [172] obtained an explicit
interpretation of the Clark representation formula [46, 47] in terms of the
Malliavin derivative. This remarkable result later became known as the Clark—
Ocone formula. Sometimes also called Clark—Haussmann—QOcone formula in
view of the contribution of Haussmann in 1979, see [97]. In 1991, Ocone and
Karatzas [173] applied this result to finance. They proved that the Clark—
Ocone formula can be used to obtain explicit formulae for replicating portfolios
of contingent claims in complete markets.

Since then, new literature helped to distribute these results to a wider
audience, both among mathematicians and researchers in finance. See, for
example, the monographs [53, 160, 168, 211] and the introductory lecture
notes [177]; see also [205].

The next breakthrough came in 1999, when Fournié et al. [80] obtained
numerically tractable formulae for the computation of the so-called greeks in
finance, also known as parameters of sensitivity. In the recent years, many
new applications of the Malliavin calculus have been found, including partial
information optimal control, insider trading and, more generally, anticipative
stochastic calculus.

At the same time Malliavin calculus was extended from the original setting
of Brownian motion to more general Lévy processes. This extensions were at

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 1
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009



2 Introduction

first motivated by and taylored to the original application within the study
of smoothness of densities (see e.g. [12, 35, 37, 38, 44, 140, 141, 142, 162,
188, 189, 217, 218]) and then developed largely targeting the applications to
finance, where Lévy processes based models are now widely used (see, e.g.,
[25, 29, 64, 69, 147, 170, 180]). Within this last direction, some extension to
random fields of Lévy type has also been developed, see, for example, [61, 62].
Other extension of Malliavin calculus within quantum probability have also
appeared, see, for example, [83, 84].

One way of interpreting the Malliavin derivative of a given random vari-
able F' = F(w), w € {2, on the given probability space ({2, F, P) is to regard
it as a derivative with respect to the random parameter w. For this to make
sense, one needs some mathematical structure on the space 2. In the original
approach used by Malliavin, for the Brownian motion case, {2 is represented
as the Wiener space Cy([0,T]) of continuous functions w : [0,7] — R with
w(0) = 0, equipped with the uniform topology. In this book we prefer to use
the representation of Hida [98], namely to represent (2 as the space S’ of tem-
pered distributions w : S — R, where S is the Schwartz space of rapidly
decreasing smooth functions on R (see Chap. 5). The corresponding probabil-
ity measure P is constructed by means of the Bochner—-Minlos theorem. This
is a classical setting of white noise theory. This approach has the advantage
that the Malliavin derivative D;F of a random variable F : & — R can
simply be regarded as a stochastic gradient.

In fact, if v is deterministic and in L?(R) (note that L*(R) C &’), we define
the directional derivative of F' in the direction v, D F', as follows:

F _F
D, F(w) = lim Cha 5? W e,

if the limit exists in L?(P). If there exists a process ¥(w,t) : 2 x R — R
such that

D F(w) = /RW(w,t)fy(t)dt, wed'

for all v € L?(R), then we say that F is Malliavin—Hida differentiable and we
define
DiF(w) := ¥ (w,t), weds

as the Malliavin—(Hida) derivative (or stochastic gradient) of F at t.

This gives a simple and intuitive interpretation of the Malliavin deriva-
tive in the Brownian motion case. Moreover, some of the basic properties of
calculus such as chain rule follow easily from this definition. See Chap. 6.

Alternatively, the Malliavin derivative can also be introduced by means of
the Wiener-Ité chaos expansion [119]:

oo

F= Z—rn(fn)

n=0
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of the random variable F' as a series of iterated Ito6 integrals of symmetric
functions f,, € L?(R™) with respect to Brownian motion. In this setting, the
Malliavin derivative gets the form

DtF = Z nInfl(fn('vt))’

n=1

see Chap. 3, cf. [168]. This form is appealing because it has some resemblance
to the derivative of a monomial:

d

" 'n—l.
dx

=N

Moreover, the chaos expansion approach is convenient because it gives
easy proofs of the Clark—Ocone formula and several basic properties of the
Malliavin derivative.

The chaos expansion approach also has the advantage that it carries over in
a natural way to the Léuvy process setting (see Chap. 12). This provides us with
a relatively unified approach, valid for both the continuous and discontinuous
case, that is, for both Brownian motion and Lévy processes/Poisson random
measures. See, for example, the proof of the Clark-Ocone theorem in the
two cases. At the same time it is important to be aware of the differences
between these two cases. For example, in the continuous case, we base the
interpretation of the Malliavin derviative as a stochastic gradient, while in the
discontinuous case, the Malliavin derivative is actually a difference operator.

How to use this book

It is the purpose of this book to give an introductory presentation of the theory
of Malliavin calculus and its applications, mainly to finance. For pedagogical
reasons, and also to make the reading easier and the use more flexible, the
book is divided into two parts:

Part I. The Continuous Case: Brownian Motion
Part II. The Discontinuous Case: Pure Jump Lévy Processes

In both parts the emphasis is on the topics that are most central for the
applications to finance. The results are illustrated throughout with examples.
In addition, each chapter ends with exercises. Solutions to some selection of
exercises, with varying level of detail, can be found at the back of the book.

We hope the book will be useful as a graduate text book and as a source
for students and researchers in mathematics and finance. There are several
possible ways of selecting topics when using this book, for example, in a
graduate course:

Alternative 1. If there is enough time, all eighteen chapters could be included
in the program.
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Alternative 2. If the interest is only in the continuous case, then the whole
Part I gives a progressive overview of the theory, including the white noise
approach, and gives a good taste of the applications.

Alternative 3. Similarly, if the readers are already familiar with the continuous
case, then Part II is self-contained and provides a good text choice to cover
both theory and applications.

Alternative 4. If the interest is in an introductory overview on both the con-
tinuous and the discontinuous case, then a good selection could be the reading
from Chaps. 1 to 4 and then from Chaps.9 to 12. This can be possibly sup-
plemented by the reading of the chapters specifically devoted to applications,
so according to interest one could choose among Chaps. 8, 15, 16, and also
Chaps. 17 and 18.



1

The Wiener—Ito Chaos Expansion

The celebrated Wiener—It6 chaos expansion is fundamental in stochastic
analysis. In particular, it plays a crucial role in the Malliavin calculus as
it is presented in the sequel. This result which concerns the representation of
square integrable random variables in terms of an infinite orthogonal sum was
proved in its first version by Wiener in 1938 [226]. Later, in 1951, It6 [119]
showed that the expansion could be expressed in terms of iterated Ité integrals
in the Wiener space setting.

Before we state the theorem we introduce some useful notation and give
some auxiliary results.

1.1 Iterated Ito Integrals

Let W = W(t) = W(t,w), t € [0,T], w € 2 (T > 0), be a one-dimensional
Wiener process, or equivalently Brownian motion, on the complete probability
space (2, F, P) such that W(0) =0 P-a.s.

For any t, let F; be the o-algebra generated by W (s), 0 < s < ¢, augmented
by all the P-zero measure events. We denote the corresponding filtration by

F={F, tecl0,T]}. (1.1)

Note that this filtration is both left- and right-continuous, that is,
Fy = lim F, = a{ ]—'S},
t s 't sLJ<t

respectively,
Fiy = lim Fy, := | |]—" .
t u{% U u

u>t

See, for example, [128] or [206].

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 7
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009



8 1 The Wiener—Ité6 Chaos Expansion

Definition 1.1. A real function g : [0,T]" — R is called symmetric if
I(toys orte,) =g(t1, ... tn) (1.2)
for all permutations o = (01, ...,0,) of (1,2,...,n).

Let L2 ([0,7]™) be the standard space of square integrable Borel real func-
tions on [0, T]™ such that

191Z2 0. 77m) = / G (t1,. .., tp)dty ---dt, < oco. (1.3)
[0,7]"

Let L2([0,7)") ¢ L2 ([0, T]") be the space of symmetric square integrable
Borel real functions on [0, T]". Let us consider the set

Sn:{(th...,tn)e[O,T}": OétlétgégtnST}

Note that this set .S,, occupies the fraction % of the whole n-dimensional box
[0, T]™. Therefore, if g € L?([0,T]™) then g, € L*(S,) and

191172 (0,77 = 7! /92(7517 o tp)dty e db, = nl|g]lT s,y (1.4)
Sn

where [|[| 12 (g, ) denotes the norm induced by L2 ([0, T)™) on L? (S,,), the space
of the square integrable functions on S,,. B
If f is a real function on [0, T]", then its symmetrization f is defined by

Fltr, . tn n'Zf N ) (1.5)

where the sum is taken over all permutations o of (1,...,n). Note that fv: f
if and only if f is symmetric.

Example 1.2. The symmetrization of the function
f(tl,tg) =t§—|—t2sint1, (t1,t2) S [O,T]Q,
- 1
f(ti,ta) = 3 (] + 15+ tosinty + tysinto],  (t1,t2) € [0, 7%

Definition 1.3. Let f be a deterministic function defined on S, (n > 1) such
that

£ 1172,y = /f2(t17~-~7tn)dt1 e dty, < oo
3

Then we can define the n-fold iterated It6 integral as

ts to

pom | [ [t ammviesai-avi g

(1.6)
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Note that at each iteration ¢ = 1, ..., n the corresponding It6 mtegral with
respect to dW (t;) is well-defined, being the integrand fot fo (t1, s tn)
dW (t1)...dW (t;—1), t; € [0,t;41], a stochastic process that is F-adapted and
square integrable with respect to dP x dt;. Thus, (1.6) is well-defined.

Thanks to the construction of the Ito integral we have that J,(f) belongs
to L2(P), that is, the space of square integrable random variables. We denote
the norm of X € L?(P) by

Xl = (B1x7]) " = ([ Xpa) "

Applying the Ito isometry iteratively, if g € L?(S,,) and h € L*(S,), with
m < n, we can see that

s D)

T sm
E[Jm(g)Jn(h)] :E[(//---/g(s1,..‘,sm)dW(sl)---dW(sm))
0 0 0

s

/m /h(tl,...,tn_m,sl,...,sm)dW(tl)---dW(tn_m)dW(sl)---dW(sm))]
0

O\H

S

/E (O/m / sl,...,sm,l,sm)dW(sl)---dW(sm,1)> i

Sm

(/ / t17~~-as7n7175m)dW(t1)"'dW(Smfl))]dsm:~-~
0
T Sm ED) S1 ta
=// /9(81,82,~~-, E[/"'/h(tlw-~7tn7m731,~~73m)
0 0 0 0

AW (t1) -+ dW(tn,m)]dsl dsm =0

because the expected value of an Ito integral is zero. On the contrary, if both
g and h belong to L*(S,,), then

E[Jn(g) /E / / S1yeveySp)dW (s1) - dW (sp-1)

/ : -/h(sl, e 8n)dW (1) - dW(sn_l)]dsn:. L (L8)

0

Il
O\qo

/g S1y-+-5S (81,...,Sn)d81 dSn = (ga h)LZ(Sn)
0

We summarize these results as follows.
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Proposition 1.4. The following relations hold true:

0 , m#Em
Lz(sn),n:m

B0 = {

(9, h)Lz(Sn) = /g(tl7 o tn)h(ty, . ty)dEy - dty,
Sn

is the inner product of L*(S,). In particular, we have
[Tn(M)llL2(py = (Al L2(s.,)- (1.10)

Remark 1.5. Note that (1.9) also holds for n = 0 or m = 0 if we define
Jo(g) = g, when g is a constant, and (g, h)r2(s,) = gh, when g, h are constants.

Remark 1.6. 1t is straightforward to see that the n-fold iterated Ito integral
LQ(SWL) >5f = Jn(f) € LQ(P)

is a linear operator, that is, J,,(af +bg) = aJ,(f) +bJ,(g), for f,g € L*(S,)
and a,b € R.

Definition 1.7. If g € L2([0,T]™) we define

I(g) == / Gt t)dAW (tr) ... dW (t) = ! (g). (1.11)

[0,7]"
We also call iterated n-fold Ito integrals the I,,(g) here above.
Note that from (1.9) and (1.11) we have

110 (9) 1720y = Bl (9)] = E[(n))*J3(9)]
= ()?lgll72s,) = 29l 20,2y (1.12)

for all g € L2([0,7]™). Moreover, if g € L2([0,T]™) and h € L2([0,T]"), we
have

Bl ={ (0 M =2,

L2([o,Tjm) » =M

with (g, k) L2(jo,777) = 719, h) 22 (5n)-

There is a useful formula due to It6 [119] for the computation of the
iterated It0 integral. This formula relies on the relationship between Hermite
polynomials and the Gaussian distribution density. Recall that the Hermite
polynomials h,(z), v € R, n=0,1,2,... are defined by

mn
12 d

hn(z) = (—1)" ), n=01,2,..., (1.13)
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Thus, the first Hermite polynomials are

ho(z) =1, hi(z) =z, ho(z) =22 — 1, hz(z) = 2° — 3u,
hy(z) = 2* — 62% 4+ 3, hs(z) = 2° — 102® + 15z, ... .

We also recall that the family of Hermite polynomials constitute an orthogonal
2
basis for L2(R, u(dx)) if p(dz) = —A=e= dx (see, e.g., [214]).

V2r
Proposition 1.8. If &,,&,,... are orthonormal functions in L*([0,T]), we
have that . .
L(EM & oe20m) = H hak(/ E(OW (L)), (1.14)
k=1 0

with a1 4+ - -+, = n. Here ® denotes the tensor power and ay, € {0,1,2,...}
for all k.

See [119]. In general, the tensor product f®g of two functions f, g is defined by

(f ®g)(w1,22) = f(w1)g(2)

and the symmetrized tensor product f®g is the symmetrization of f ® g. In
particular, from (1.14), we have

tn to

T
n! / / / g(t2) - g(ta)dW (1) - AW (t) = [|g]"Pn (H 1) (15)
0 O

for the tensor power of g € L?([0,7]). Here above we have used |g|| =

T
g1l L2(jo,77) and 8 = [ g(t)dW (t).
0

Ezxample 1.9. Let g =1 and n = 3, then we get

T t3 to

///1dW £)AW (t2)dW (t3) = T ?hs (W(/)) W3(T) — 3T W (T).

0 0

1.2 The Wiener—Ito Chaos Expansion
Theorem 1.10. The Wiener—Ité6 chaos expansion. Let £ be an Fp-

measurable random variable in L?(P). Then there evists a unique sequence
{fa} of functions f, € L*([0,T]") such that

£= IL(fa), (1.16)
n=0
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where the convergence is in L?(P). Moreover, we have the isometry

(oo}

||€||%2(P) = Zn!||fn||2L2([o,T]n)- (1.17)

n=0

Proof By the Ito representation theorem there exists an F-adapted process
©1(s1), 0 < s1 < T, such that

T
/go (s1) d51 <FE [{2] (1.18)
0
and
T
€= B+ [ ei(s)dW (o) (1.19)
0
Define
go = EI[¢].

For almost all s; < T we can apply the It6 representation theorem to ¢, (s1)
to conclude that there exists an F-adapted process p5(s2,$1), 0 < s9 < sy,
such that

51

E{/gog(s%sl)d@} < E[p?(s1)] < o0 (1.20)
0
and .
%@nzm%mn+/%@»mM%a (1.21)
0

Substituting (1.21) in (1.19) we get

T T sy
§:go+/ (s1)dW (s1) +//g02 (s2,81)dW (s2)dW (s1), (1.22)
0 0 0

where
91(s1) = E[py(s1)].
Note that by (1.18), (1.20), and the It6 isometry we have

T s1 T s

//4,02 89,81)dW (s2)dW ( 51 // [©2(s2,51)]dsadsy < E[€?].

Similarly, for almost all sy < 57 < T, we apply the Ito representation theorem
t0 4 (82, $1) and we get an F-adapted process ¢5(s3, $2,51), 0 < s3 < s, such
that
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/g@ 83, 82, 81 ds;;} < E[<p2(32,81)] < 00 (1.23)
0
and .
paloass) = Elgp(sns)] + [ gy(onsasdWisa). (121)
0

Substituting (1.24) in (1.22) we get

T s1

where
g2(s2,s1) = E[py(sa, s1)], 0<sy<s1 <T.

By (1.18), (1.20), (1.23), and the It6 isometry we have

TS] S2

E[(///g03(33732,sl)dW(Sg,)dW(sz)dW(sl))z} <E[¢].
0O 0 0

By iterating this procedure we obtain after n steps a process ¢, (t1,t2,. ..,
th1), 0 <t < tg < -+ < tpy1 < T, and n + 1 deterministic functions
90591, - - - » gn, With go constant and g defined on Sy for 1 < k < n, such that

§= Z Jk(gk) =+ / ¢n+1dW®(n+1)7
k=

Sn+1
where
T tni1 to
/<pn+1dw®<n+1> ::/ / ~--/<pn+1(t1,...,tn+1)dW(t1)---dW(th)
Smit 0 0 0

is the (n + 1)-fold iterated integral of ¢,, . Moreover,

E[( [ g )’] < (€],

Sn41
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In particular, the family
wn-i-l = / <pn+1dW®(n+1)7 n=12...
Sn41

is bounded in L?(P) and, from the It6 isometry,

(Y1, Ji(fr)) 2Py =0 (1.25)
for k <n, fi. € L*([0,T]*). Hence we have
1€17 20y = D N Te(gm)lF2p) + 1niallizcp)-
k=0

In particular,

> kg 172y < 00, n=1,2, ...
k=0

and therefore Y Ji(gx) is convergent in L?(P). Hence
k=0

lim ¢, = ¢

n—oo

exists in L?(P). But by (1.25) we have

(Je(fr)s¥)L2py =0
for all k and for all fx € L([0,T]*). In particular, by (1.15) this implies that

E{hk(ﬁ)wﬁ} —0

T
for all g € L2([0,77]) and for all k > 0, where 0 = [ g(t)dW (¢). But then, from
0

the definition of the Hermite polynomials,
E[0" -] =0

for all k£ > 0, which again implies that

Elexp -] = E[6" -] = 0.

[M]8
N‘l)—l

!

b
Il

0

Since the family
{expf: g e L*([0,T))}

is total in L?(P) (see [178, Lemma 4.3.2]), we conclude that 1 = 0. Hence,
we conclude
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= Jrlgr) (1.26)
k=0
and -
1€ll72py = D 119k (g8) 172(p)- (1.27)
k=0

Finally, to obtain (1.16)—(1.17) we proceed as follows. The function g, is
defined only on S,,, but we can extend g, to [0, T]" by putting

Ggn(t1, ... tn) =0, (t1,...,tn) €[0,T]"\ S,.
Now define f,, := g, to be the symmetrization of g, - cf. (1.5). Then

In(fn) = n!Jn(fn) = n!Jn(gn) = Jn(gn)
and (1.16) and (1.17) follow from (1.26) and (1.27), respectively. O

Example 1.11. What is the Wiener-Itd expansion of & = W?2(T')? From (1.15)
we get

27]21 AW (t1)dW (t2) = T@(%) = W(T) - T,
0 0

and therefore
§=W*T) =T+ Iy(1).

Ezample 1.12. Note that for a fixed ¢t € (0,T) we have

/0 / Xt creryy (t t2)AW (81)dW (12) = / W (£)dW (t2) = W () (W(T) — W(2)).
Hence, if we put

E=WH)W(T) - W(t)), g(t1,t2) = X{t1<t<ts}
we can see that
§=J2(g9) =2J2(9) = I2(f2),
where 1
fa(ti,t2) = g(ta, t2) = 5(X{t1<t<t2} + X{t2<t<t1})‘
Here and in the sequel we denote the indicator function by

1, T € A,

X:XA(SU):X{JUEA} = {0 rd A



16 1 The Wiener—Ité Chaos Expansion

1.3 Exercises

Problem 1.1. (*) Let h,(z), n = 0,1,2,..., be the Hermite polynomials
defined in (1.13).

(a) Prove that

exp {tz — —} Z hn

[Hint. Write exp{tx — %} = exp{32?} - exp{—1(z — t)?} and apply the
Taylor formula on the last factor.]
(b) Show that if A > 0 then

2
exp{tx—g} Zt >\2 i

\f
(c) Let g € L2([0,T]). Put
T
0= [ g (o).
0
Show that
i [ ||
g n
exp /9
slol?} = Z (g7
0
where ||g|l = |9l 2 j0,77)- /
Jore) n/2
(d) Let ¢ € [0, 7). Show that exp{W (1) - 5t} = 3202 G- ha (")

Problem 1.2. Let £ and ¢ be FT-measurable random Variables in L2(P) with
Wiener-1t6 chaos expansions £ = Y7 I,(f,) and ¢ = 502 I,,(gn), respec-
tively. Prove that the chaos expansion of the sum £+¢ = >~ I, (hy,) is such
that h, = f, + gn foralln =1,2, ...

Problem 1.3. (*) Find the Wiener-It6 chaos expansion of the following ran-
dom variables:

(a) € = W( ) where ¢ € [0, 7] is fixed,

(b) &= fg W (s), where g € L*([0,T]),

(c) € = WZ( ) where ¢ € [0, 7] is fixed,

(d) &€= exp{fg )dW (s)}, where g € L?([0,T)) [Hint. Use (1.15).],

e) &= fo s)ds, where g € L*([0,T1).



1.3 Exercises 17

Problem 1.4. (*) The [t6 representation theorem states that if ' € L%(P)
is Fp-measurable, then there exists a unique F-adapted process ¢ = ¢(t),0 <
t < T, such that

F—E[F)+ / S(H)AW (1),

This result only provides the ezistence of the integrand ¢, but from the point
of view of applications it is important also to be able to find the integrand
o more explicitly. This can be achieved, for example, by the Clark—Ocone
formula (see Chap. 4), which says that, under some suitable conditions,

o(t) = E[D,F|F), 0<t<T,

where D F' is the Malliavin derivative of F'. We discuss this topic later in the
book. However, for certain random variables I it is possible to find ¢ directly,
by using the It6 formula. For example, find ¢ when

a) F =W?23(T)
b) F = exp{W(T)}

(

( T

(c) F = [W(t)dt
(

(

d) F=W3(T)
e) F = cosW(T) [Hint. Check that N(t) := ezfcosW(t), t € [0,T], is a
martingale.]

Problem 1.5. (*) This exercise is based on [107]. Suppose the function F' of
Problem 1.4 has the form

F = f(X(T)),
where X = X (t), t € [0,T], is an It6 diffusion given by

dX(t) = b(X (t))dt + (X ())dW();  X(0) =z € R,

Here b: R — R and o : R — R are given Lipschitz continuous functions of at
most linear growth, so there exists a unique strong solution X (¢t) = X*(t), t €
[0, T]. Then there is a useful formula for the process ¢ in the Itd representation
theorem. This formula is achieved as follows. If g is a real function such that

Eflg(X*(#))]] < oo,
then we define
u(t,z) := Pg(x) :== E[g(X*(1))], tel0, 7], zeR.
Suppose that there exists § > 0 such that

lo(x)| >¢6 forall z € R. (1.28)
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Then u(t,z) € CH2(RT x R) and

ou ou L o 0?u
% =b(z )%‘*‘* ()@

(this is the Kolmogorov backward equation, see, for example, [74, Volume 1,
Theorem 5.11, p. 162 and Volume 2, Theorem 13.18, p. 53|, [176, Theorem
8.1] for details on this issue).

(a) Use the It6 formula for the process
Y(t)=g(t, X(t), te[0,T],  with g(t,z)=Pr_.f(z)
to show that

T
f(X(T)) = Prf(z +/ PT +f(€) \5:X(t>dW<t)’ (1.29)
0

for all f € C?(R). In other words, with the notation of Problem 1.4, we
have shown that if F' = f(X(T)), then

0

EIF) = Prf(r) and ot) = [0 g Prd (@] _ 0 (130
(b) Use (1.30) to compute E[F] and find ¢ in the It6 representation of the

following random variables:

(b.1) F = W*(T)

(b.2) F =W3(T)

(b.3) F = X(T), where X (t), t € [0,T7, is the geometric Brownian motion,

that is,

dX(t) = pX(t)dt+aX(t)dW(t); X(0)=z€R (p, v constants).

(c) Extend formula (1.30) to the case when X (t) € R™, ¢t € [0,7T], and f :
R™ — R. In this case, condition (1.28) must be replaced by the uniform
ellipticity condition

nToT (x)o(x)n > 6|n)*> for all z € R", n € R™, (1.31)

where o7 (z) denotes the transposed of the m x n-matrix o (z).
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The Skorohod Integral

The Wiener—It6 chaos expansion is a convenient starting point for the intro-
duction of several important stochastic concepts. In this chapter we focus on
the Skorohod integral. This stochastic integral, introduced for the first time
by A. Skorohod in 1975 [216], may be regarded as an extension of the It6 in-
tegral to integrands that are not necessarily F-adapted, see also, for example,
[30, 31]. The Skorohod integral is also connected to the Malliavin derivative,
which is introduced with full detail in Chap. 3.

As for other extensions of the It6 integral closely related to the Skorohod
integral, we can mention the noncausal integral (also called Ogawa integral)

and refer to [174, 175]; see also [85].

2.1 The Skorohod Integral

Let uw = u(t,w), t € [0,T],w € 2, be a measurable stochastic process such
that, for all ¢t € [0, T, u(t) is a Fpr-measurable random variable and

E[u?(t)] < .

Then, for each t € [0,T], we can apply the Wiener—Itd chaos expansion to the
random variable u(t) = u(t,w), w € 2, and thus there exist the symmetric
functions fn; = foi(ti,. . tn), (t1,...,t,) € [0,T]™, in E%[O,T]”), n =
1,2, ..., such that

u(t) = ZLL(fn,t)-
n=0

Note that the functions f, s, n =1,2,..., depend on the parameter ¢ € [0, T,
and so we can write

fn(th e atnatn—H) = fn(th e 7tn7t) = fn,t(tlv cee 7tn)

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 19
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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and we may regard f, as a function of n + 1 variables. Since this function
is symmetric with respect to its first n variables, its symmetrization f, is
given by

~ 1
Aty :—[nt,...,tn
f(l +1> TL-I—].f(l +1>

+f’n(t27 ... 7tn+17t1)+' : +f’n(t17 e 7tn717tn+17tn)]a (21)
see (1.5).

Ezample 2.1. Let us consider

1
fai(ti,te) = fa(ts, t2,t) = B (X{tr<t<ta T Xfta<t<ti})-

Then the symmetrization fg of fy is given by

~ 1r1
Ja(ti,ta,t3) = 3 [§(X{t1<t3<t2} + Xita<ts<tr})

1 1
+§(X{t1<t2<t3} + X{t3<t2<t1}) + §(X{t3<t1<t2} + X{t2<t1<t3}) )

which gives

fa(ta,t2,t3) = é (2.2)

Definition 2.2. Let u(t), t € [0,T], be a measurable stochastic process
such that for all t € [0,T] the random variable u(t) is Fp-measurable and
E[u?(t)] < co. Let its Wiener—Ito chaos expansion be

u(t) =Y In(fui) = Y In(fu(-1)).

Then we define the Skorohod integral of u by
T o0
6(u) == / u(t)SW (t) == > L1 (fn) (2.3)
0 n=0

when convergent in L?(P). Here fn, n=1,2,..., are the symmetric functions
(2.1) derived from f,(-,t), n =1,2,.... We say that u is Skorohod integrable,
and we write w € Dom(d) if the series in (2.3) converges in L*(P) (see also
Problem 2.2).

Remark 2.3. By (1.17) a stochastic process u belongs to Dom(d) if and only if

o0

Elw)? = 3 (n+ DU FulZ2qozyen) < 00 (2.4)

n=0
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Note that (2.4) naturally implies that

T
iy = B[ | w?t)at] < o0

so Dom(8) C L?(P x \). See Problem 2.1.
Example 2.4. Let us verify that

/ W(T)SW (t) = W2(T) — T.
0

T

The Wiener-It6 chaos expansion of the integrand u(t) = W(T) = [ 1dW (s)
0

t € [0,T], is given by fo =0, f1 =1, and f,, = 0 for n > 2. Hence

T ta

S(u) = I(f1) = = //1th1th2) W2(T) —

Note that, even if the integrand does not depend on ¢, we have

/ WT)SW () £ W (T) / SW ()

This last remark illustrates that, for u € Dom(d), even if G is an Fp-
measurable random variable such that Gu € Dom/(d), we have in general that

T T
/ Gu(t)sW (1) £ G / W)W (2). (2.5)

T
Ezample 2.5. What is f W (t) [W(T) — W(t)|§W(t)? Note that

T ta

//X{t1<t<t2}(t1’t2)dW(t1)dW (t2) /W WX {t<tz} (£2)dW (t2)
0 O

= W( )[W(T) - W(t)]
Hence
u(t) = W(t) [W(T) - W(t)] = L(f2(,1)),
where
1
f2,t(t1>t2) = fa(t1,t2,t) = 5(X{t1<t<t2} + X{t2<t<t1})'
Hence by Example 2.1 we have

S(u) = I3(fo) = 13(1 = 113(1)

2) = cls(1) = 1[W?’(T) - 3TW(T)}.

6
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2.2 Some Basic Properties of the Skorohod Integral

The reader accustomed with classical analysis and It6 stochastic integration
may find (2.3) to be just a formal definition for an operator, which can hardly
be matched with the general meaning of integral. The purpose of the two
following sections is to motivate Definition 2.2, showing that the operator (2.3)
is a meaningful stochastic integral having strong links with the It6 stochastic
integral itself. In the forthcoming Chaps. 3 and 5, more will be said about the
properties of the Skorohod integral.

First of all we recognize that, just like any integral in classical analysis,
the Skorohod integral (2.3) is a linear operator:

L*(PxA) 2 Dom(8) >u = d(u) € L*(P).

See Problem 2.3.
Another typical property of integrals is the additivity on adjacent intervals
of integration. This also holds for the Skorohod integral.

Proposition 2.6. For any fized t € [0,T] and u € Dom(d) we have x yu €
Dom(8) and X ryu € Dom(d) and

T

./Ot u(s)oW (s) :/OTX(o,t] (s)u(s)0W (s) and /tTu(s)(SW(s) 2(/0 Xt 1) (8)u(s)oW (s),

with

/OTu(S)éW(S) = /Otu(s)5W(s) + /tT u(s)3W (s).

Proof The proof, based on the Wiener-It6 chaos expansions and (2.4), is left
as an exercise. See Problem 2.4. 0O

Proposition 2.7. For any u € Dom(d) the Skorohod integral has zero expec-
tation, that is,

E[6(u)] = 0. (2.6)

Proof This is a trivial consequence of the fact that It6 integrals and thus also
iterated Ito integrals have zero expectation. O

Here we address all those who associate the name of “integral” to the
operators resulting from the classical construction, which defines the integral
as some limit of certain finite sums derived from simple functions (e.g., Rieman
integral, Lebesgue integral, and It6 integral). In some sense also the Skorohod
integral can be regarded as such (see, e.g., [168]). A full characterization in
this sense can be given in the white noise framework, see Theorem 5.20 and
Corollary 5.21.
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2.3 The Skorohod Integral as an Extension
of the It6 Integral

As mentioned earlier, the Skorohod integral is an extension of the It6 integral.
More precisely, if the integrand u is F-adapted, then the two integrals coincide
as elements of L?(P). To prove this, we need a characterization of adaptedness
with respect to F in terms of the functions f,(-,t), n = 1,2, ..., in the chaos
expansion.

Lemma 2.8. Let u = u(t), t € [0,T], be a measurable stochastic process
such that, for all t € [0,T), the random variable u(t) is Fp-measurable and

E[u?(t)] < co. Let
t) = ZIn(fn(vt))
n=0

be its Wiener-Ito chaos expansion. Then u is F-adapted if and only if

falt1, .. tn,t) =0 if t< max t;. (2.7)

1<i<n
The above equality is meant a.e. in [0, T]™ with respect to Lebesgue measure.
Proof First note that for any g € L2([0,T]") we have

E[In(9)|F1] = n'E[Jn(9)| Fi]

T tn to
=g | / Gt ta)AW (1) W (1)
0 0
t,  to (2.8)

t
n!/
0

0
n!Jn(g(th AR n) : X{maxti<t})
In(g(t17 s 7t’ﬂ) . X{maxti<t})'

o\

. ./9@1,..., tn)AW (1) - - dW (1)
t

Now, u is F-adapted if and only if E[u(t)|F:] = w(t). Namely, if and only if
Zzozo In(fn(-1) = ZZO:O BlL,(fn(, 1) F) = 220:0 L(fn(-t) - X{maxti<t})'
And thus if and only if fr(t1,- .+ 80, ) - X{maxt;<t} = fn(t1, . tn,t) ace. in
[0, T]™ with respect to Lebesgue measure. By uniqueness of the sequence of
deterministic functions in the Wiener-Ito6 chaos expansion and since the last
identity is equivalent to (2.7), the lemma is proved. 0O

Theorem 2.9. Let u = u(t), t € [0,T], be a measurable F-adapted stochastic

process such that
T
E[/uz(t)dt} < 0.
0
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Then uw € Dom(6) and its Skorohod integral coincides with the Ité integral

T

T
/ u(t)SW (t) = / u(t)dW (¢). (2.9)
0

0

Proof Let u(t) = >2.7 o In(fn(-,t)) be the chaos expansion of u(t). First note
that by (2.1) and Lemma 2.8 we have

~ 1
fn(th cee atnatn+1) = n__an(tl, ottty 7tn+1,tj)’
where
J = argmaxy<;<y4q i
Hence

”ﬁlH%ﬂ([O,T]“Jrl) =(n+1)! / FA(t1, oty )dty - dty

Snt1

n+1)!
:( )2 /ffn(tla'-'atn—kl)dtl"‘dtn+1

(n+1)

Sn41

to

| T t ty

n:

S [ [ e
0 0

/’T /

0

/fﬁ (t1, ... to, t)dty - - - dt,dt
0
Zwi/MvWﬁmW%
0

again by using Lemma 2.8. Hence, by (1.17),

n—|—1

Il
St~
O\?

o0 o0 T
Zm+mmmmwm:2m/m,npmmﬁ
n=0 n=0 0

T oo
- /Z | fu (o 172 g0,y At
0 n=0

T

:E[/uQ(t)dt} < 0.

0
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This proves that u € Dom(d), see (2.4). Finally, we prove the relationship
(2.9):

T

/ ut)dW(t) =Y [ I.(f W(t)

0 n=0

3

rlqs;

n=0

0<t1 <<t <t

T
[ s
T
O/n' / Fultry et AW (£1) - - AW (£0)dW (1)
T
i

= Z n! n+1 / ﬁl(t17"'7tn,tn+1>dw(t1)

n=07 0<ty oo o<ty <tpi1
~ dW (tn)dW (tpa1)
T
= Z n+1 lJn+1 fn ZITL+1 fn _/ ( ) (t)
0

By this the proof is complete. O

2.4 Exercises

Problem 2.1. Prove that Dom(8§) € L2(P x \).  [Hint. Use (2.4)].

Problem 2.2. Let u(t),0 <t < T, be a measurable stochastic process such

that .
E[/O u (t)dt} < 00

Show that there exists a sequence of deterministic measurable kernels
falti, oy tn,t) on [0, T (n > 0), with

/ F2(t1, oty )dty...dt,dt < 00
[0,7]"+1

such that all f,, are symmetric with respect to the variables t1, ..., t,, and such
that

u(t) = u(w, t) ZI (ful )W), weRtelo,T]

with convergence in L?(P x ). [Hint. Consider approximations of u(t), ¢t €
[0, 7], in L2(P x A) of the form >/ | a;(w)b;(t), m = 1,2, ..., where a; € L*(P)
and b; € L*([0,T7).]

Problem 2.3. Prove the linearity of the Skorohod integral. [Hint. See
Problem 1.2.]
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Problem 2.4. Prove Proposition 2.6.

Problem 2.5. (*) Compute the following Skorohod integrals:

(a) f W ()W (1),

T
( g(s)dW(s))éW(t), for a given function g € L?([0,T),
0

(b)

(c) [W?2(to)dW (t), where to € [0,T] is fixed,

Ne—~

HO

(d) [exp{W(T)}d6W (t) [Hint. Use Problem 1.3.],

(e) [ FoW (t), where F = [ g(s)W (s)ds, with g € L2([0,T])  [Hint. Use
Problem 1.3].
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Malliavin Derivative via Chaos Expansion

3.1 The Malliavin Derivative

The Malliavin calculus (see [157], see also, for example, [53, 72, 159, 168,
211]) was originally created as a tool for studying the regularity of densities
of solutions of stochastic differential equations. Subsequently, partly due to
the papers [172] and [173], the significance of Malliavin calculus in finance
became clear. This triggered a tremendous interest in the subject, also among
economists. Today the range of applications has extended even further to
include numerical methods, stochastic control, and insider trading, not just
for systems driven by Brownian motion, but for systems driven by general
Lévy processes. These applications will be covered later in this book.

There are many ways of introducing the Malliavin derivative. The original
construction was given on the Wiener space 2 = Cy([0,7]) consisting of all
continuous functions w : [0,7] — R with w(0) = 0. This construction is
outlined in Appendix A.

In this book, we mainly use an approach based on chaos expansions. We
give a presentation in this chapter. In the Brownian motion case this ap-
proach is basically equivalent to the construction of the Malliavin derivative
as a stochastic gradient on the space 2 = S’(R). This last approach has the
advantage of being more intuitive. Moreover, it opens for a useful combina-
tion with Hida white noise calculus, which turns out to be a useful framework
for both Malliavin calculus, Skorohod integrals, and anticipative calculus in
general. We discuss this in Chap. 6.

Definition 3.1. Let F € L?(P) be Fr-measurable with chaos expansion

F =Y IL(fn),
n=0

where f, € EQ([O,T]"), n=12,...

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 27
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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(1) We say that F € Dy 2 if

I3, , = mnlll full3 2 o.11my < oo (3.1)
n=1
(2) If F € D1 2 we define the Malliavin derivative DiF of F at time ¢ as the
expansion
DiF =Y nly 1 (fa1),  t€[0,T], (3.2)
n=1

where I_1(fn(- 1)) is the (n— 1)-fold iterated integral of fn(t1,...,tn—1,1)
with respect to the first n — 1 wvariables tq,...,t,_1 and t, = t left as
parameter.

Remark 3.2. Note that if (3.1) holds, then

(
0Py = B[ | 0] = 3 [ 0= D00 e
N (3.3)

= S wnllfalBaory = VIR < o

n=1

so D.F = D,F, t € [0,T], is well defined as an element of L%(P x \).

We first establish the following fundamental result.

Theorem 3.3. Closability of the Malliavin derivative. Suppose F €
L*(P) and Fy, € Dy o, k= 1,2, ..., such that

(1)F, — F, k — oo, in L*(P)
(2) {DtFk};i1 converges in L2(P x \).

Then F € Dy o and DiFy, — DiF, k — oo, in L*(P x X).

Proof Let F = %% L(fn) and F, = Y20 L.(f*), k = 1,2,.... Then
by (1)
f,(lk) — fn, k—o00, in L*(\")

for all n. By (2) we have
Znn!”f,(f) - fy(Lj)”%Z(,\n) = [|[DiFy, — DtFj“%z(PxA) — 0, jk— o0
Hence by the Fatou lemma,

o0
kllrrgo;nn'nfé fn||L2()\n < hm hm z:lnn'Hf(k) f(j)HL2(/\n =0.

This implies that F' € D; » and
DF, — DiF, k—oo, inL*(Px\). O
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3.2 Computation and Properties
of the Malliavin Derivative

In this section we proceed presenting a collection of results that constitute
the rules of calculus of the Malliavin derivatives.

3.2.1 Chain Rules for Malliavin Derivative

We proceed to prove a useful chain rule for Malliavin derivatives. First let us
consider the case when f,, = f©" for some f € L*([0,7]), that is,

fn(th [X3) tn) = f(tl) T f(tn)-
Then by (1.15) we have

0
Tk

where || f|| = || fllz2¢0,17), 0 = fOT f(#)dW (t) and h,, is the Hermite polynomial
of order n. Then by (3.2) we have

DtIn(fn) = n-[nfl(fn(’t))
= n[n_1(f®(n71))f(t)

— |7 o () £ (). (3.5)

Ln(fn) = 11" P ( (3.4)

0
1711
A basic property of the Hermite polynomials is that

bl (x) = nhy,_1(z). (3.6)

Combining this with (3.4) and (3.5) we get

AN
Dyihp () = () 22 .
G = "G (3.7)
In particular, choosing n = 1, we get
T
zzA F(8)dW (s) = F(1). (3.8)

Similarly, by (3.6) and induction, for n = 2,3, ..., we have
T n T n—1
D AW = dw . .
([ s@aw ) =n( [ seave) 0. 69

Let DY , be the set of all F € L*(P) whose chaos expansion has only finitely
many terms. Then we have the following result.
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Theorem 3.4. Product rule for Malliavin derivative. Suppose F, Fy €
]D)(l),Q' Then Fy, Fy € Dy 2 and also F1Fy € Dy o with

Dt(FlFQ) = F\D,F5 + FyD, F. (310)

Proof Being Fy,Fy € D?)Q, clearly F1,F,; € Do and, since the Gaussian
random variables have all finite moments, we also have that FyFy € L?(P).

First of all let us consider the random variables F,En) (n=1,2,..,k=1,2) as
linear combination of iterated integrals of tensor products of functions &, in an
orthogonal basis {£;}52, of L*([0,T]). Thanks to the structure of the Hermite

polynomials, the argument above together with (1.14) shows that Fl(n)7 Fz(n)

and Fl(n)FQ(n) are in Dy 5 for all n, with

Dy(FMEM™y = F™ D, F{"™ + F{" D,F™. (3.11)
We can choose the two sequences so that F,En) — Fj in L*(P) and
DyF™ — D,Fy in L*(P x A), for n — oo (k = 1,2). Then, being F} F, €

DY ,, we have that F\™ Fy"™ — Fy, Fy in L*(P) and also { Dy(F{™ F{"™)}o2
converges in L?(P x \). Hence we can conclude by Theorem 3.3. O

See also Problem 3.1.
A version of the chain rule can be formulated as follows, see also [168].

Theorem 3.5. Chain rule. Let G € Dy 3 and g € ct (R) with bounded deriv-
ative. Then g(G) € D15 and

Dg(G) = ¢'(G)D,G. (3.12)

Here g'(z) = 2L g(z).
Proof The result can be derived as a corollary to a forthcoming general result.
See Theorem 6.3 and Corollary 6.4. O

Remark 3.6. Another chain rule requiring only the Lipschitz continuity of ¢
can be found in [168, Proposition 1.2.4].

3.2.2 Malliavin Derivative and Conditional Expectation

We now present some preliminary results on conditional expectations.

Definition 3.7. Let G be a Borel set in [0,T]. We define Fg to be the com-
pleted o-algebra generated by all random variables of the form

T

F= / XAV (1),

0
for all Borel sets A C G.
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Thus if G = [0, ], for any ¢ € [0, T] fixed, we have that Fjo, = F;. Note that
if G1,Go are Borel sets in [0, T], then Fg, N Fa, = FG,nG,-

Lemma 3.8. For any g € L*([0,T]) we have

T

E[/OTgm 017¢] = [ xaoaw .

0

Proof By definition of conditional expectation, it is sufficient to verify that
the random variable

/XG(t)g(t)dW(t) is Fg-measurable (3.13)
0
and that . .
E[F / g(t)dW(t)} - E[F / XG(t)g(t)dW(t)} (3.14)
0 0

for all bounded Fg-measurable random variables F'.
To prove (3.13) we may assume that g is continuous, because the continuous
functions are dense in L?([0,T)). If g is continuous, then

tit1

T
/xGm)dW =hng / (AW (t),
0

At; —0

t;

where the limit is in L?*(P) for the vanishing mesh At; of the partitions 0 =
to < ... < t, = T. Since each term in the sum is Fg-measurable, the sum
is also Fg-measurable. Then by taking a subsequence converging P-a.s. we

conclude that the limit represents an Fg-measurable random variable.
T
To prove (3.14) we may assume F' = fXA )dW (t) for some A C G. Then by

the It6 isometry we have

T T
B[F [owaw] = £[ [xawota
0 0

and also
T T T
B[F [xaewaw )] = £[ [xaxesta] = £ [xawata
0 0 0

Then the proof can be completed by a density argument. 0O
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Lemma 3.9. Let G C [0,T] be a Borel set and v = v(t), t € [0,T], be a
stochastic process such that

(1) for all't, v(t) is measurable with respect to Fy N Fg
T
(2) E[[v(t)dt] < oc.
0
Then
/ v(t)dW (t) is Fg-measurable.
€]

Proof By a standard approximation procedure it is sufficient to consider v to
be an elementary process of the form

= ZUiX(t,;,ti_,_l](t)
i=1

where 0 =ty < t; < -+ < t, =T and v; are F;, N Fg-measurable random
variables such that (2) is satisfied. For such v we have

n

/v(t)dW(t):Zvi / 1dW (t),

G =1 GN(ti,tiq1]

which is a sum of products of Fg-measurable functions and hence Fg-
measurable. 0O

Lemma 3.10. Let v = u(t), t € [0,T], be an F-adapted stochastic process in
L3(P x X\). Then

/T u(t)aw ()| 7 / Elu(t)| Feldw (¢).

Proof Lemma 3.9 guarantees that [, E[u(t)|Fg|dW (t) is Fg-measurable.
Then it suffices to verify that

E[F u(t)dW(t)} - E{F / Elu(t)|FeldW (t)

G

St~

for all F of the form F = [ dW (t), where A C G is a Borel set. In this case
A

we obtain by the It6 isometry that

B[F / u(t)dw (1)) = E| / xaltu(tyd] = / Elu(t)]dt

A
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and

T
B[r [ Bwlraan )] - £ [xaowoEuolz) )
0

G

A density argument completes the proof. O

Proposition 3.11. Let f,, € EQ([O,T]"), n=12, ... Then

where (fnxgn)(tlﬂ s 7tn) = fn(tlﬂ s 7tn)XG(t1) T XG(tn)'

Proof We proceed by induction on n. For n = 1 we have

T

E[L (1) Fo) = E| / £ (8)dW (11)] Fo] = / Fi(t)xG (AW (1) = I [ fix ]

0

by Lemma 3.10. Assume that (3.15) holds for n = k. Then, again by
Lemma 3.10, we have

El1(fre1)|Fa]

:(k+1)!E[/ / --~/2fk+1(t1,...,tk+1)dW(t1)~~~dW(tk)dW(tk+1)fg]

tht1 to

(k+1) I/E / /fk+1(t1,...,tk+1)dW(t1)"'dW(tk)|}—G]

“Xg (trg1)dW (trt1)

Tley1  to

:(k+1)!//'"/fk+1(t17»»»,tk+1)XG(t1)"'Xc(tk+1)dW(tl)"'dW(tkH)

= Ik+1 [fk+1XG(k+1)}

and the proof is complete. O
Proposition 3.12. If F € Dy o, then E[F|Fg] € D12 and

E[F|Fg] = E[DF|Falxa(t)
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Proof First assume that F = I,(f,) for some f, € L2([0,T]"). By
Proposition 3.11 we have

DyE[F|Fg] = DE[I,(fn)lFc]
= DL (fux &™)
— L [fa (- XE" T (xg (8)] (3.16)

= L1 [ OXE" T (Olxa (1)
= E[D,F|Fc]xa(t).

Next, let F = 3" I,(fn) belong to Dy 5. Let Fy = Y% _ I,(f,). Then
F, —F in L*2) and D;F, — D:F in L*(P x \)
as k — oo. By (3.16) we have
DyE[Fy|Fe] = E[DiFy|Falxa (1),

for all k, and taking the limit with convergence in L?(P x \) of this, as k — oo,
we obtain the result. O

Corollary 3.13. Let u = u(s), s € [0,T], be an F-adapted stochastic process
and assume that u(s) € Dy o for all s. Then

(1) Dyu(s), s € [0,T1], is F-adapted for all t;
(2) Dyu(s) =0, fort > s.

Proof By Proposition 3.12 we have that
Dyu(s) = DiElu(s)|Fs] = E[Dyu(s)|Fslx(0,5 (t) = E[Dyu(s)|Fslxe,m(5),

from which (1) and (2) follow immediately. O

3.3 Malliavin Derivative and Skorohod Integral

3.3.1 Skorohod Integral as Adjoint Operator to the Malliavin
Derivative

The following result shows that the Malliavin derivative is the adjoint operator
of the Skorohod integral.

Theorem 3.14. Duality formula. Let F' € Dy o be Fr-measurable and let
u be a Skorohod integrable stochastic process. Then

E[F/OT u(t)(SW(t)] - E[/OTu(t)Dtht . (3.17)
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Proof Let F =% " I,(fn) and, for all ¢, u(t) = > 7, Ir(gk(-,t)) be the
chaos expansions of F' and u(t), respectively. Then
T [e s} T o0
BlF [ woow ] = [ 3 s | >~ Dot )W)
0

o0

[nzofn (fn) kaﬂ k) ]
[

M8

|
=

Lesr (s I 3 (3.18)

b
Il

0

(k+ 1)! /[ o, S @@

M

ES
Il

0

M

(k + 1)' (fk+17§k)L2([0’T]k+l)7

~
Il

0

where gy, is the symmetrization of gi(x1, ..., x,, t) as a function of n + 1 vari-
ables (see (2.1)). On the other side we have

| [ uopr] =] [ (3 1tou) (3 tucatsto) ]

/ ZE [(k 4+ 1) I(gr (- 0) I (frga (- 1)) | dt
0 i= (3.19)

:/0 kzzo(k+1)k'(fk+l(’t)’gk(’t))L2([0,T]k)dt

(k + 1)' (fk+17gk)L2([07T]k+1)-
k=0

Now
T
(fk+17 gk)LQ([07T]k+1) = A (fk-i—l('a t)v gk('a t))L2([0’T]k)dt

k+1

k‘—|—1 Z/ fk+1 ( tj))Lz([ovT]k)dtj (3 20)

T
:/0 (fk"rl('?t)7gk('?t)>L2([O’T]k)dt

:(fk+17 gk)LQ([O7T]k+1)'

Therefore, by (3.20) combined with (3.18) and (3.19) the result follows. O
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3.3.2 An Integration by Parts Formula and Closability
of the Skorohod Integral

Theorem 3.15. Integration by parts. Let u(t), t € [0,7T], be a Skorohod
integrable stochastic process and F € Dy o such that the product Fu(t), t €
[0,T7, is Skorohod integrable. Then

T T T
F /0 u(t)SW (t) = /O Fu(t)sW () + /O w(t)DiFdt.  (3.21)

Proof First assume that F' € DY, (see Theorem 3.4). Choose G € DY ,. By
Theorem 3.14 and Theorem 3.4 we get

E[G /0 ' Fu(t)(svv(t)} - E[ /O ! Fu(t)DtGdt}

- E[GF /O ! u(t)éW(t)} - E[G /0 ' u(t)Dtht].

Since the set of all G € DY , is dense in L?(P), it follows that
T T T
F/ u(t)oW (t) :/ Fu(t)oW (t) +/ u(t)DFdt P — a.s.
0 0 0

Then the result follows for general F' € D; » by approximating F' by F (n) ¢
DY, such that F(" — F in L?(P) and DyF™ — DyF in L*(P x \), for
n—oo. 0O

Remark 3.16. The arguments of the proof of Theorem 3.15 actually show that
the assumption of the Skorohod integrability of Fu can be replaced by requir-
ing the existence of the integrals

F/o u(t)oW(t) and /Ou(t)Dtht
in L2(P).

We can now use the duality formula to prove the following important result.

Theorem 3.17. Closability of the Skorohod integral. Suppose that
up(t), t € [0,T], n = 1,2, ..., is a sequence of Skorohod integrable stochastic
processes and that the corresponding sequence of Skorohod integrals

T
S () ::/O u, (L) OW(t), n=12,..

converges in L2(P). Moreover, suppose that

lim u, =0 in L*(P x \).

Then
lim S(u,) =0 in L*(P).

n—oo
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Proof By Theorem 3.14, we have that
(S(u”)’F)L2(P) = (“mDF)m(Px,\) — 0, n— oo,
for all F € Dy5. We conclude that S(u,) — 0 weakly in L?(P). Since

{S(un)}5e, is convergent in L?(P), we obtain that S(u,) — 0 in L?(P).
O

3.3.3 A Fundamental Theorem of Calculus

The next result gives a useful connection between differentiation and Skorohod
integration.

Theorem 3.18. The fundamental theorem of calculus. Let u = u(s),
s € 10,7, be a stochastic process such that

E[/uQ(s)ds] < o0 (3.22)
0

and assume that, for all s € [0,T], u(s) € D12 and that, for all t € 0,77,
Dyu € Dom(6). Assume also that

T
/ (Dyu)) < 00. (3.23)
0

Then f (s)0W(s) € D12 and

Dy /O " )W (s) / Dyu(s)5W (s) + u(t). (3.24)

Proof First assume that

u(s) = In(fn(:s)),

where f,,(t1,...,1,,s) is symmetric with respect to ¢1,...,t,. Then

/u(s)5W(8) = Ins1[fnl,
0

where

[+ )

fn(xla"'aanrl) = n
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is the symmetrization of f, as a function of all its n + 1 variables. Hence

T
Du( [ u(s)6W(s)) = (0 + DI () (3.25)
0
where
ﬁz('7t) = %—Fl |:fn(t,'ﬂ 1'1) +...+ fn(t7 '7$n) + fn(ﬂt)} (3‘26)

(since f, is symmetric with respect to its first n variables, we may choose ¢ to
be the first of them, in the first n terms on the right-hand side). Combining
(3.25) with (3.26) we get

T
Dt(/u(s)(SW(s)) -1, [fn(t,~,x1) ot falt, ) +fn(o,t)}
0 (3.27)
-1, [fn(t,~,x1) +...+fn(t,.,xn)} +u(t)
(the integration in I,, is with respect to (z1,...,z,)). To compare this with

the right-hand side of (3.24) we consider

T
d(Dru) = /Dtu(s)(SW(s)
0

T
- / nuoa[ful,t, )W (5)
0

=nl,[fa(-t,)], (3.28)
where
~ 1
fn(l‘la ey Tn—1, t7x’n) = E |:fn(t7 '71‘1) + e + fn(ty ) In)i|
is the symmetrization of f,(x1,...,2x,_1,t, 2,) with respect to z1,...,z,.

Then, from (3.28) we get

T
/Dtu(s)(SW(s) =1, [fn(t, Va1) ot falt xn)} (3.29)
0

Comparing (3.27) and (3.29) we obtain (3.24).
Next, consider the general case when

u(s) = Z In[fn('v 5)]
n=0
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Define .
$) =3 Llfal8),  m=12_..
n=0

Then by the above argument we have
Di(6(um)) = 6(Ditiy,) + um(t), for all m. (3.30)

By (3.28) we see that (3.23) is equivalent to saying that

T
/ Dtu = /”fn ’ ||L2 ([o,T1™ )dt
0

020l full 22 g0, zpn1y < 00, (3.31)

8

Fllﬂéz H

3
Il
-

since Dyu € Dom/(9). Hence, for m — oo,

oo

16(Dsut) = S(Dewm)|F2pury = D n*nllfalfzqopnsny — 0. (3:32)
n=m-+1

Therefore, by (3.30)
Di(6(um)) — d(Diu) + u(t), m — oo,

in L?(P x )). Note that

(n+ 1) fu(,t) = nfalot,) + ful-t)

and hence
~ o2n2n!  ~ 2n!
(n+ DU fallzeqozymeny < S5 I/nllZ 220, yn1)-
Therefore,
1615, , = > _(n+D)(n+ D fall7zommer
n=0

< Z [2n2nl|\fn||2L2([0,T]n+1) + 2n!||f"‘|%2([07T]"+1)]
n=0

< 2”5(Dtu)H%2(Px>\) + 2||UH%2(P><>\) < 00,
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by (3.31) and (3.22). Then we conclude that §(u) € Dy ». By similar compu-
tations,

||Dt(/0 u(s)éW(s))—Dt(/O ()W () [Ty
=[| Y A VLGl Do pen,
n=m+1

T oo
- / S (e 12 822 oyt
n=mt1 (3.33)

oo

<2 Z [n2”!\|fn||2L2([o,T]n+1) Jrn!”fn”QL?([O,T]"‘*'l)}'

n=m+1

That vanishes when m — oo. Hence given (3.32) and (3.3.3), we obtain (3.24):
Di(6(u)) = 6(Dyu) + u(t),
by letting m — oo in (3.30). O

Corollary 3.19. Let u be as in Theorem 3.18 and assume in addition that
u(s), s € [0,T), is F-adapted. Then

Dy / u(s)d1W (s)) = / Du(s)dW (s) + ult). (3.34)

Proof This is an immediate consequence of Theorem 3.18 and Corollary 3.13.
]

3.4 Exercises

Problem 3.1. Let £, ¢ be orthonormal functions in L2([0, 7). Using the prop-
erties of Hermite polynomials compute directly the following:

(a) L()T2(¢%%)
(b) Is(£&¢®?)
(¢) DyI3(£&¢®?) [Hint. Use (1.14), (3.5)-(3.9)].

Using the chain rule compute:
(d) Dy (11 () 2(¢?).
Compare the results in (c) and (d).

Problem 3.2. (*) Find the Malliavin derivative D; F of the following random
variables:
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(a) F = ?’(T)
(b) F = [ s*dW (s)
T

Problem 3.3. (*)
(a) Find the Malliavin derivative D, F, when

T
F=¢% with G:/g(s)dW(s), g € L*([0,T)),
0

by using that F =" ' I,,[f,], with

1 1
falte, o tn) = X {5H9H%2([0,T])}9(t1) g(tn)

(see Problem 1.1 and Problem 1.3 (d)).

(b) Verify that the result in (a) can be expressed in terms of the chain rule:
Dye€ = ¢ D,G.

(c) Find the Malliavin derivative of F' = e with G = W (ty), for a given
to € [0, T]

Problem 3.4. Use the integration by parts formula (Theorem 3.15) to com-
pute the Skorohod integrals

/0 " rsw ),

for the random variables F' given in Problem 3.2 and in Problem 3.3.

Problem 3.5. Use the integration by parts formula to compute the Skorohod
integrals in Problem 2.5.

Problem 3.6. Let u = u(t), t € [0,T], be a stochastic process such that
T
E[/ uz(t)dt} < 00.
0
Suppose that there exists a constant K such that
T
‘E[/ Dy Fut)dt] ) < K|[F|2p), forall F €Dy,
0

Show that u is Skorohod integrable.
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Integral Representations and the Clark—Ocone
Formula

In this chapter we present explicit stochastic integral representations for ran-
dom variables in terms of the Malliavin derivative. The central result is the
celebrated Clark—Ocone formula. See [46, 47, 97, 172]. We also discuss some
generalization of this formula that turns to be central in the application to
hedging in mathematical finance. Another application of the Clark—Ocone
formula appears in the sensitivity analysis. This is also presented in the last
section of this chapter.

4.1 The Clark—Ocone Formula

Theorem 4.1. The Clark—Ocone formula. Let F' € Dy be Fr-
measurable. Then

F|+ | E[D,F|F)dW (t). (4.1)
e

Remark 4.2. This theorem gives a representation of the random variable F'
in terms of Itd stochastic integrals. With respect to this, the present result
appears as a version of the Itd integral representation theorem for random
variables (see [178] and Problem 1.4). However, the achievement of this result
is deeply different from It6’s theorem. In fact this result gives an unexpected
link between Sobolev space differential calculus and It6 calculus and it pro-
vides an explicit representation of the integrand in terms of the Malliavin
derivative. This is the core of the Clark—Ocone formula. The fact that the
integrand can be expressed in explicit terms turns out to be of fundamen-
tal importance in many fields of application. In the forthcoming sections we
discuss the applications of this formula in mathematical finance.

Before coming to the proof of this major result we would like to address
the attention to the fact that this formula can only be applied to random

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 43
to Finance,
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variables belonging to D; 5. Much has been done in the recent literature to
extend the applicability of this result beyond ;2. Chap. 6 will present a
generalization of the Clark—Ocone formula to the random variables in L?(P)
in the framework of white noise analysis.

We can also refer the reader to the following closely related works in the
framework of classical stochastic analysis: [59, 60, 70]. Here, for any arbitrary
random variable in L?(P), the integrand in the It6 integral representation the-
orem is explicitely given in terms of the nonanticipating stochastic derivative.
These results are then extended to cover integration with respect to general
martingales and random fields.

Remark 4.5. The F-adapted process ¢ = E[D,F|F], t € [0,T], admits a
predictable modification. This can be shown, for example, using the arguments
suggested in Problem 2.2.

Let us now detail the proof of the Clark—Ocone formula.

Proof Write F = Y. IL,(f,) with f, € L?([0,7]"), n = 1,2,.... Then by
n=0
Proposition 3.11 and Definition 2.2

/E Dy F|F]dW (t) / [ann 1(fn (5 )| Fe | dW(E)

0

= [ SonEl il )IEW )
0 n=1

/T

0

/Z (n—= DM [fu (X0 1V (®)
0

n=1

Mg

nly_1[fn(:,1) - %(Z]L 1)(')]dW(t)

n=1

oo

S WTARORS A

721 [fa] = Lolfol = F —E[F. O
n=0

Corollary 4.4. Duality formula. Let F' € D; 5 be Fr-measurable and let u
be an F-adapted process with

E[/OT uz(t)dt} < 00
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Then
T

E[F /Tu(t)dW(t)} - E[/ u(t)Dtht}.

Proof By the Clark—Ocone theorem and the It6 isometry we have
T i T T
B[F / u(t)aw ()] = B[ (BlF] + / E(D,F|F)W (1)) / u(t)dw (1)|
0 - 0 0
T
—E / u(t)E[DtF|}'t]dt]
“Jo

- E/OT u(t)Dtht]. 0

4.2 The Clark—Ocone Formula under Change
of Measure

We proceed to prove the Clark—Ocone formula under change of measure. This
formula expresses an Fpr-measurable random variable F' as a stochastic inte-
gral with respect to a process of the form

W(t) = /u(s)ds +W(t), 0<t<T, (4.2)
0

where u(s), s € [0,7], is a given F-adapted stochastic process satisfying the
Novikov condition, that is,

exp{ / ds} < 0.

By the Girsanov theorem (see Problem 4.1) the process W(t) = W(w,t),
w e N, te[0,T],is a Wiener process (with respect to the filtration F) under
the new probability measure @) defined on (£2, Fr) by

Qdw) = Z(T,w)P(dw), (4.3)

where
t t

1
Z(t) = exp{ - /u(s)dW(s) ~3 /u2(s)ds}, 0<t<T. (4.4)
0 0
We let Eg denote the expectation with respect to @), while Ep = E de-

notes the expectation with respect to P. The following result was first proved
n [173].
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Theorem 4.5. The Clark—Ocone formula under change of measure.
Suppose F' € Dy o is Fr-measurable and that

Eg[|F|] < o0 (4.5)

Q[/ |D;F|2dt] < oo (4.6)

T T T
Eq [|F|/ (/Dtu(s)dW(s) +/u(s)Dtu(s)ds>2dt] <oo. (4.7)
0o 0 0
Then
T
F = Eo[F] + /EQ [(DtF - F/Dtu(s)dﬁf(s))yft}d’w/(t). (4.8)
0

Remark 4.6. Note that we cannot obtain an integral representation with re-
spect to W simply by applying the Clark-Ocone formula to our new Wiener
process W( ), t € [0,T7], because F' is only assumed to be Fr-measurable, not

Fr-measurable, where fT is the o-algebra generated by W( ), t€[0,T]. 1
general, in fact, we have .7-'T C Fr and usually .7-'T #+ Fr.
For a generalization of this result to F' € L?(P) see Theorem 6.41.

The proof of this results exploits several properties of the Malliavin deriv-
ative and the Skorohod integral presented in the previous chapter.

Lemma 4.7. The Bayes rule. Let p and v be two probability measures on
a measurable space (£2,G) such that v(dw) = f(w)p(dw) for some f € L' (u).
Further, let X be a random variable on (2,G) such that X € L'(v). Let H C G
be a o-algebra. Then

E[X[H] - E.[fIH] = Eu[f XTH]. (4.9)
Proof See e.g. [178, Lemma 8.6.2]. O
Corollary 4.8. Suppose G € L'(Q). Then

EZ(T)G|F]
zt)

Lemma 4.9. Let F and u be as in Theorem 4.5 and let QQ and Z be as in
(4.3) and (4.4). Then

Eq|G|F] = (4.10)

Dt(Z(T)F):Z(T)[DtF F /Dtu )W (s )} (4.11)
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Proof By the chain rule and Corollary 3.19, we have

D.Z(T) = Z(T) [ - Dt/u(s)dW(s) - %Dt /uz(s)ds}

T

T
- Z(T){f / Dyu(s)dW (s) — u(t) — / u(s)Dtu(s)ds}

- 2(1)| - / Du(s)dW (s) —u(t)|. O

Proof of Theorem 4.5. Suppose that (4.5)—(4.7) hold and put
Y(t) = EqlF|Fi]
and

A(t) = Z7H(t) = exp { /u(s)dW(s) + %/UQ(s)ds}.
0 0

Note that
t ¢

A(t) = exp { /u(s)dVT/(s) - %/uz(s)ds}.

0 0
By Corollary 4.8, Theorem 4.1, and Proposition 3.12 we can write

Yy = A E[Z(T)F|F]

— A@)[BIEZ(DFIF) + [ EID.EZ(T)FIF)F)W (o)
0
_ BID, (Z(T)F)|F.JdW (s)
Fl+ / ]
= AU ().

By (4.12) and the It6 formula we have
dA(t) = At)u(t)dW (t).

Combining (4.2), (4.13), and (4.11) we get

47

(4.12)

(4.13)
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dy (t)

I
~

Z(T)F)|F)dW (t) + AW)u)U ()dW (t)
Dy(Z(T)F)|F,)dW (t)dW (t)
Z(T)F)|F)dW (t) 4+ u(t)Y (£)dW (t)
T)D,F|Fi] — E[Z(T)Fu(t)|F)

—~

(O ED,
(Hu(t)E
(
(

+

t

—

|
o >

JE[Dy
1) (E[Z

—~

— E[Z(T)F Dtu(s)dW(sﬂft])dW(t) +u(t)Y (£)dW (¢).

Tt~

Hence

dY (1) = (EQ [D.F|F,] — EolFu(t)|F] — Eo [F / Dtu(s)dW(s)‘j’-}DdW(t)
+ u(t) Eq[F|F)dW (t)

— B, [DtF - F/Dtu(s)dW(s)m] AW (t).

Since
Y(T) = Eq[F|Fr] = F

and
Y (0) = Eq[F|Fo] = Eq[FT,

we see that Theorem 4.5 follows from (4.2). The conditions (4.5)—(4.7) are
needed to make all the above operations valid. We omit the details. O

4.3 Application to Finance: Portfolio Selection

We end this section by explaining how the generalized Clark—Ocone theo-
rem can be applied in portfolio analysis. Suppose we have two possibility of
investment in

(a) A risk-less asset (e.g., a bond), with price dynamics

{ dSo(t) = p(t)So(t)dt, (4.14)
S0(0) = 1.

(b) A risky asset (e.g., a stock), with price dynamics

{ dSy(t) = p(t)Sy(t)dt + o (t)S1()dW (1)

5.(0) > 0 (4.15)
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Here p(t) = p(t,w), p(t) = p(t,w), and o(t) = o(t,w), w € 2, ¢t € [0,T], are
F-adapted processes satisfying the condition

E[/OT {lo®] + @) + o*(®)}at ] < oo.

Moreover, let o(t) # 0, t € [0,T].

Let 0y(t) = Oo(t,w), 61(t) = 01(t,w), w € 2, t € [0,T], denote the number
of units invested at time ¢ in investments (a) and (b), respectively. Then the
corresponding value at time ¢, VO (t) = V(t,w), w € 02, t € [0,T], of this
portfolio O(t) := (0o(t),01(t)), t € [0,T], is given by

VO(t) = 00(t)So(t) + 01(2) 51 (¢). (4.16)
The portfolio §(¢) is called self-financing if
dVO(t) = 0o(t)dSo(t) + 01 (t)dS: (). (4.17)

Assume from now on that 6(¢), ¢ € [0,7], is self-financing. Then by
substituting

Oy —
from (4.16) in (4.17) and using (4.14) we get

dVO(t) = p(t)(VO(t) — 01(t)S1(t))dt + 61 (t)dSy(t).

(4.18)

Then by (4.15) this can be written
AV () = [p(6)V (6)+ (5(6)—p(£) 01 (£)S1 ()]dt + 7 (£)01 (1)) ()W (1) (4.19)

Suppose now that we are required to find a portfolio 6(¢), ¢t € [0, 7], which
leads to a given value
VUT)=F, P—as. (4.20)

at a given fixed future time 7', where the given F' is Fr-measurable. Such a
portfolio is called replicating (or hedging) portfolio. Then the following ques-
tions arise:

o What initial fortune V?(0) is needed to achieve this, and what portfolio
0(t), t € 10,7, should we use?
o Are V%(0) and 0(t), t € [0,T], unique?

This type of questions appears in option pricing. For example, in the classi-
cal Black—Scholes model we can consider F' given by the Furopean call option:

F=(S:T) - K)*,

where K is the ezercise price at maturity T. Then V?(0) represents the price
of the option. The study of the above questions led to the celebrated Black—
Scholes formula [39]. See also Example 4.11 hereafter.
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Because of the relation (4.18) we see that we might as well consider
(VO(t),01(t)), t € [0,T], to be the unknown F-adapted processes. Then (4.19)—
(4.20) constitute what is known as a backward stochastic differential equation
(BSDE) namely the final value V?(T) is given and one seeks the value of
(VO(t),0,(t)) for 0 < t < T. Note that since V¢ is F-adapted, we have that
V?(0) is Fo-measurable and therefore a constant. The general theory of BSDE
gives that (under reasonable conditions on F,p, u, and o) (4.19)—(4.20) has
a unique solution of F-adapted processes (V(t),0:(t)), t € [0,T]. See, for
example, [186].

However, in many situations, this general theory says little about how
to find this solution explicitly. This is where the generalized Clark—Ocone
theorem enters the scene.

Define
u(t) = %, t € [0, 7], (4.21)
and put
W= W) = /01t w(s)ds + W(t), te[0,T], (4.22)

as in (4.2) (recall that the Novikov condition on u(t), ¢t € [0,T], is assumed to
hold). Then W is a Wiener process with respect to the measure @ defined by
(4.3)-(4.4). In terms of W, (4.19) gets the form

AV (t) = [p(t)VO () + (u(t) — p(£))01 (£)S1(t)] dt + o (£)01 () S1 ()W (t)
—a(t)01(1)S1(t)o ™ () (u(t) — p(t))dt,
that is, .
dVO(t) = p(t)VO(t)dt + o ()6, (t)S1 (t)dW (t). (4.23)

Define
U(t) = e Jo P)syr0 ().

Then, substituting in (4.23), we get
AU (t) = e Jo P43 5(1)0, () Sy (£)dW (¢)

or
T

e YOy = Vo (0) + / e T (100, (0)S1 (AT (1),
0

By the generalized Clark—Ocone theorem applied to

—J§ p(s)ds

G:=e (4.24)

we get
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G = EolG)+ / E|(DiG G / Dou(s)dW ()| F]dW (1), (4.25)
0 t

By uniqueness we conclude from (4.24) and (4.25) that
V9(0) = Eg[G] (4.26)

and the required risky investment at time ¢ is

J§ p(s)ds

T
0.(t) = e o (1)ST () Eg [(DtG -G / Dtu(s)dW(s))\ft] (4.27)

Ezample 4.10. Suppose p(t) = p, p(t) = p, and o(t) = o # 0, t € [0,7], are
constants. Then
p—p

o

u(t) =u=
is also constant and hence Dyu = 0. Therefore, by (4.27)
01(t) = e’ Mo ST () Eq Dy F| F.
For example, if the payoff function is
F =exp {aW(T)} (o # 0 constant),
then by the chain rule (see Problem 3.3) we get
01(t) = "D S7 (1) B [a exp{aW(T)}m]
= PtDao= 1SN Z7L () E [Z(T) exp{aW(Tmft} . (4.28)

Note that 1
Z(T) exp{aW (T)} = M(T) exp {§(a - u)2T},

where M (t) := exp{(a —u)W(t) — §(a — u)?t} is a martingale. This gives
(=T o =1 a—1(4\ =1 1 2
01(t) = "t Dag=1 ST 1) Z7 1 (t) M(t) exp {5(04 — ) T}
(t=T) . —1 L o 15 1 2
= "Dl exp {(a—U)W(t)—l—(fJ +5u =)t + S(a — ) (T—t)}.

Example 4.11. The Black—Scholes formula. Finally, let us illustrate the
aforementioned method by using it to prove the celebrated Black—Scholes
formula [39]. As in Example 4.10 let us assume that p(t) = p, u(t) = u, and
o(t) =0 #0,t € [0,T], are constants. Then

f=p
g

u =
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is constant and hence D;u = 0. Hence
0.(t) = e’ D718 (t) Eg[ D, F | Fi] (4.29)

as in Example 4.10. However, in this case F' represents the payoff at a fixed
time 7" of a European call option, which gives the owner the right to buy the
stock with value S1(T) at a fixed exercise price K, say. Thus, if S1(T) > K
the owner of the option gets the profit S1(7T') — K, and if S1(T) < K the owner
does not exercise the option and the profit is 0. Hence in this case

F=(S(T)-K)". (4.30)
Thus, we may write
F = f(5.(T)), (4.31)
where
flz)=(z - K)". (4.32)

The function f is not differentiable at x = K, so we cannot use the chain rule
directly to evaluate D;F from (4.31). However, we can approximate f by C!
functions f,, with the property that

fale) = flx)  for |o—K|>

S|

and
0< fl(z) <1 for all .

Putting
Fn = fn(Sl(T))

and applying Theorem 3.3, we can see that

DtF: lim DtFn

n—oo

= X[K,00] (51(T)) D1S1(T)
= X[K,00] (51(T))S1(T)o.
Hence by (4.29)

01(t) = e ST () Eq [Su(T)x(xc o (S1(T)) |-
By the Markov property of S1(¢) this is the same as

01(t) = " DSTHOEY [ S1(T = X0 (S1(T = 1)) s

where Ef) is the expectation when S (0) = y. Since
dSi(t) = pSi(t)dt + 051 (t)dW (¢)

= (u— ou) Sy (t)dt + oSy (£)dW (t)
= pSy(t)dt + oSy (t)dW (1),
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we have
S1(t) = 51(0) exp { (o - %&)t +olW(n)}
and hence
01(t) = D STHOEYY (T = )X (x,00) (Y (T = )] jy=s, (1) (4.33)
where

Y (1) = 51(0)exp { (o - %02)15 +om (D).

Since the distribution of W () is well-known, we can express the solution (4.33)
explicitly in terms of quantities involving Sj(¢) and the normal distribution
function.

In this model, 61 (t) represents the number of units we must invest in the
risky investment at times ¢ < T in order to be guaranteed to get the payoff
F = (81(T)—~K)T (P—as.) at time T. The constant V' (0) represents the cor-
responding initial fortune needed to achieve this. Thus V?(0) is the (unique)
initial fortune, which makes it possible to establish a self-financing portfolio
with the same payoff at time T as the option gives. Hence V?(0) deserves to
be called the right price for such an option. By (4.26) this is given by

V9(0) = Egle™*TF) (4.34)
= e "TEQ[(S1(T) — K)*]
=e PTE[(Y(T) - K)7T], (4.35)

which again can be expressed explicitly by the normal distribution function.

Remark 4.12. In the Markovian case, that is, when the price S (t), ¢t € [0,T],
is given by a stochastic differential equation of the form

Sy (t) = pu(S1(t))S1(t)dt + o (Sy (1)) Sy (£)dW (¢),

where ¢ : R — R and 0 : R — R are given functions, then there is a well-known
alternative method for finding the option price V?(0) and the corresponding
replicating portfolio 81 (t), t € [0,T]. One assumes that the value process has
the form
VOt) = f(t,5:(t))

for some function f : R? — R and deduces a deterministic partial differen-
tial equation, which determines f. See Kolmogorov backward partial differen-
tial equations and the Feynman—Kac formula in, for example, [128]. See also
Sect. 4.4. Then 6, is given by

)= | 50| et

For example, this method can be applied to the cases of Example 4.10 and,
with some attention, Example 4.11. However, the method does not work in
the non-Markovian case. The method based on the Clark—Ocone formula has
the advantage that it does not depend on a Markovian setup.
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4.4 Application to Sensitivity Analysis and Computation
of the “Greeks” in Finance

In 1999, Fourniée et al. [80] found a remarkable numerically tractable method
for computing the derivatives of expectations of functions of It6 diffusions
with respect to some of the parameters involved. Their method (but not the
final results) used tools from the Malliavin calculus that we have presented.
In general we could call results of this type sensitivity results. In the setting
of mathematical finance this becomes a method for computing the so-called
“greeks.” These are quantities representing the market sensitivities of financial
derivatives to the variation of the model parameters. They are important
tools in risk management and hedging. Note that the name greeks was given
because these quantities are often denoted by Greek letters. If V4, ¢t € [0, 7],
is the payoff process of some derivative, we have, for example, the following:

e “Delta” measures the sensitivity to changes in the initial price x of the

underlying asset: A = %—‘; (important for hedging purposes2
e “Gamma’ measures the rate of change in the delta: I' = %x‘z/
“Rho” measures the sensitivity to the applicable interest rate r: p = %—‘:

“Theta” measures the sensitivity to the amount of time to expiration date:

O=-2
aT
e “Vega” (indicated by v) measures the sensitivity to volatility o: v = %—‘U/

Remark 4.13. Though very interesting quantities to be considered, in many
cases, the greeks cannot be expressed in closed form and require numerical
methods for the computation. Qualitatively, being V' computed as an expec-
tation, the greeks are basically derivatives of expectations. From [88] we see
that one of the most flexible methods is the application of Monte Carlo simu-
lation on top of a finite difference approximation of the derivatives. However,
this contains intrinsically two kinds of errors: one on the approximation of
the derivatives and the other on the numerical computation of the expecta-
tions. In particular, most of the inefficiency is revealed when dealing with
discontinuous payoffs. Other methods are in use to overcome a generally poor
convergence rate [10, 24, 27]. An efficient method was introduced starting
from [52], where it was suggested to take the differential of the payoff process
inside the expectation. Then [43] introduced the method of differentiation of
the density function, moving in this way the differentiation from the payoff
function to the density function and they introduced the so-called likelihood
ratio, for example,

A= - B[p(X*(T)] = E[o(X*(T)) 5= logp(x*(T))|.
This method (so-called density method) is very efficient, but has, however, the
disadvantage of requiring an explicit expression of the density function.
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Here we present only the study of the greek delta, which is connected
with the so-called A-hedging. For simplicity we only consider one-dimensional
processes. For more information we refer to [80] and [79]. See also [160].

Consider again a market model of the form

risk free asset {dSO(t) = p(t)Solt)dt (4.36)
So(0) =1
isky asse {dSl(t) = S1(t) [p(t)dt + o (t)dW ()] (437)
S (0) =x>0.

Assume now that p(t) = p is constant and the coefficients p and o are Markov-
ian, that is, (with abuse of notation) u(t) = pu(S1(t)) and o(t) = o(S1(t)) # 0,
0<t<T.

Suppose we want to replicate an Fpr-measurable Markovian payoff

F = (51(T)),

where ¢ : R — R is, for convenience, considered bounded. To this end, let
us try to find a self-financing portfolio 0(t) = (6o(t),61(t)), 0 <t < T, and
a function f(t,z), 0 < t < T, x > 0, such that the value process V9(t),
0<t<T,given by

VO(t) = 0o(t)So(t) + 61(t)S1(t)

is of the form

VOt) = f(t, 5 (1), te[0,T].
In particular, f(T,x) = p(z), > 0. By the It formula we have

vy = 2 sy 2o, si)asi 0+ L 1,502 0) S50
(4.38)

Since @ is self-financing, we have
dVO(t) = 00(t)So(t)pdt + 0,(t)dS; (t). (4.39)

Comparing (4.38) and (4.39) we get

00(t)So(t)p + 01(t)S1(¢)p(S1(1))

2
= W51 + 96,5108 (On(51(0) + 5 3205107 (5 ()30
(4.40)
and of
D005 = 0L (1SS OS(). (44

ox
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Equation (4.41) holds if and only if

0,(t) = %(t, Si(t)) (the “A-hedge”). (4.42)

Substituted into (4.40), this gives

[F,51(6) = S10) 5L (6, 81()] o= (1, 51(0)) + 3 -2 (1,510 (51182 0,

that is, f(¢,2) must satisfy the famous Black—Scholes equation

2
{ S (o) = pf (o) + poh (o) + 302 (@ Tht0) =0, 4 < T,y o

f(T,z) = ().

By the Feynman-Kac formula (see, e.g., [128]) the solution of this equation is

F(ES1(0) = B [e T 0p(X (T — 1))] e PO B [o(X(T — 1))]

le=S1(t) le=51 (1)

where X (t) = X*(t), 0 < t < T, is the solution of the stochastic differential
equation

dX(t) = X (t)[pdt + o (X (t))dW (t)]; X(0)=2>0

(here above we have used the standard notation E* [¢(X (T))|=E [¢(X*(T))]).
Therefore, to compute the “A-hedge” 01(t), t € [0,T], we need to compute

of

pGEIR e—p<T—t>a%Ex [p(X (T —1))]

= e_p(T_t)(%E[ap(X””(T —1)]. (4.44)

To do this numerically may be problematic if ¢ is not smooth. Note that
in the applications ¢ may even be discontinuous, as is the case with binary
options.

However, as shown in [80], one can use Malliavin calculus to transform the
expression (4.44) into a form that is more suitable for numerical computations
(see, e.g., [16, 89]). We now present this approach.

Consider a general Tt6 diffusion X*(t), t > 0, given by

dX®(t) = b(XT(t))dt + o(X(£))dW (),  X°(0) =z € R,

where b : R — R and o : R — R are given functions in C!(R) and o(x) # 0
for all z € R.
The first variation process Y (t) := 2 X*(t), t > 0, is given by

AY () = V(XT(1)Y (O)dt + o' (XT(£))Y (1) dW (1),  Y(0) =1,
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v =ew{ [ X" @) - (@) du+ [ o @)aww).
(4.45)
See [137] for a rigorous justification of (4.45). Fix 7' > 0 and define

9(z) == E"[o(X(T))] = E[o(X"(T))].
Then we have the following result (see [80]).

Theorem 4.14. Let a(t), t € [0,T], be a continuous deterministic function

such that
T
/ a(t)dt = 1.
0

g'(@) = B*[p(X(T)) / a(®)o (XY AW ()] (4.46)

The random variable

Then

T
A / a(®)o= (X ()Y (H)dW (1)
0
18 a so-called Malliavin weight.
Ezample 4.15. Suppose
dX (t) = pX(t)dt + oo X (t)dW (1),

with p and ¢ # 0 constants. Choose

a)= 7, te0.T]
Then W(T
g (z) = E* [@(X T 330(072] :

To see this, we can observe that in this case we have b(x) = pz, o(x) = ooz
and hence
dY (t) = pY (t)dt + oY (t)dW (), Y(0)=1,

and therefore
o HXW))Y () = oyl Y L)Y (1).

The proof of Theorem 4.14 is split into two lemmata.

Lemma 4.16.

DX () = Y ()Y ™ (5)o(X (5))x10.(5) (1.47)
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Proof Since

X () :m—I—/O/b(X(u))du—f—/Ola(X(u))dW(u),

then we have, by Theorem 3.18, for t > s,

Z(t) == D.X(t) :/ b’(X(u))DSX(u)dqu/ o' (X (w) D X (u)dW (1) + o(X(s)).
Therefore
{ dZ(t) = V(X)) Z(t)dt + o' (X () Z(£)dW (1),  t>s
Z(s) = o(X(s)).

The solution of this equation is

t t

Z(t) = U(X(s))exp{/ [b/(X(u))—%(a'(X(u)))Q]du—&—/ o (X (u))dW (W)}, s > 1.

S S

Comparing with (4.45) we obtain
Z(t) = o(X(s)Y ()Y (s), s>t i
Lemma 4.17. Let a(t), t € [0,T], be a deterministic function such that

/OT a(t)dt = 1.

Y(T) = /0 D, X(T)a(s)o ™ (X (s))Y (s)ds. (4.48)

Then

Proof By Lemma 4.16 we have, with t =T,
Y(T) = Z(T)Y (s)o(X(s)) ", s€[0,T).

Hence

Y(T) = /0 Y (T)a(s)ds = /0 D, X(T)a(s)o L (X(s)Y (s)ds. O

Proof of Theorem 4.14. First assume that ¢ is smooth with bounded deriv-
ative. Then we have

' (a) = Bl (X*(T)) - X*(T)] = B¢/ (X*(T))Y (T)]

T
—E””[/O ¢ (X(T))Ds X (T)a(s)o ' X (s))Y (s)ds]
T
- B / Dy(p(X(T))a(s)o™ X (5))Y (s)ds]
T

= B[ X(T))/O a(s)o ™ (X (s))Y (s)dW (s)],
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where we have used Lemma 4.17, the chain rule, and Corollary 4.4. This
completes the proof when ¢ is smooth.

In the general case we approximate ¢ pointwise boundedly a.e. with respect
to Lebesgue measure on [0,7] by smooth functions ¢,,, each with bounded
derivative. Define

gm(x) = E* [0, (X(1))].
Then by the above

Im (@) = E" [, (X(T))4],  m=12, .,

where
T

A= ; a(s)o (X (s))Y (s)dW (s).

Hence
lim g;,(z) = E[p(X(T))A] =: h(z)

m—00

pointwise boundedly in z. Thus

Im(x) = gm(0) + /Um gr (t)dt — g, (0) + /Oz h(t)dt.

Hence
g(z) = lim g, () = g(0) +/0 g(t)dt,

which implies that g is differentiable and ¢'(z) = h(x). O

Remark 4.18. Theorem 4.14 is an interesting result for several reasons. Note
that, on the one side, the application of formula (4.46) does neither need
the differentiability of the payoff function nor know the density function of
the diffusion (typical of the density method, see Remark 4.13). On the other
side we need to know the diffusion. Note also that the weighting function a in
(4.46) is independent of the payoff and it is not unique. Some studies of how
to characterize and choose the weights can be found, for example, in [21].

4.5 Exercises

Problem 4.1. (*) Recall the Girsanov theorem (see, e.g., [178, Theorem
8.26]). Let Y'(t) € R™ be an It6 process of the form

dY (t) = B(t)dt + () dW (L),  t<T,

where ((t) € R™, v(t) € R*™™, and t € [0,T], are F-adapted and W (¢),
t € [0,7], is an m-dimensional Wiener process. Suppose there exist F-adapted
processes u(t) € R™ and a(t) € R™, t € [0,T], such that
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Y(t)u(t) = B(t) — a(t)

and such that the Novikov condition

holds. Put
Z(t) = exp{ — /u(s)dW(s) — %/UQ(S)dS}, t<T,
0 0

and define a measure @ on Fr by
dQ = Z(T)dP.
Then
t
W(t) == /u(s)ds + W (t), 0<t<T
0

is a Wiener process with respect to ), and in terms of W the process Y has
the stochastic integral representation

dY () = at)dt + v(t)dW ().

(a) Show that W is an F-martingale with respect to Q. [Hint. Apply Itd for-
mula to Y (¢t) := Z(t)W(¢).]

(b) Suppose X (t) = at + W (t) € R, t < T, where a € R is a constant. Find a
probability measure (Q on Fp such that X is a Wiener process with respect
to Q.

(¢) Let a, b, ¢ # 0 be real constants and define

dY (t) = bY (£)dt + ¢Y (£)dW (t).

Find a probability measure (Q and a Wiener process W with respect to )
such that .
dY (t) = aY (t)dt + cY (t)dW ().

Problem 4.2. (*) Verify the Clark—Ocone formula

T
F=E[F] + /E[DtF\ft]dW(t)
0
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for the following Fp-measurable random variables F":

(a) F = I;V(T),

(b)F = OfW(s)ds,

(c) F = W23(T),

(d) F=W*T),

(e) F = expW(T),

() F=(W(T)+T)exp{ - W(T) - 3T}.

t

Problem 4.3. (*) Let W(t) = [u(s)ds + W(t) and @ be as in Exercise 4.1.

0
Use the generalized Clark—Ocone formula to find the F-adapted process @,
such that

F— EolF] + / B()dV (1)
0

in the following cases:

(a) F = W2(T) and u(t), t € [0,T], is deterministic.
T

(b) F = exp{ [ A(t)dW(t)} and the processes A(t) and u(t), t € [0,T], are
0

deterministic.

(c) F is like in (b) and u(t) = W(¢t), ¢t € [0,T].

Problem 4.4. (*) Suppose we have a market with two investments of type
(4.14) and (4.15). Find the initial fortune V?(0) and the number of units
01 (t), which must be invested at time ¢ in the risky investment to produce the
terminal value V?(T) = F = W(T) when p(t) = p > 0 is constant and the
price Si(t), t € [0,T], of the risky investment is given by:

(a) dSi(t) = pSi(t)dt + oS1(t)dW (t); i, o constants (o # 0). This is the case
of the geometric Brownian motion.

(b) dS1(t) = cdW (t); ¢ # 0 constant.

(¢) dS1(t) = pS1(t)dt+cdW(t); p,c constants. This is the case of the

T
Ornstein—Uhlenbeck process. [Hint. S1(t) = e/tS1(0) + ¢ [ ert=9)dW (s).]
0



5

White Noise, the Wick Product,
and Stochastic Integration

This chapter gives an introduction to the white noise analysis and its relation
to the analysis discussed in the first two chapters. This is a useful alternative
approach for several reasons. First, it allows us to represent the Malliavin
derivative as a natural directional derivative (or stochastic gradient, to be
more precise). Second, it makes it possible to obtain an extension of the Clark—
Ocone formula from Dq 5 to L?(P). Moreover, it provides a natural platform
for the Wick product, which is closely related to Skorohod integration (see
(5.28)). For example, we shall see that the Wick calculus can be used to
simplify the computation of these integrals considerably.

The Wick product was introduced by C.G. Wick in 1950 [225] as a renor-
malization technique in quantum physics. In stochastic analysis this concept,
or rather a relative of it, was introduced by Hida and Ikeda in 1967 [100]. In
1989, Meyer and Yan [164] extended the construction to cover Wick products
of stochastic distributions (Hida distributions), including the white noise.

The Wick product has turned out to be a very useful tool in stochastic
analysis in general. For example, it can be used to facilitate both the theory
and the explicit calculations in stochastic integration and stochastic differen-
tial equations.

General references for this chapter are [87, 98, 101, 102, 106, 134, 149, 150,
151, 176, 230].

5.1 White Noise Probability Space

We start with the construction of the white noise probability space. Let
S = S(R?) be the Schwartz space of rapidly decreasing smooth C>(R%) real
functions on RZ. The space S = S(R?) is a Fréchet space with respect to the
family of seminorms:

1/l k0 = sup {(1+ |2[%)[8% ()|},
z€R?

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 63
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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where K = 0,1,..., o = (a1, ...,0q) is a multi-index with o; = 0,1,... (j =
1,...,d) and

oled
Ozt - - Oxy?

o0%f =

for |a| = a1 + ... + g, see, for example, [78, 207] as general references for the
properties of these spaces.

Let 8’ = S’(RY) be its dual, the space of tempered distributions. Let B
denote the family of all Borel subsets of S’(R?) equipped with the weak*
topology. If w € 8" and ¢ € S we let

w(¢) = (w, ) (5.1)

denote the action of w on ¢. For example, if w is a measure m on R? then

(w, ) = / o(x)dm(z)

and, in particular, if this measure m is concentrated on zy € R?, then

(w, ¢) = p(x0)

is the evaluation of ¢ at zq € R%.

From now on we consider the one-dimensional case, that is, d = 1. We
fix the sample space to be 2 = §'(R) and F = B. By the Bochner-Minlos—-
Sazonov theorem (see, e.g., [86]), there exists a probability measure P on {2
such that

/e““”d’)P(dw) — e—%IWHz, b €S,
(9]

where

617 = ol = [ 106a)Pd.
R
The measure P is called the white noise probability measure and (§2,F, P) =
(8', B, P) is called the white noise probability space.
Definition 5.1. The (smoothed) white noise process is the measurable map
w:Sx8 —R

given by
w(p,w) = wy(w) = (w,¢), ¢S, wes. (5.2)

From wy we can construct a Wiener process W(t), t € R, as follows:
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Step 1 The isometry
E[wj] = [4]I°, ¢ €S, (5.3)

holds true where, according to our notation, the left-hand side is

Bluw?] = / (0, $)2P(dw).

Sl

Step 2 Use Step 1 to define the value (w,1) for arbitrary ¢ € L?(R), as
(w,) = lim (w,¢,), where ¢, € S, n = 1,2,..., and ¢, —
¥ in L3(R).

Step 3 Use Step 2 to define

W(t,W) = <w7X[O,t]>’ te Ra
by choosing

B _[1lifse[0,t) (or s € [t,0), if t <0),
¥(s) = Xjo,4(s) = {0 otherwise ,

which belongs to L?(R) for all t € R.

Step 4 By means of the Kolmogorov theorem (see [152]), we can prove that
W(t), t € R, has a continuous version W (t), t € R, that is, for all ¢,
P{W(t) = W(t)} = 1. This continuous process W(t), t € R, is a
Wiener process.

Note that when the Wiener process W (t,w), t € R, w € 2 with 2 := §'(R)
is constructed this way, then each w is interpreted as a tempered distribution.

From the aforementioned Step 2, it follows that the smoothed white noise
wg can be extended to all (deterministic) ¢ € L?(R) and that the relation
between smoothed white noise wy and the Wiener process W(t), t € R, is

wy(w) = /qb(t)dW(t,w), w e N, ¢ € L*(R), (5.4)
R

where the integral on the right-hand side is the Wiener—It6 integral (see
Problem 5.1). Note that the isometry (5.3) is then the Ité isometry.

5.2 The Wiener—Ité6 Chaos Expansion Revisited

As in Chap. 1 let the Hermite polynomials h,(z) be defined by

1,2 d"” 1,2
2 R

=(-1" 2% =0,1,2,...
h’ﬂ(x) ( ) € dx"(e )’ n Oa » < 9
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cf. (1.13). We recall that, for example,

ho(z) = 1,hi(z) = 2, he(z) = 2% — 1, hy(x) = 2 — 3z
hy(x) = 2* — 622 + 3, hs(x) = 2° — 1023 + 15z, . ...

Let e be the kth Hermite function defined by
en(@) =i (k= 1)) 2 e 2% hy1(V22), k=1,2,.... (5.5)

Then {eg}x>1 constitutes an orthonormal basis for L?(R) and ey, € S(R) for
all k; see, for example, [221].

Define
Ok (w) = (w, ex) = we, (w) = /ek(a:)dW(x,w), w e N. (5.6)
R
Let J denote the set of all finite multi-indices o = (a1, aa,...,ay), m =
1,2,..., of non-negative integers a;. If « = (aq,...,m) € J , a # 0, we put
H,(w):= H ha,;(0;(w)), we s (5.7)
j=1

By a result of It6 [119] we have that

L (%) = [ he, (6;) = Ha, (5.8)
j=1

cf. (1.11). We set Hy := 1. Here and in the sequel the functions ej,es, ... are
defined in (5.5) and ® and ® denote the tensor product and the symmetrized
tensor product, respectively. For example, if f and g are real functions on R
then

(f @ 9)(z1,72) = f(z1)g9(2)

and

N =

(f&g)(x1,22) =

Hereafter we let

Fe)glws) + f(w2)g(en)]-

with 1 on kth position. Then
How () = ha(Ok(w)) = (w, k),
or, if & = (3,0,2), then

Hs02 = hs(01)ho(02)ha(05) = (65 — 361)(05 — 1).
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The family {H,}acs is an orthogonal basis for the Hilbert space L?(P). In
fact, we have the following result (see [106, Theorem 2.2.4]).

Theorem 5.2. The Wiener—Ité chaos expansion theorem. The family
{H,}acs constitutes an orthogonal basis of L?(P). More precisely, for all
Fr-measurable X € L?(P) there exist (uniquely determined) numbers c, € R
such that

X =) caHo €L*(P). (5.10)
acd
Moreover, we have
|XHL2(P) Z alel, (5.11)
acJ
where ol = aqlas! -+ ! for a = (a1, a0,...,apn).

Ezample 5.3. To find the chaos expansion of the Wiener process W(t) at time
t, we proceed as follows:

W(t) = / Xi0.(8)AW (5)
_ /R ™ (o €8) gy (8)0W (5)
k

- Ek: (/Ot ek(y)dy) /Rek(s)dW(s)
- Z (/Ot ek(i‘/)dy)Hew)-

k

Let us compare Theorem 5.2 with the equivalent formulation of this theo-
rem in terms of iterated It6 integrals (see Chap.1). In fact, if ¥(t1,to,. .., ty)
is a real symmetric function in its n variables ti,...,t, and ¥ € L*(R"),
that is,

1/2
||’L/)HL2(]Rn) = {/ |’(/)(t1,t2,...,tn)|2dt1dt2-"dtn < 00,
Rﬂ.

then its n-tuple It6 integral is defined by

de(@n
R’Vl

n'/ /tn /tn L 2z/}(tl,tz,...,tn)dW(tl)dW(tz)---dW(tn),

In(d’) :

where the integral on the right-hand side consists of n iterated Ito integrals.
Note that the integrand at each step is adapted to the filtration F. Applying
the It isometry n times we see that
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E[( quW@n)ﬂ =l $3ageys =12,
R?’I

For n = 0 we adopt the convention that
= [ W == ol

for 1 constant. Let L?(R™) denote the set of symmetric real functions on R™,
which are square integrable with respect to Lebesque measure (see Chap. 1).
Then we have the following result, cf. Theorem 1.10.

Theorem 5.4. The Wiener—It6 chaos expansion theorem. For all Fr-
measurable X € L?(P) there exist (uniquely determined) functions f, €
L?(R™) such that

x=%" /fndW®" _ Z%In(fn) € I2(P). (5.12)

n=0 Rn

Moreover, we have the isometry

1XNZ2cp) = Zn'an”L? R") (5.13)

Remark 5.5. The connection between these two expansions in Theorem 5.2
and Theorem 5.4 is given by

fo= > coée1 DN QDG .. @B =0,1,2,..., (5.14)
aeJ:|al=

where |a] = ay 4+ ay, fora = (aq,...,an) € T, m=1,2,.... Recall that

the functions ey, eg, ... are defined in (5.5) and ® and © denote the tensor

product and the symmetrized tensor product, respectively.

Note that since Hy = I,,,(e®%), for o € J, || = m, we get that
@2 gmy = el (5.15)

by combining (5.11) and (5.13) for X = X,,.

Analogous to the test functions S(R) and the tempered distributions S’(R)
on the real line R, there is a useful space of stochastic test functions (S) and
a space of stochastic distributions (S)* on the white noise probability space.
In the following we use the notation

= H(Qj)aj, for a=(a1,...,am) € J. (5.16)

Jj=1
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Definition 5.6. (a) Let k € R. We say that f = Y. anH, € L?(P) belongs
acJ

to the Hida test function Hilbert space (S)y if
I£17 = ala2 (2N)** < oc. (5.17)
acJ

We define the Hida test function space (S) as the space

keR

equipped with the projective topology, that is, f, — f, n — oo, in (S) if
and only if ||fn — fllk — 0, n — oo, for all k.

(b) Let ¢ € R. We say that the formal sum F = Y b, H, belongs to the Hida
aceJ

distribution Hilbert space (S)_, if
|12, =) ale2(2N) ™ < oo (5.18)
acJ

We define the Hida distribution space (S)* as the space

q€eR

equipped with the inductive topology, that is, F,, — F, n — oo, in (S)* if
and only if there exists g such that |F,, — F|—4 — 0, n — co.
(c)IfF =3 crbaHy € (S)*, we define the generalized expectation E[F] of
F by
E[F] = by. (5.19)

(Note that if F € L?(P), then the generalized expectation coincides with
the usual expectation, since E[H,] =0 for all o # 0).

Note that (S)* is the dual of (S). The action of F' = Y b,H, € (S)* on
f=>auH, € (S) is given by

(F,f) =) alagba.
We have the inclusions
(S) C (S C L*(P)C (S)_y C(S)", forall k,q.

Ezample 5.7. (a) The smoothed white noise wy belongs to (S) if ¢ € S(R). In

o0
fact, if ¢ = > cje; we have
j=1
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U}¢ = ZCjHe(j)a (520)
j=1
and so using (5.17) we can see that wy € (S) if and only if
2. G@)*
j=1
for all k, which holds because ¢ € S(R); see, for example, [204].

(b) The singular (also pointwise) white noise W (t), t € R, is defined as follows:

W(t) = ex(t)Huw. (5.21)
k

Using (5.18) one can verify that Vi/'(t) € (8)* for all ¢, as follows. We have

W (1) ®%, Ze )e®1((2N)<) 0 <oo, q>2,

k=0
because

sup leg(t)| = O(szl/lz),
terR

see [104]. Similarly we see that by (5.3) we get

%W(t) _ jt; ( /0 ex(y)dy) H,a = W (1), (5.22)

where the derivative is taken in (S)* (see Problem 5.2). This justifies the

L)
name white noise for W.

5.3 The Wick Product and the Hermite Transform

In addition to a canonical vector space structure, the spaces (S) and (S)* also
have a natural multiplication given by the Wick product.

Definition 5.8. If X = ZaaH e (S)"Y = ZbﬁHg € (S)* then the Wick
product X oY of X and Y 1s defined by

XoY =Y aabgHars=> (Y aabp)H,. (5.23)

a,B Y a+fB=y
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Using (5.18) and (5.17) one can now verify the following:
X,Ye(§)=XoY e(S). (5.24)

X, Ye(§)=XoY € (S). (5.25)

See [106, Lemma 2.4.4]. Note, however, that X,Y € L?(P) # X oY € L*(P)
in general. See [106, Example 2.4.8].

Ezample 5.9. (1) The Wick square of the singular white noise is

(W2 = > exlt)em(t) How ycom-
k,m=1
One can show that .
(W)2(t) € (S)", teR, (5.26)

see Problem 5.4.
(2) The Wick square of the smoothed white noise is

(wy)*? = Z ChCmHew feomy if @ = chek € L*(R).
k=1

k,m=1 =
Since .
H _ He(k) 'He(m) sz;ém
(k) ye(m) H3<k> -1 if k=m,
we see that
o0
(wg)*? =wg =Y f =wj — [¢]*. (5.27)
k=1

02

Note, in particular, that (wgs)°? is not positive. In fact, E[(wg)°?] = 0 by
(5.21) and the fact that E[H,] = 0 for a # 0 (see Theorem 5.2).

Before proceeding forward, we list some reasons that the Wick product is
natural to use in stochastic calculus:

(a) First, note that if (at least) one of the factors X, Y is deterministic, then
XoY=X".Y.

Therefore, the two types of products, the Wick product and the ordinary
(w-pointwise) product, coincide in the deterministic calculus. So when one
extends a deterministic model to a stochastic model by introducing noise,
it is not obvious which interpretation to choose for the products involved.
The choice should be based on additional modeling and mathematical
considerations.

(b) The Wick product is the only product that is defined for singular white

noise W. Pointwise product X - Y does not make sense in (S)*!
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(¢) The Wick product has been used for 50 years already in quantum physics
as a renormalization procedure.

(d) There is a fundamental relation between It6/Skorohod integrals and Wick
products, given by

/ Y (£)0W (£) = / Y (t) o W (t)dt (5.28)
R R

(see [150], [23]). Here the integral on the right is interpreted as a Bochner
integral with values in (S)*. See Theorem 5.20 later.

(e) A big class of strong solutions to stochastic differential equations can be
explicitely solved by using the Wick product. See [144].

5.3.1 Some Basic Properties of the Wick Product

We list below some useful properties of the Wick product. Some are easy to
prove, others harder. For complete proofs see [106].
For arbitrary X,Y, Z € (S)* we have

XoV=YoX (commutative law), (5.29)
Xo(YoZ)=(XoY)oZ (associative law), (5.30)
Xo(Y+2Z)=(XoY)+(XoZ) (distributive law).  (5.31)
In view of the above we can define the Wick powers
X"=XoXo---0X (ntimes) for X €(S)", n=12...
We put X°0 = 1. Similarly, the Wick ezponential of X € (S)* is defined by
exp® X = ZB %XO", (5.32)

if convergent in (S)*. Thus the Wick algebra obeys the same rules as the
ordinary algebra. For example,

(X +Y)? =X2 42X oY 4 Y2 (5.33)
(no Tt6 formula!l) and
exp®(X +Y) = exp®(X) o exp®(Y). (5.34)

Note, however, that combinations of ordinary products and Wick products
require caution. For example, in general we have

X-(YoZ)# (X -Y)oZ.
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Note that since E[H,] = 0 for all a # 0, we have that if X =3 ;coHa €
L?(P), then
E[X] = Cp-

From this we deduce the remarkable property of the Wick product:
E[X ¢Y]=E[X]: E[Y], (5.35)

whenever X,Y and X ¢Y are P-integrable. Note that it is not required that
X and Y are independent!
By induction it follows from (5.35) that

Elexp® X| = exp E[X]. (5.36)
From Example 5.9 (2) we deduce that

W © Wyp = W+ Wy — %/(ﬁ(t)w(t)dt, ¢, € L*(R).

R

In particular,
W2(t) = W2(t) —t,  t>0. (5.37)

Moreover, if supp ¢ N supp ) = (), then
We < Wy = Wep * W (538)
Hence if 0 < t1 <ty <t3 < 14, then

(W (ts) = Wi(ts)) o (W(tz) = W(t1)) = (W(ta) = W(ts)) - (W(tz) — W(t1)).
(5.39)

More generally, it can be proved that if F' is Fi-measurable and h > 0, then
Fo(W(t+h)—W(t)=F-(W(t+h)—W()). (5.40)

For a proof see, for example, [106, Exercise 2.22].

5.3.2 Hermite Transform and Characterization Theorem for (S)*

There is a useful tool in white noise analysis, called Hermite transform or
the H-transform, which transforms elements X € (S)* into deterministic
functions HX (21, 22, ...) of complex variables z; € C, j = 1,2,..., with val-
ues in C. This concept was introduced in [149] and relies on the expan-
sion of distributions along the basis {Ha},c ;. The Hermite transform of

X =3 ,caHy € (S)*, denoted by HX or X, is defined by

HX(2) = X(2) := anza eC, (5.41)
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where z = (21, 22,...) € CV, that is, in the space of C-valued sequences, and
[e SN D)

where 2% = 2" 257.... We have that HX(z) is absolutely convergent on the
infinite dimensional neighborhood

K,(R) = {(21,22, L) EC Y P Ny < R2} (5.42)
a#0

for some 0 < ¢ < R < oco. The latter follows from the fact that

X()| = > leal 41
< (X el o) )é(zw (@) (2M)7)
< (Xl oo )%(zw (210)°1)
= 1y (e )

Similarly, one observes that HX (z) is convergent for all z = (21, za,...) € CY
(space of all finite sequences in CV).
As an example, consider the Hermite transform of the singular white noise

W(t). Since W(t) =3 ;5 ex(t)Hery we see that

z) = Z er(t)zg- (5.43)

k>1

N

[N

Using the definition of the Wick product (Definition 5.8) we see that the
Hermite transform converts the Wick product into an ordinary (complex)
product, that is,

H(X oY) (2) =H(X)(z) - H(Y)(z) (5.44)

for all z = (z1, 22, ...) € CN such that H(X)(z) and H(Y)(z) exist.

An important property of the Hermite transform H is that it can be used
to characterize distributions in (S)*. In view of appplications to come, we
resort to the following characterization theorem for Hida distributions ([106,
Theorem 2.6.11]).

Theorem 5.10. Characterization theorem for (S)*.
(i) Let X =3 caHy € (S)*. Then there exists some q, My < 0o such that

K| = Y leal el < My (el 2)70)
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for all z € CY. In particular, X is a bounded (analytic) function on K,4(R)
for all R < cc.
(ii) Consider the power series

for coefficients b, € R and z = (21, 22, ...) € CY. Assume that
> Ibal |2|* < 00
«

for all z € K4(R) for some g < 0o and R > 0. Further require that

sup |f(2)] < o0.
z€Kq(R)

Then there exists a unique Hida distribution X such that
X(2) = f(2)

for all z € CY. Moreover, X has the representation
X = boH,.

Proof The first statement is an immediate consequence of the Cauchy—
Schwartz inequality. As for the proof of (ii) the reader is referred to [106,
Theorem 2.6.11]. O

Remark 5.11. Using Theorem 5.10 one can show the existence of “Wick ver-
sions” of analytic functions: Let X € (S)*. Suppose that f : U — C is an
analytic function in the neighborhood U C C of ¢, := E[X], that is, f has
the power series expansion

F(2) = ar(z = ¢o)*.

k>0

Assume that the Taylor coefficients ay, are real-valued. Then the Wick version
of f applied to X, denoted by f¢(X), is the unique element ¥ € (S)* such
that

Y(z) = /(X(2))

on K, (R) for some ¢ < oo and R > 0. If we choose, for example, f(z) = exp(z),
we obtain the Wick version of the exponential function, see (5.32).

The Hermite transform also serves as a useful tool to describe the topology
of (8)*. In particular, the convergence of sequences of Hida distributions can
be characterized as follows.
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Theorem 5.12. A sequence X,,,n > 1, converges to a X in (S)* if and only
if there exist q, M < oo, R > 0 such that

sup ’)?n(z)‘ <M
z€Kq(R)

for allm > 1 and B B
Xn(2) — X(2)

as n tends to infinity for all z € K,(R).

Proof See [106, Theorem 2.8.1] 0.

Combining Remark 5.11 and Theorem 5.12 we find that Y _, & X °* con-
verges in (S)* to the Wick version of the exponential function (5.32).

Remark 5.13. The Hermite transform is closely related to the so-called
S-transform. See [101]. In [192] a characterization of the Hida test func-
tion and distribution space in terms of the S-transform can be found.

Using Theorem 5.10, Remark 5.11, and Theorem 5.12 we can derive the
following chain rule in (S)*; see [106].

Proposition 5.14. Wick chain rule. Assume that
X():R—(85)

is continuously differentiable and let f : C — C be entire (i.e., analytic on
C), such that f(R) CR. Then the following chain rule

d < _ A% d
SFX () = (M) (X (@) 0 £ X(0)

holds true in (S)*.

5.3.3 The Spaces G and G*

We now introduce another pair of dual spaces, G and G*, which is sometimes
useful, see [193, 2] and the references therein for more information.

Definition 5.15. (a) Let A € R. Then the space Gy consists of all formal

expansions
X=3 / FdW " (5.45)
n=0 g,
such that - »
1Xlg, = (3 ne | fullZagan) < oo (5.46)
n=0

For each A € R, the space G is a Hilbert space with inner product
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oo

(X,Y)g, = Y n1e®™ (fu, gn) 2(am) (5.47)

n=0

for every

X = i/ﬂ% fodWE, Y = 2/ GrndW O™,

Note that A\; < Ay implies Gy, C Gy,. Define
G={10r = ()0, (5.48)
AER A>0
with projective limit topology.
(b) G* is defined to be the dual of G. Hence
g=a=U0on (5.49)
AR A<0

with inductive limit topology.

Remark 5.16. Note that an element Y € G* can be represented as a formal
sum -
Y = Z GndW ", (5.50)
n=0 Rn

where g, € L2(R") and ||Y]|g, < oo for some A € R, while an X € G satisfies
| X |lg, < oo for all A € R.

If X € Gand Y € G* have the representations (5.45) and (5.50), respec-
tively, then the action of Y on X, (Y, X), is given by

(Y, X) =" nl(fnr 9n)L2@n)- (5.51)
n=0
One can show that
(S)c G c L*(P)c G c (S (5.52)

The space G* is not big enough to contain the singular white noise W. How-
ever, in some cases, it does contain the solution of stochastic differential equa-
tions and thus allows to deduce some useful properties of the solution itself.
A test function space related to G was introduced in [202] to construct strong
solutions to stochastic differential equations with discontinuous coefficients.
We also mention that the pair (G, G*) can be completely characterized by us-
ing Bargmann—Segal spaces and the S-transform, which is closely related to
the H-transform. See [94].
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Like (S) and (S)*, the spaces G and G* are closed under Wick product
[193, Theorem 2.7]:
X1, Xo0€e@G=X10X5 €0. (553)

Yl,Ygeg*:>Y1 OYQEQ*. (554)

Finally, we note that, since
H, = / EOqWE = I, (%),

with o € J, || = n, we get

||H04||é)\ = n!€2/\nHe®a||%2(Rn) - a!e2>\n7

by (5.15). Therefore, for F'= 3", coH, € G*, we have

IF)g, = chale®el, (5.55)
acJ

for some X € R.

5.3.4 The Wick Product in Terms of Iterated It6 Integrals

The definition we have given of the Wick product is based on Theorem 5.2,
because only this setting is general enough to include the singular white noise.
However, it is useful to know how the Wick product is expressed in terms of
chaos expansion for elements of L?(P) (see Theorem 5.4) or, more generally,
for elements of G*. Then we have the following result.

Theorem 5.17. Suppose X = > I,(fn) € G* and Y = > L,(gm) € G*.
n=0 m=0

Then the Wick product of X and Y can be expressed by

oo

XoY = 3" Lim(fa®m) =D _( Y Tu(faBgm)). (5.56)

n,m=0 k=0 n+m=k

For example, integration by parts gives that for the deterministic functions
f,9 € L*(R), we have

(/f@mﬂvu»o(/ﬁanmvwn:1/w®m0umdw@2
R

R R2

/”/cﬂmgwy+ﬂwg@»mvumw«w
e (5.57)

Y

[t [ swavaave + [ sw) [ swaweave)

R —00 R —00
:</ﬂmﬁwwx/y@mwwn—/f@mmw
R

R R
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Note that from (5.56) we have that

( / gaw ()" = L™, ge P®), (5.58)

R

Combining this with (1.15) we get

n ke 9
0°" = gl hn (7). (5.59)
gl
with 6 = [ gdW. In particular,
R
Wer(t) = t"/2h (W—(t)) n=0,1,2,.... (5.60)
n ﬁ b ) ) )
Moreover, combining (5.59) with the generating formula for Hermite polyno-
mials
t2 > Tk
exp {tm - 5} = 7;) ﬁhn(m) (5.61)

(see Exercise 1.1), we get

exp { / g(t)dW (t) %llgW} Z o ||g||

R
=1
= Z —'HM =exp® .
0 n:
Hence
1
exp® | /gdw} — oxp { /gdW ~Slel?},  gerr®.  (562)
R R
In particular,
. 1
exp®{W ()} = exp {W(t) - it}, t>0. (5.63)

5.3.5 Wick Products and Skorohod Integration

We now prove the fundamental relation (5.28) between Wick products and
Skorohod integration.

Definition 5.18. A function Y : R — (S)* (also called an (S)*-valued
process) is (S)*-integrable if

Y(t),f > L*(R), forall fe€(S).
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Then the (S)*-integral of Y, denoted by [, Y (t)dt, is the (unique) element in
(S)* such that

< / Y (t)dt, f >=/ <Y(t),f>dt, foral fe(S). (5.64)

Remark 5.19. The fact that (5.64) does indeed define [, Y'(t)dt as an element
of (8)* is a consequence of [101, Proposition 8.1].

Note that if Y is (S)*-integrable, then so is Yx(, ), for all a,b € R, and

we put
b
/ Y (t)dt :— /R Y (0 (o (1)t
Theorem 5.20. Assume that Y (t), t € R, is a Skorohod integrable stochastic

process (recall Definition 2.2). Then Y (t) o I/%/(t), t € R, is integrable in (S)*
and

/ Y (oW (¢ / V() o W(t (5.65)
Proof Recall L?(P) C (S8)*. We may assume that, for any ¢, Y (¢) has the
representation
Y(t)=> calt)Ha _ZI Fulst
acJ

Then the right-hand side of (5.65) can be written as

/ ( Z Z ek (k) dt Z(CO" ek)Lz(R)HaJré(k). (5.66)
R

acJ a,k
For the left-hand side we obtain, using (5.8) and (5.14),

/RY(t)cSW(t) A;In(fn(-,ﬂ)éW(t)

L( Y calt)e®)ow(t)

I
WK
—

3
I
<

|a]=n
- Z/ Z Z caaek LQ(]R) ( )€®a)5W(t)
n=0 |a|=n k=1
- (5.67)
= Z +1( Z Z(Ca,ek)Lz(R) (6®a®€k)>
n=0 \a|—nk*1

® a+e)
Z C()Mek‘ LQ(R)ITL-‘rl( ( ))

I
M HM8

(Cm €k)L2(m) Hopem

ak
Comparing (5.66) and (5.67), we get (5.65). O
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Corollary 5.21. If Y(t) = Y21 ¢iX(t00.1(t), t € R, with ¢; € (8)* for
i=1,...,nandt; < --- <t,. Then we have

AY@OW@ﬁ:i}mGWmﬁ—WW»
=1

In view of the aforementioned theorem, the following terminology is
natural.

Definition 5.22. Suppose Y is an (S)*-valued process such that

/Y@OW@mewﬁ
R

then we call this integral the generalized Skorohod integral of Y.

Combining the aforementioned properties with the fundamental relation
(5.28) for Skorohod integration, we get a powerful calculation technique for
stochastic integration. First of all, note that, by (5.28),

T
/W@ﬁzwqy (5.68)
0
(See Problem 5.3). Moreover, using (5.30) one can deduce that
T T
/X oY (t) o W(t)dt = X o / Y (t) o W (t)dt, (5.69)
0 0

if X does not depend on t. Compare this with the fact that for Skorohod
integrals we generally have

T T
/X Y (£)SW () # X - /Y(t)cSW(t), (5.70)
0 0

even if X does not depend on t.
To illustrate the use of Wick calculus, let us again consider Example 2.5:

/W(t) [W(T) — W (t)]6W () = /W(t) o (W(T) — W(t) o W(t)dt

W (t) o W(T) o W (t)dt — / WO2(t) o W(t)dt

0

I
St~

1

— W(T) o/W(t) o W(t)dt — %W”(T) = W)
= W) —sTW (D),

where we have correspondingly used (5.39), (5.31), (5.69), and (5.60).
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We proceed to establish some useful properties of generalized Skorohod
integrals.

Lemma 5.23. Suppose f € (S) and G(t) € (S)—q for all t € R, for some

q € N. Put
1

7+t log2’

q=
Then >
[1<cweiw.f > <irla( [ IGOR )"

R R

Proof Suppose G(t) =" c 7 aa(t)Ha, f =) 3c7bsHs. Then

<G oW(t), f >= < tal)er(t)Hopeoor, 3 byHy >
a,k BeJ

=3 Gat)er (Db o (e + )1,
a,k

Hence

/ | < G(t) o ﬁ/(t), f>1dt < Z |ba+€(k> |od (ax + 1)/ laa (t)er(t)|dt
R oy R

1/2
<3 brewlal(an+ D [ adwar)
a,k R

1/2

G(ate®)
S(Zbiﬁw(a+€<k))!(2N)q( - ))
ok

. (Z </]Rai(t)dt>a!(ak + 1)(2N)*é(a+5(k))>1/2

a,k

§||f||é(z (/Rai(t)dt)a!(ak+1)(2k)—%(QN)_QQ)1/2

a,k

<Il( [ IGoIz,ae) " o

Using this result we obtain the following theorem.

Theorem 5.24. (1) Suppose G : R — (S)_, satisfies
/R |G(t)||? ,dt < oo,  for some q € N.

Then
/ G(t) oW (t)dt emists in (S)*.
R
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(2) Suppose F'(t), F,(t), n =1,2,..., are elements of (S)_4 for allt € R and

LR = @R gt —0. 0.

Then

Fn(t)oﬁv(t)dt—>/F(t)<>v'V(t)dt, n — oo,
R R

in the weak™-topology on (S)*.

Proof (1) The proof follows from Lemma 5.23 and Definition 5.18.
(2) By Lemma 5.23 we have

|<égmw—nmoW@ﬁf>m/ﬂ<guw—nmoW@J>w

<||qu/HFn C @2t — 0, n—oco. D

5.4 Exercises

Problem 5.1. Prove equation (5.4). [Hint. First consider step functions ¢ of
the form ¢(t) =3, €iX(a;,a,.1(): t ER]

Problem 5.2. Prove equation (5.22), that is, that

L (r) = W),
where the derivative exists in (S)*.

Problem 5.3. Prove that the (S)*-valued process W is (S)*-integrable (cf.
Definition 5.18) and that

T

W(t)dt =W(T), T >0.
0

Problem 5.4. Prove (5.26), that is, that

(W)2(t) € (S)*, teR.

Problem 5.5. (*) Use the identity (5.28) and Wick calculus to compute the
following Skorohod integrals:

T
@JWU%W@;

T T
b) [ [ g(s)dW (s)6W (t), for the deterministic function g € L*([0,77);
00
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W?2(to)dW (t), where to € [0,T] is fixed;

exp(W(T))oW (t).

Compare with your calculations in Problem 2.5!

Problem 5.6. Show that (S) and (S)* are vector spaces.

Problem 5.7. (a) Let f € L?(R) be deterministic. Prove that

(b) Let u be a Skorohod integrable process. Prove that

d t

7 _Oou(s)éW(s) =u(t)oW(t) in (§8%).

Problem 5.8. (a) Solve the stochastic differential equation
dX (t) = X(t)[pdt + cdW (t)], X(0)=z>0, (5.71)

where the parameters p, o, and the initial value = are constants, via the
following guidelines. First, rewrite the equation in the form

%X(t) —X()o[p+oW®)], XO0)=z>0,  (5.72)

and regard it as an ordinary differential equation in the (S)*-valued func-
tion X (¢), ¢ > 0. Then use the Wick calculus in (S)*.

(b) Equation (5.72) also makes sense if the initial value X (0) is not constant,
but a given element in (S)* (e.g., X (0) € L?(P)). What would the solution
of (5.72) be in this case?

Problem 5.9. (a) Proceed as in Problem 5.8, but this time with the stochas-
tic differential equation

dX(t) = adt + BX()dW (1), X(0) =z €eR,
which can be written as the following differential equation in (S)*:

dX (t)

o = o+ X)W (),  X(0)=zeR

(b) What can be said about the solution if we only know that X(0) € (S)*?
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The Hida—Malliavin Derivative
on the Space 2 = §’(R)

6.1 A New Definition of the Stochastic Gradient
and a Generalized Chain Rule

In Chap.3 we have introduced the Malliavin derivative in terms of chaos ex-
pansions. However, the original definition was tailored for the Wiener space
where the derivative is given as a differential operator. See Appendix. Al-
though the Wiener space is a natural space to work on when dealing with
the Brownian motion, this original approach has the disadvantage that the
directional derivative in the direction v = ~(t), t € [0, 7], where

(1) = / g(s)ds, g€ L2([0,T)),

is represented by a gradient with respect to g, cf. (A.12) and (A.13).
If, however, we follow the suggestion of Hida [98] and work on the space
2 = S'(R) instead (as in Chap.5), then we obtain a complete agreement
between the directional derivative and the corresponding stochastic gradient
(or the Hida—Malliavin derivative). We now explain this in more detail.
From now on we assume that the Brownian motion W (t), t € R, is con-
structed on the space (£2, B, P) with 2 = §’(R) as in Chap. 5.

Definition 6.1. (1) Let F € L*(P) and let v € L*(R) be deterministic. Then
the directional derivative of F in (S)* (respectively, in L*(P)) in the
direction ~y is defined by

o1
D, F(w) = lim - [F(w+ey) — F(w)] (6.1)
whenever the limit exists in (S)* (respectively, in L*(P)).
(2) Suppose there exists a function ¥ : R — (8)* (respectively, ¥ : R —
L?(P)) such that

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 85
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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/1/J(t)’y(t)dt converges in (S)* (respectively, in L*(P)) and
R
D,F = / Y(t)y(t)dt,  for all v € L*(R), (6.2)
R

then we say that F is Hida—Malliavin differentiable in (S)* (respectively,
in L?(P)) and we write

$(t) = D,F, teR.

We call DiF the Hida-Malliavin derivative in (S)* (respectively, in
L?(P)) or the stochastic gradient of F at t.

When it is clear from the context if Dy F is a Malliavin derivative in (S)* or
in L?(P), we will not write further specifications than “Malliavin derivative”
and “Malliavin differentiable.”

Ezample 6.2. (1) Suppose F(w) =< w, f >= [ f(t)dW (t), f € L*(R). Then

D, F = 1[<w+s~y,f> —<w, f>]=<vf >=/f(t)w(t)dt~
g R

Therefore, F' is Hida—Malliavin differentiable and
D [ s0aw®) = s, t-aa
R

(2) Let F € L?(P) be Hida-Malliavin differentiable in L?(P) for a.a. t. Sup-
pose that ¢ € CY(R) and ¢'(F)D:F € L*(P x \). Then if v € L?(R) we
have

D, (o(F)) = lim % [p(F(w+e7)) — p(F(w))]

:gg% é [o(F(w) + €Dy F) — p(F(w))]

:%p’(F(w))eDyF = ¢/ (F)D,F

:/Rgo'(F)DtF'y(t)dt.

This proves that ¢(F') is also Hida—Malliavin differentiable and we have
the chain rule

Di(p(F)) = ¢'(F) D, F, (6.3)

see also Lemma A.12.

More generally, the same proof gives the following extension of Theorem 3.4
and justifies Theorem 3.5.
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Theorem 6.3. Chain rule. Let Fi, ..., F,, € L*(P) be Hida—Malliavin dif-
ferentmble in L?(P). Suppose that ¢ € C*(R™), D,F; € L?(P), for all t € R,
and 22 Z(F)D.F; € L*(P x ) for i =1,...,m, where F = (Fy, ..., Fy,). Then
<p(F) is Hida Malliavin differentiable and

Dth Z

It follows from the above that if h,(z), € R, is the Hermite polynomial
of order n and f € L?(R), then

(6.4)

Dt(hn(< w, f >)) = nhn_l( <w,f> )f(t).
Therefore, we obtain that if f, € L2(R™) then

Di(In(f)) = nln_1 (ful-1)). (6.5)

We conclude that the Hida—Malliavin derivative defined above coincides
with the Malliavin derivative defined in Chap.3 on the space Dy 5. See also
Appendix. To simplify the terminology, we also use the term Malliavin deriv-
ative in this setting.

Corollary 6.4. Let F' = (Fi,..., Fy,) with F; € D12 for all i = 1,...,m. Let
© € CY(R™), with ’é%ﬂ bounded for alli=1,....,m. Then ¢(F) € D15 and

N
Dyp(F) = Z 8;,0 (F)D:F,
i=1

It is useful to note how the Malliavin derivative can be expressed in terms
of the Wiener-It6 chaos expansion (see Theorem 5.2). To this aim observe
that from (5.7) and the chain rule (6.3) we have

(6.6)

DiH, = Z I o, (65) kB, -1 (O )en(t Z@kek Hy—ewr. (6.7

k=1 j#k
More generally, we have the following definition.

Definition 6.5. If F' =) ;caH, € (S)*, we define DiF' as the Malliavin
derivative of F' at t in (S)* the following expansion:

D,F = Z anakek(t)Ha_Euc) (6.8)

acJ k=1

whenever this sum converges in (S)*. We denote Dom(Dy) the set of all F €
(8)* for which the above series converges in (S)*.
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Remark 6.6. Note that L?(P) C Dom(D;) C (S)*. See Problem 6.1.
Lemma 6.7. Suppose F' € Dom(Dy) for a.a. t and ¢ € N. Then

(1)

1
DiF|?.dt <|F|*,, ¢>2¢+—.
P L O

(2) Suppose Fy € Dom(Dy) for a.a. t and for all N = 1,2,.... Suppose
Fy — F, N — oo, in (S)*. Then there exists a subsequence Fy,,
k=1,2,..., such that

DFy, — D\F, k — oo, in (8%), for a.a. t € R.
Proof (1) Suppose F' =3 caH,. Then by (6.8) we have

DF =3 % caonex(O)Ho_ 00 = D Y oo (Bt Dex(t)Hp = ) gs(t)Hp,

aceJ k=1 BeT k=1 Beg

where

gp(t) = Z Copetm (B + 1)ex(t).

k=1
Since F' € (S)*, there exists ¢ € N such that
|F||?, = Z c2al(2N) 79 < oo.
acJ
Note that

o0 2 o0
/ g5 (t)dt = / <ZCB+5(’<)(5k + 1)6k(t)) dt = Zcé+e(k)(6k +1)%
R R k=1 k=1
Therefore, using (z + 1)ze™* < 1 for all z > 0, we get

~/]R 1DF gt :/]R > g5(1)pI2N)Pat

Beg

=D > hram (B +1)BI(2N) "

BeT k=1

=37 3" (B + )18, (B + 1)(2k) i (2N) 200

BET k=1
3 (B
< Z Z C,%Jrak) (B, + €®)1(2N) 9B+
BeT k=1

<> EaleN) @ = |FI2,,
aceJ

which gives (1).
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(2) For the given F and Fn, N =1,2,..., we have
/R |D¢(Fn — F)||? ydt < ||[Fx — F||I>, — 0, N — o0,

by (1), if ¢ € N is large enough. Hence there exists a subsequence Fl,,
k=1,2,..., such that

|D¢(Fn, — F)|I?, — 0, k— oo, foraa teR. O

6.2 Calculus of the Hida—Malliavin Derivative
and Skorohod Integral

6.2.1 Wick Product vs. Ordinary Product

The Malliavin derivative can be used to obtain an explicit relation beween the
Wick product and the ordinary product in the case when one of the factors is
a first order chaos element. In fact the following result holds true.

Theorem 6.8. Suppose g € L*>(R) and F € Dy 5. Then

Fo /IR g(t)dW(t) = F /R g(t)dW (t) — /R g(t) D, Fat. (6.9)

Proof To ease the notation, let || - || = || - [[z2®) and (-,-) = (-,-)r2(w). For
y € R we define (5.62),

Gy = e {u [ oW} = exo{y [ aaw) - 5u7lol}

Choose F = exp® { [ f()dW (t)} = exp { [ F(£)dW (t) — || f[|?}, where f €
L?(R). Then

FoG, =exor { [ f0aw}oes {y [ ataw (o)
— e { [ [0 +ugt0]aw (0}
— e { [ [£0) + vo0]amw () - 31 + oI}
= e { [ f0awn} e { [ ataw (o} e { - (.0}

=FaG, eXp{ —y(f,g)}
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Now differentiating with respect to y, we get

d

d—y(FoGy) = Fo(Gyo /]R g(t)dw (t)) (6.10)

and

d

@(F Gy exp{—y(f,9)})

= PG, [ [ o0aw) exo{ ~u(1.9)} - (f.0)exo{ = o1}
(6.11)
Comparing (6.10) and (6.11) we get

Fo(Gyo / g(OAW (1)) = FGyexp { — y(f,0)}[ / oAV (1) — (£,9)]-

In particular, putting y = 0 we get

Fo /]R gDV () = F /]R g(BdW () — F /R FO)g(t)dt

=F /IR g(t)dW () — /R g(t)D,Fat.

This proves the result if F' = exp®{ [, f(t)dW (t)} for some f € L*(R). Since
linear combinations of such F’s are dense in Dy o, the result follows by an
approximation argument. O

Ezample 6.9. Choose F = [, f(t)dW (t) with f € L*(R). Then (6.9) gives

([rwaww)e( [ smave) = ( [ roave)( [ swave)

- /Rf(t)g(t)dt, (6.12)

which is in agreement with (5.57).

Remark 6.10. A general formula for the relation between Wick products and
ordinary products can be found in [108].
6.2.2 Closability of the Hida—Malliavin Derivative

We now apply Theorem 6.8 to obtain the following useful result (see also
Lemma A.15).

Theorem 6.11. Integration by parts. Let G, X € Dy and v € L*(R).
Then

E[XD,G] =E[XG <w,y>] - E[G/ v(t) Dy X dt| (6.13)
R

where, as before, < w,y >= [, y(t)dW(t).
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Proof By the Girsanov theorem in [106, Corollary 2.10.4 (b)], we have
E[XG(w+¢ey)] = E[Gw) - (exp®{< w,ey >} 0 X)]

for all € > 0. Hence, by Theorem 6.8,

E[XD,G] = E[X lim Glw+ EZ_) - G(‘*’)}

[lim 1G(u)) ((exp°{< w,ey >} —1) <>X>]

e—0 ¢

E
=E[G(w) (<w,y>0X)]

E[G(<w,7>X—/fy(t)Dtht)]

R

=E[GX <w,y>] —E[G/v(t)Dtht]. O
R

From this we obtain the following important result.

Theorem 6.12. Closability of the Hida—Malliavin derivative. Suppose
G,Gn € D1y for N =1,2,... and that limy_.o, Gn = G in L*(P) and that
the sequence DGy, N = 1,2, ... converges in L*>(P x \) to some limit. Then

Proof We may assume that G = 0. For all X € D; » and all V we have

E[XD,Gy| = E[XGy <w,7 > | —E[GN/

WD Xt
R

by Theorem 6.11. Hence,
E[X/ DtGN'Y(t)dt} = E[XD,YGN] — 0, N — oo.
R

Since this holds for all X € Dy 5 and all v € L*(R), we conclude that

lim DGy =0 weakly in L*(P x \).

N—o0

By assumption the sequence DGy, N = 1,2, ..., converges (strongly) in
L?(P x \). Hence, limy_... DGy = 0 (strongly) in L2(P x \). O

6.2.3 Wick Chain Rule

We now apply this to obtain some versions of the Wick chain rule for Malliavin
derivatives.
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Theorem 6.13. Wick chain rule.
(1) Let F,G € D15 and F oG € Dy 5. Then

Di(FoG)=FoD,G+D,FoG, teR.
(2) Let F € Dy 5 and F°" € Dy 5. Then
Dy(F°") =nF°" Yo D, F (n=1,2,..).
(8) Let F € Dy o be Malliavin differentiable and assume that
exp® F = i %FO" €D o.
n=0
Then

D;exp® F = exp® F ¢ D F.

Proof (1) By Theorem 6.12, it suffices to prove this in the case when

1
F=exp?(<w,f>) =ep(<w, [ > —5 [/ 3am)

and

1
G = exp®(< w,9>) = exp(< w,9 > — 5 l9llEaa):

where f,g € L*(R) are deterministic, <w, f> = [ f(s)dW(s), and <w, g> =
Jr 9(s)dW (s). In this case we have, by Theorem 6.3,

Dy(FoG)=Dy(exp®(<w, f>)oexp®(<w,g>))
=Dyexp®(<w, f+yg >)=Dt(exp {< w, f+g> —%Hf +9||%2(]R)})
1
=exp{ <w,f+g> —§||f + gl 72y} () +9(D))

= exp® (<w, f +g>) (f(t) + g(t)).
On the other hand, again by Theorem 6.3,

1
DiF oG+ FoDG=Di(exp{ <w,f> —§\|f||2Lz(R)})<>G
1
+FoDi(exp{ <w,g> —§||9||%2(R)})
1
=exp{<w,f> _§||f||2L?(R)}f(t)<>G

1
+Foexp{ <w,g> *§||g||%2(uz)}9(t)

= (FoG)(f(t) +g(t))
= exp®(<w, f+9>)(f(t) +9(1)).
This ends the proof of (1).
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(2) This part of the proof is left as an exercise, see Problem 6.2.
(3) By (2) we have

N N-—1
1 ony) __ 1 o(n—1) o
Dt(n;)mF )= 2 G 1)!F oDF — exp® FoD,F, N — oo.
So if we put
N > 1
— N _ on
Hy=3 G H= > LA
n=0 n=0
then

Jim Hy = H in L*(P)

and
Jim DHy = exp®G o DF in L2(P x \).

Hence D,H = exp® G o D, F, by Theorem 6.12. O

Ezample 6.14. Consider F = I,,(f) and G = I,,,(g), with f € L*([0,T]") and
g € L*([0,T]™). Then F ¢ G = I, m(f®g). So F oG € Dy 5.

6.2.4 Integration by Parts, Duality Formula,

and Skorohod Isometry

We end this section by establishing some fundamental properties of Skorohod
integrals.

Theorem 6.15. Integration by parts. Suppose u(t), 0 < t < T, is
Skorohod integrable and F € Dy 2. Suppose that

T
E[/ uz(t)(DtF)zdt] < . (6.14)
0
Then Fu(t), 0 <t <T, is Skorohod integrable and

/ " Puw () = F / () - / " ) Dyt (6.15)

Proof First assume that u(t), 0 <t < T, is a simple function, that is, it has
the form of a finite linear combination of the form u(t) = >, aix, 1,.,1(t);
0 <t < T, where a; € Dy for all ¢. Then by applying Theorem 6.8 twice
we get
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T
/ Fu(t)oW (t) = Z (Fai) o AW (t;)
0
= ZFalAW ti) Z/ +(Fai)d
_FZaAWt)—Z/ ¢ (Fa;)d
—F<Zaz<>AW +Z/ Diaidt) Z/ +(Fai)d

=F /0 w(t)SW (t) — /0 u(t) D, Ft.

Now approximate the general u by a sequence wu,, of simple functions in
Dom (8) C L*(Px)) converging to u in L?(Px\). We omit the details. O

Since Skorohod integrals have expectation null, we obtain the follow-
ing immediate consequence of Theorem 6.15. This result is an extension of
Corollary 4.4.

Corollary 6.16. Duality formula. Let F and u(t), 0 < t < T, be as in
Theorem 6.15. Then

E[F /0 ' u(t)éW(t)} = E[ /0 Tu(t)Dtht]. (6.16)

The following result gives an expression for the L?(P)-norm of a Skorohod
integral in terms of Malliavin derivatives. This is often more useful than the
isometry given in (2.4).

Theorem 6.17. Isometry for Skorohod integrals. Let u be a measurable
process such that u(s) € Dy o for a.a. s and

E[/OT u?(t)dt+/OT /()T|Dtu(s)psu(t)dsdt] < .

Then w is Skorohod integrable and

5[( [ “uw )] - 5| /

Proof First assume that u satisfies, in addition to the hypothesis given in
the statement, also the conditions of Theorem 3.18 and Theorem 6.15. Then,
with F' = fo (5)dW (s), we have

Tu2(t)dt + /T /T Dtu(s)Dsu(t)det]
v (6.17)



6.3 Conditional Expectation on (S)* 95
E[(/Tu(t)awu))z} - E{F/Tu(t)(SW(t)}
’ T
- B /O u(t)Dtht}

_ E /0 ’ u(t) [u(t) + /0 ' Dtu(s)(SW(s)}dt]

_ T T T
_E / W2 (1)dt + / Dyu(s) Dyu(t)dsdt].
-J0 0 0

where we have used Theorem 6.15 and Theorem 3.18, correspondingly. The
general case follows by an approximation argument. O

Remark 6.18. Let u be as in Theorem 6.17 and assume that, in addition, u is
F-adapted. Then, by Corollary 3.13 (2)

Dyu(s) =0, t>s,
and therefore
Dyu(s)Dsu(t) =0, a.a. (s,t) € [0,T] x [0,T].

Thus the isometry (6.17) reduces to
T

EK/OT u(t)éW(t))Q} :E[/O uz(t)dt].

This, as expected, is the classical isometry for It stochastic integrals. Recall in
fact that, in the case of F-adapted integrands, the Skorohod integral coincides
with the It6 integral, see Theorem 2.9.

6.3 Conditional Expectation on (S)*

It is natural to try to extend the concept of conditional expectation to (S)*
as follows.

Definition 6.19. If F =}, caHo € (S)" and t > 0, we define the (gen-
eralized) conditional expectation E[F|F;] of F with respect to Fy by

E[F|F,] =) caE[Ha|F] (6.18)
acJ

when convergent in (S)*.
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Note that if F = I,,(e®*) (cf. (5.14)) then

E[F|F] = L[e®* (@) xjo  (max;)]

1LY ([ ) () dy) e a)]
|B|Z_n /O
=I[ Y g5 (x)]

|B|=n

= Z CLaﬂHg,

|Bl=n

where .
aaﬁ:/ e®% ()e®P (y)dy.
0

In particular,

Z aiﬂ <1.

|Bl=n
Therefore,

3 Bla2 5 = |E[FIF)2p) = o (6.19)
18]=n

However, it is not clear from this if E[F|F;] € (S)* for all F € (S)*. But we
do have the following result.

Lemma 6.20. Suppose that F, G, E[F|F], and E[G|F;] belong to (S)*, then
E[F o G|F:] = E[F|F:] ¢ E[G|F]. (6.20)

Proof We may assume without loss of generality that F' = I,,(f,) and G =
L (gm) for some f,, € L*(R") and g,,, € L*(R™). Then

E[F ¢ G|Fi] = E[In(fn) © Im(gm)|Ft]
= E[In-&-m(fn@gm)u:t}
= n-‘rm(fn@gm(wl, ey Ty Y1y oeey ym)X[O,t] (H;%X{x’“ y.]}))
= In(fn(z1, ., Tn)X[0, (m?X 7))o Im(gm (Y1, - Ym)X[0,4] (mjax Yi))

= E[F|F]cE[G|F]. O

Corollary 6.21. Let F,G be as in Lemma 6.20 and assume in addition that
F,G € LY(P). Then
E|F oG] = E[F] - E[G]. (6.21)

Proof Set t =0 in Lemma 6.20. O
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Corollary 6.22. Let F' € (S)* and suppose that
exp® I = i iFO" e (8"
b= — nl

and also E[F|F] € (S)* and exp® E[F|F;] € (S)*. Then
Elexp® F|F;] = exp®{E[F|F]}. (6.22)
In particular, if, in addition, F € L*(P), we have
Elexp® F| = exp{ E[F]}. (6.23)

Proof By Lemma 6.20 we have
1
Blexp® FIF] = B[Y —F*"|]
o0 1 R
= Z — E[F|F]" = exp®{ E[F|F]}. O

The conditional expectation of white noise has a particularly simple form.

Lemma 6.23.

E[W ()| 5] = W(s)xj0.4(5)- (6.24)
Proof Consider

Mg

E[W(s)|F)] = B[} ei(s)H

]

1

oo
ez( ) Il 67, |]:t Zez Il elXOt])
i=1

M

1

.
Il

p"qg

ei() (D (eixqo i)z myes)
j=1

©
Il
<

tqu

[Z(eiX[o - )2 meils)] i (e;)

Jj=1

[ (eixo.- € r2mei(s)] T le;)

i=1

tqu

<.
Il
—

ej(s)X[o,t](S)Il(ej) = W(S)X[o,t] (s)- o

<
Il
—

o

We apply this to prove the following useful result.
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Theorem 6.24. Suppose Y (s), s€R, is Skorohod integrable and E[Y (s)|Fi] €
(S)* for all s € R. Then

/ Y (5)0W ()| ] = / B (5)| W (s). (6.25)
Proof By Theorem 5.20, Lemma 6.20, and Lemma 6.23 we have
B[ YW IF] = B[ Y(s) 0 W (sl
[ B @)L B (5) s

= [ B @I o Ws)xp(s)ds
/ E[Y(s)|FJoW(s). O
Corollary 6.25. Let Y (s), s € R, be as in Theorem 6.24. Then

B /t Y (5)oW(s)|F] = 0. (6.26)

6.4 Conditional Expectation on G*

If we restrict ourselves to G* (see Sect.5.3.3), the conditional expectation
operator is easier to handle. First, it can be defined as follows.

Definition 6.26. Let F = > " I,(f,) € G*. Then

E[F|F] = Z L(faX(o,n) (6.27)
Note that
IEIF|1Fdllgy < [IFllex  AeR. (6.28)
In particular,
E[F|F] € G®, foralFegr. (6.29)

Therefore, the results stated above for (S)* have simpler formulations when
restricted to G*.

Lemma 6.27. Suppose F,G € G*. Then
E[F o G|F] = E|F|F] ¢ E[G|F].
Lemma 6.28. Suppose F' € G* and exp® F' € G*. Then

Elexp® F|F;] = exp® E[F|F].
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From now on we use the following notation. Let ey, es,... be the Hermite
functions and set

Xi=Xi(w) =< w,e; >:= / ei(s)dW(s), i=12,.., (6.30)
R
and .
XM = xD(w) = / ei(s)dW(s), i=1,2,.., (6.31)
0
and
X = (X1, Xs,...),  XO=(x" x{ ). (6.32)
Then

X = XMoo X0 = H,
if o = (ag,....,am) € J.

Note that we can restate (6.27) in Definition 6.26 as follows: let F =
Y aeg CaX®* € G*. Then

E[F|F] = Z Ca (X D)
acJ
In fact, we have E[X;|F;] = Xi(t)'

Definition 6.29. Let T" > 0 be constant. We say that F € G* is Fp-
measurable if
E[F|Fr] = F.

Then the above arguments yield the following result.

Corollary 6.30. The element F' € G* is Fp-measurable if and only if I can

be written as
oY a(xO)
aed
(convergence in G*) for some real numbers ¢, o € J.

6.5 A Generalized Clark—Ocone Theorem

A drawback with the classical Clark—-Ocone theorem (Theorem 4.1) is that it
requires ' € Dy 5. For several reasons it is of interest to extend the Clark—
Ocone theorem to F € L?(P). Mathematically this is natural because the
It representation theorem is indeed valid for all F € L?(P). Moreover, in
financial applications it is important to be able to deal with claims that are
not necessarily in Iy 2, such as binary options of the form

F= X[K,oo)(W(T))v (K > 0 constant).

To obtain such a generalization, we apply the white noise machinery devel-
oped in the previous sections. This was first done in the paper [2] and our
presentation is based on that paper. We first establish some auxiliary results.
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Lemma 6.31. Let P(x) = ) cax® be a polynomial in x = (x1,...,x,) € R™.
Let X = (X1,...,Xp) be as in (6.27)(6.29). Then

" oP

DP(X) =Y o (Xi e XaJei() = Y cad a: X ei(t)  (6.33)
=1 v a i
and
o . OP\° o(a—e(i))
DP(X) =Y <8x-> (X1 Xn)ei(t) = > ca > X ei(t).
i=1 v a i

(6.34)

Proof These statements (6.33) and (6.34) are just reformulations of the chain
rules in Theorem 6.3 and Theorem 6.13. O

Lemma 6.32. Chain rule. Let P(x)=) cox® be a polynomial in
xz=(x1, ..., xy)ER™. Consider X(t):(Xft), ...,Xff)), t>0, with Xi(t), i=1,...,n,
as defined in (6.31). Then

n

%PO(X“)) == (SZ)O(X“)) ce; (W) in (S)*. (6.35)

Jj=t
Proof By Problem 5.7 we have

%/0 e;(s)dW (s) = e;(t)W(t).

Hence, the result follows by the Wick chain rule (Theorem 6.13). O

We can now prove a preliminary version of the extended Clark—Ocone
formula.

Lemma 6.33. The Clark—Ocone formula for polynomials. Let F' € G*
be Fr-measurable and assume that

F = P°(X)

for some polynomial P(x) =Y  cox®, where X = (X1,..., X,,) is as in (6.30)
and (6.32). Then F = P°(X")) and

T
F = E[F) +/ E[D,F|F,)dW (t).
0

Proof Since F is Fp-measurable, we have

F = E[F|Fr] = P°*(E[X|Fr]) = P°(XT).
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Moreover, we have

/OTE[DtF|}}]dW(t) - /OTE[Z (gj;)o(X)ej(tﬂft} AW ()

=F — P°0)=F — E[F],
using Lemma 6.31, Lemma 6.20, and Lemma 6.32. O

We proceed to extend this result to L?(P). To this aim, the following
lemma is crucial.

Lemma 6.34. Let F' € G*. Then we have
(1) The estimate

/R IDFIE, dt < P2 (6.36)

holds for all ¢ € N,
(2) DiF € G*, for a.a. t > 0,
(3) Suppose Fy € G*, N =1,2,..., and

Fy —F, N —oo, inG".
Then there exists a subsequence Fy,, k=1,2,..., such that
D:Fn, — DF, k—oo, inG*, foraat>0
and
E[D,Fn,|Fi]| — E[D.F|F], k — oo, in G* for a.a. t.
Proof (1) Let F' =) c;caly. Then by (6.7) we have

DtF = Z Co Zaiei(t)Ha,Eu)

acJ =1

= Z (icﬂ+€(i>(ﬁi + 1)€i(t))Hﬁ

peg i=1

= gs(t)H,

BeJ
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where

)= copen (B; + Des(t).

i=1
Since F' € G*, there exists ¢ < oo such that

oo
2 N 2 —2q|a| __ 2 —2gn
IFllg_, = g Zale™2lol = E E c.ale < 00,
aced n=0 |a|=n

see (5.55). We can now prove that

IDEIE , =Y gat)Ble >l <00, for aa. t.
e

In fact, note that

oo 2 oo
/Rg?;(t)dt = /R (; Caren (B; + 1)€i(t)> dt = ; C%+g(i) (8; + 1)

Therefore, using that (x 4+ 1)e™* <1 for all > 0,

Z (/ ( )dt)ﬂ'e (a+D1)1Bl = Z (icéJre(i)(ﬂi+1)2>6!€72(q+1)|g|

Bed peg i=1

<> (81+1) *““”‘"Z Gt (B4 V)]
BeJ

Y B Y 2
BeJg acJ: |al=|B]+1
00

3 S et
n=0 |a|=n+1

<e*||F|g_, < oo.

This proves

[l a < e
(2) From the estimate in (1), we have that

DiF € G_q_1 CG*, foraa.t.
(3)  We may assume that F' = 0. By (1) we get that

|IDiFnllg., ., — 0, N —oo, inL*(R).
So there exists a subsequence ||D;Fy, |lg_,_,, k = 1,2, ..., such that
DiFn, — 0, k—o0, inG* aa.t

This proves the first part of (3). The same argument combined with (6.28)
yields the second part of (3). O
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The following theorem was first proved in [2].

Theorem 6.35. The Clark—Ocone theorem for L?(P). Let F € L*(P)
be Fr-measurable. Then the process

(t, (.t)) E— E [DtF|.7:t} (w)

is an element of L*(P x \) and
T
F = E[F] +/ E[D.F|F)dW (1), (6.37)
0

where D F' is the Malliavin derivative of F in G*.
Proof Let =3 . 7 CaH o be the chaos expansion of F' and put

Fy = Z caH,.

acJN

Here v = {a € J : |af < N, l(a) < N}, where l(a) = max{i : «; # 0} is
the length of a. Then, by Lemma 6.33 we have

By = BE] + [ EDENIFW )

for all N. By the Ito6 representation theorem we know that there exists a
unique F-adapted process u = u(t), t € [0,T], such that

E[/OTUZ(t)dt} < 00

F—E[F]+ / "t (). (6.38)
0

and

Since Fy — F, N — oo, in L?(P), we get
T

E[/ (E[DtFN\]-}]—u(t))th} = E[(Fy—F—E[Fy]+E[F])?] —0, N—.
0

Therefore,

E[DFN|F] — u, N —oo, inL*(Px\). (6.39)
On the other hand, by Lemma 6.34 (3),

E|DFy,|F;] — E[DF|F;], k—oo, inG* (6.40)

for some subsequence Fy, , k = 1,2,.... Combining (6.39) and (6.40) we con-
clude that
u(t) = E[D,F|F] P—a.e.

for a.a. t. Hence (6.37) follows from (6.38). O
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We now extend this even further to a Clark—Ocone theorem for G*. To this
end, we first prove some auxiliary results.

Lemma 6.36. Let G € G_, C (S)* for some ¢ € N and put

2q
log2’

q:

Let f € (S). Then
| <G f>1<Gllg_,lIflla

where || - ||4 is the (8)g-norm defined in (5.17), and < G, f > is the action of
Ge (S)" on fe(S).

Proof Suppose G =) . ;anH, and f = Zﬁej bgHg. Then

| <G f>=)_ aabac!]

aceJ

=] i Z apba |

m:ola‘:m

Sz (g
(3 (T o) (5 X )
= Gllo_, ( 3 t2as(erie) "

aeJ

=Gllg_,lflg- O

Lemma 6.37. Let f € (S) and let G(t) € G* for allt € R. Choose ¢ € N and
put

. 2q

= log2’

Then 12
[1<cweiw.f > <\rla( [ 160N )"

R R

where || f|l24 is the (S)ag-norm defined in (5.17).
Proof Suppose G(t) =3 7 aa(t)Ho and f =35 ;bgHg. Then

G(t) <>V.V(t),f >=< Zaa(t)ek(t)Ha+g(k)7 Z bpHp >
a,k

peg
- Z o (t)er(t)bgpem (o + €M)
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Hence

/R| <G oW (), f>ldt <Y b ol +1) /IR laa (t)er (t)|dt

a,k

1/2
<> |ba+6<k)|(/Ra§(t)dt) ol(ap +1)
a,k

o™ 12
< (Zbi+e<k> (a + e)1(2N)2a(a+ ))
a,k

(Z (/R ag, (t)dt) a!(ak+1)(2N)—2é<a+e<’“>>)

a,k

< [ fll2q (Z (/Rai(t)dt)a!(ak+1)e—4Q(0‘k+1))1/2

a,k
1/2
<l ([ IGE0N0G ) "

Lemma 6.38. Suppose F', F, N=1,2, ..., are elements of G* and Fy—F,
N — o0, in G*. Then

1/2

T L] T L]
Jim E[DFy|F] o W(t)dt = / E[DiF|F;] o W(t)dt,
—Jo 0
where the convergence is in (S)*.

Proof Note that since

JIEDFIF]E, de< [ 1DFI
R R
<e M|F|g

—q

by (6.36), we have that
/ | < E[DF|F] o W(t), f>|dt < o0
R

by Lemma 6.37. Therefore, E[D,F|F,] o V.V(t) is integrable in (S)* and sim-

ilarly with E[D,Fn|F;] ¢ VE/(t) for all N (see Definition 5.18). Moreover, by
Lemma 6.37 and (6.36),

T L] T L]
\</ E[DtFN\}}]oW(t)dt—/ E[DyF|F,] o W(t)dt, f > |
0 0

) 1/2
< fll2q( [ IE[DU(FN — F)IF]IE_, dt)
R
< | fll2ge?|Fny = Fllg_ppy — 0, N — o0,

if geN is large enough. Since this holds for all f€(S), the result follows. O
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We now have all the ingredients for the proof of the second main theorem
of this section, which was first proved in [2].

Theorem 6.39. The Clark—Ocone theorem for G*. Let FF € G*
be Fr-measurable. Then D.F € G* and E[D:F|F;] € G* for a.a. t,

E[D/F|F] <>V.V(t), t € [0,T], is integrable in (S)* and
T ()
F = E[F] + / E[DF|F] o W(t)dt,
0

where E[F] = E[F|Fy] is the generalized expectation of F (see Defini-
tion 5.6) (a).

Proof If F' =3 c;aaHq,, define Fiy = ZaeJN aoH,, as in the proof of
Theorem 6.35. Then by Lemma 6.33 we have

T
Fy = E[Fy] +/ E[D,Fx|F,] o W(t)dt,
0

for all N. Since Fy — F, N — o0, in G* we have
P~ i
T L[]
=E[F] + Jim E[DFy|F| o W(t)dt
— 00 0

—E[F] + /OT E[D,F|F] o W(t)dt,

by Lemma 6.38. O
Ezample 6.40. The digital option. Let us return to the payoff

F' = X{j,00) (W(T))

of a digital option, mentioned in the beginning of this section. By combining
the Clark—Ocone theorem for L?(P) (see Theorem 6.35) with results from
Chap. 7 about the Donsker delta function, we obtain the representation
T (K —W(t))?
Xikoe) (W (T))=P{W(T) > K}+/O T P ( e )dW(t).
(6.41)
See Problem 7.1 for details. See also Corollary 7.13.

To end this section we present the analog of Theorem 4.5 in the white
noise setting. Using white noise techniques the Clark—Ocone formula under
change of measure as presented in Theorem 4.5 can be extended to square
integrable random variables that are not necessarily Malliavin differentiable.
As indicated earlier, where we derived a generalized Clark—Ocone theorem
(Theorem 6.35) under the original measure, such a representation is especially
convenient when it comes to finding portfolio strategies of payoff functions
that are not Malliavin differentiable.
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Theorem 6.41. The generalized Clark—Ocone formula under change
of measure. Let Q(dw) = Z(w,T)P(dw) be the change of measure as
given in (4.3) such that Z(t), 0 < t < T, is a P-martingale. Require that
F € L*(P) N L*(Q) is a Fr-measurable random variable. Denote by D; the
(Hida—) Malliavin derivative on the space of generalized random variables G*.
Further, suppose that u(t), t € [0,T], is a square integrable F-adapted mea-
surable process satisfying the following conditions:

(1) fOT Dy (u(s))dW (s) exists in the sense of Definition 5.22 and is contained
m G* forall 0<t<T

(2) Z(T)F € L*(P)
Then

F = Eq[F] + /OT Eo [DtF _F /tT Dyu(s)dW (s)|F, | dW (2),

where W(t) =W(t)+ fot u(s)ds is a Brownian motion under measure Q.

Proof The proof is based on white noise techniques as developed in Sect. 6.5
and can be found in [183]. O

6.6 Exercises

Problem 6.1. Prove L?(P) C Dom(D;) C (S)*. See Remark 6.6.

Problem 6.2. The Wick chain rule. Let F' be Malliavin differentiable and
let n € N. Show that

Dy(F°™) = nF°"=Y & D,F.

Problem 6.3. Verify that if g € L?(R), n € N, then
T T T
W (T) o / g1 (1) = W™ (T) / G(OW (1) — nW=1(T) / o(t)dt.
0 0 0

Problem 6.4. (*) Show that the singular noise W does not belong to the
domain of the Hida-Malliavin derivative as given in (6.8).

Problem 6.5. Generalized Bayes formula. Let Q(dw) = Z(T)P(dw),
where Z(t),0 < t < T, is the Doleans—Dade exponential in (4.4). Further,
let G € G* and assume that Z(T)G belongs to G*. Show that the following
generalized Bayes formula holds:

EqlZ(T)G | H]
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Problem 6.6. Consider the digital option with payoff given by
F = Xk 00) (W(T)).

Use Theorem 6.41 and relation 6.41 to derive a replicating hedging strategy
for this option in the case of the Black—Scholes market of Example 4.10. [Hint.
Employ the arguments of Sect. 4.3 and Problem 6.5.]



7

The Donsker Delta Function and Applications

In this chapter we use white noise calculus to define the Donsker delta function
of a Brownian motion. The Donsker delta function of a Brownian motion can
be considered the time derivative of local time of a Brownian motion on a
distribution space. We aim at employing this concept to determine explicit
formulae for replicating portfolios in a Black—Scholes market for a class of
contingent claims.

7.1 Motivation: An Application of the Donsker Delta
Function to Hedging

As a motivation we start by considering the following problem from mathe-
matical finance. Fix T" > 0 and consider the following financial market with
two securities:

e A risk-free asset (e.g., a bank account), where the price Sy(¢), ¢t € [0, T,
per unit at time ¢ is given by the differential equation

dSo(t) = p(t)So(t)dt, So(0) = 1. (7.1)

o A risky asset (e.g. a stock), where the price Si(t), t € [0,7T], per unit at
time ¢ is given by the stochastic differential equation

dS1(t) = u(t)S1(t)dt + o(t)Sy (H)dW (), S1(0) > 0 constant.  (7.2)

Here p(t), p(t), and o(t), t € [0,T7], are given deterministic functions with the
property that

/0 (Ip(s)] + |u(s)| + 0%(s)) ds < o.

For simplicity, we assume that o is bounded away from zero. This market was
discussed in Sect. 4.3. For convenience of the reader we repeat the arguments
here.

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 109
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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Since this simple generalization of the Black—Scholes market is complete, it
is well known that any claim F' can be hedged, that is, there exists a replicating
(self-financing) portfolio for F.

The problem we study is as follows:

e How do we find explicitly such a replicating portfolio for F'?

We want to describe this more in detail: Let (0o(¢),601(¢)), t € [0,T], be a
portfolio. Then the value V (t) of this portfolio at time ¢ is defined by

V(t) = Bo(1)So(t) + 01 ()51 (1). (7.3)
The portfolio is called self-financing if
dV(t) = eo(t)dS()(t) + el(t)d;gl (t) (74)

This means that no external funds are added to the portfolio and that no
funds are extracted from the portfolio as time evolves. We consider only self-
financing portfolios. From (7.3) we get

_ V(@) - 605 (1)
Oo(t) = Solt) . (7.5)
Substituting this in (7.4) and using (7.1) and (7.2), we get
_ dSo(t)
av(n) = (V1) - 60t >) s O 0ds0
— OV ()t + 02 ()51 (8) (u(1) — pl8)) i+ (D)W (1)).
Since o(t) # 0 for a.a. ¢, this can be written
AV (t) = p(t)V (t)dt + o (t)0:1(t)S1(t)(a(t)dt + dW (1)), (7.6)
where () — p(t)
pu(t) —p
Multiplying (7.6) by the integrating factor e~ Jo P()ds | e get

d (e— Js P<S>dSV(t)) = = [ P55 (1)9, (1)1 () (a(t)dt + dW (1)).
Hence
t T t
e~ do PSSy (T = v (0)+ / e~ Jo P 510 (1)51 (8) (a(t)dt+dW (1)) (7.8)
0
Now suppose that F' is a given European contingent T-claim, that is, F' is a

given Fp-measurable, lower bounded random variable. To hedge such a claim
means to find a constant V(0) and a self-financing portfolio (0y(t), 01(¢)),
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t € [0,T], such that the corresponding value process V (t), ¢ € [0, T], starts up
with value V(0) for ¢t = 0 and ends up with the value

V(T')=F P-a.s. (7.9)

at time 7. The amount V(0) is then the market value of F' at time 0. We
also require that the process V(t), 0 <t < T, is (w, t)-a.s. lower bounded. By
(7.8) combined with (7.5) we see that it suffices to find V(0) and a process
u(t) such that

e~ Jo P& — v (0) + / T u(t)(a(t)dt + dW (1)) (7.10)

P (/0 u?(s)ds < oo) =P </0 lu(s)a(s)|ds < oo> =1,

such that fg u(s,w)(a(s)ds +dW(s)), 0 <t < T, is lower bounded. If such a
process is found, we put

01(t) = elo P55 (1) =18, () ()

and

and solve for 6 () using (7.5). It is well known and easy to see by the Girsanov
theorem that if « is such that

T
/ a?(s)ds < oo P-a.s.,
0
and satisfies the Novikov condition, then V(0) is unique and given by
V(0) = Eg [e* I P<8>d5F} (7.11)

(provided this quantity is finite), where E¢g denotes the expectation with
respect to the measure ) defined on Fr by

dQ = exp{ - /OT a(s)dW(s) — ;/OT a2(s)ds}dP, (7.12)

so that

W(t) = / ' a(s)ds + W) (7.13)
is a Brownian motion with respect too Q. To find u(t), there are several known
methods:

(a) If the claim F is of Markovian type, that is,

F = h(5:(T)),

for some (deterministic) function h : R — R, then u(¢) can (in principle)
be found by solving a deterministic boundary value problem for a par-
abolic partial differential equation. See Sect. 4.4 for details. See also, for
example, [39, 73, 163].
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(b) For some not necessarily Markovian type claims F' one can (in principle)
apply the generalized Clark—Ocone theorem see Theorem 4.5 to express
u(t) as

ult) = Eq [DiF| 7 (7.14)

for the Malliavin derivative D;. See Sect.4.3, in the case of a European

call option. The problems with this formula are the following:

e It is in general difficult to compute conditional expectations

e The classical Malliavin derivative D;F' exists only under additional
restrictions on F, that is, F' € D; 3, see Problem 7.3. In the previous
chapter we solved this difficulty by extending the Clark—Ocone formula
to L?(P) and even G* (see Theorem 6.35 and Theorem 6.39).

The purpose of this chapter is to give an alternative approach based on
white noise calculus and the Donsker delta function. In particular, we deal
with claims of the type

F= f(Y(T)),

where
Y(t):/o w(s)ds—i-/o S(s)AW(s), 0<t<T.

See Theorem 7.23 and Corollary 7.24 together with the remarks following the
corollary. Although the question of hedging posed at the beginning of the
chapter could also be solved by method (a) and method (b), it is conceivable
that the white noise approach can cover some cases that are not well adapted
to Methods (a) and (b). Moreover, it may give new insights. See (7.36) and
the corresponding remark. The following presentation is based on [2, 3].

7.2 The Donsker Delta Function

The Donsker delta function is a generalized white noise functional, which has
been treated in several papers within white noise analysis (see, e.g., [99, 139,
138] and also [101] and the references therein). For completeness we give an
independent presentation here.

Definition 7.1. Let Y : 2 — R be a random variable, which also belongs to
the Hida distribution space (S)*. Then a continuous function

oy () : R —(5)"
1s called Donsker delta function of Y if it has the property that

/R 9(0)8y W)y = g(¥) a.e. (7.15)

for all (measurable) g : R — R such that the integral on the left-hand side
converges.
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Proposition 7.2. Suppose Y is a normally distributed random variable with
mean m and variance v > 0 (on our white noise space). Then dy is unique
and is given by the expression

(y—Y)*

Sy (y) = 50

1 o { } x
ex — €(S)". 7.16
= () (7.10
Proof Let Gy (y) denote the right-hand side of (7.16). It follows from the
characterization theorem for (S)* (see Theorem 5.10 and Theorem 5.12) that

Gy (y) € (S)* for all y and that y — Gy (y) is continuous for y € R. We
verify that Gy satisfies (7.15), that is, that

/R 9(0)Cy (y)dy = g(¥) ace. (7.17)

First, let us assume that g has the form
g(y) = ™ for some \ € C. (7.18)

Then by taking the Hermite transform of the left-hand side of (7.17), we get
w( [ a6y i) = [ stwm Gy )

. (-7)

1
W epd - ) Vg (719
R 2T Xp{ 20 } Y ( )

where Y = Y(z) is the Hermite transform of ¥ at z = (z1,2,...) € CV.
See Sect. 5.3 for an introduction to Hermite transforms. The expression (7.19)
may be regarded as the expectation of e where Z is a normally distributed
random variable with mean Y and variance v. Now set Z =Y —m —Y is such
a random variable. Hence (7.19) can be written as E [e/\(y_m_y)} , which by
the well known formula for the characteristic function of a normal random
variable is equal to exp {)\Y + %/\211} . We conclude that

H (/Rg(y)Gy(y)dy) = exp {Af’ + ;/\QU}

= H (exp<> {AY + ;A2v}>
=M (exp {\Y}) = H(g(Y)).

This proves that (7.17) holds for functions g given by (7.18). Therefore, (7.17)
also holds for linear combinations of such functions. By a well known density
argument, (7.17) holds for all g such that the integral in (7.15) converges.
Uniqueness follows easily from (7.15). O
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Lemma 7.3. Let ¢ : [0,T] — R, ¢: [0,7] — R be deterministic functions

such that fOT [¥(s)|ds < oo and ||¢||L2([0T) = fo s)ds < oo. Define
Y(t) = / P(s)ds +/ P(s)dW(s), 0<t<T. (7.20)
0 0
Then
of  (y=Y(T)*
exp®{ — s
s 122 o,
y? S SN e 40)
=expy ———5—— ¢+ [ exp®q — ——pt
h { 2 ||¢|iZ([O,T])} /0 ) { 2 ||¢|i?([o,T])}
N SO (w(t) + gb(t)V.V(t)) dt, (7.21)
18122 j0,7))

where W denotes the white noise of W (5.21).

Proof This follows directly from some fundamental results on Wick calculus
(see Problem 5.7) plus the chain rule in (S)* (see Proposition 5.14). O

We are coming to the first main result in this section:

Theorem 7.4. Let ¢ : [0,T] — R, : [0,T] — R be deterministic functions
such that

T T
0< H¢||2Lz([o7;r]) :/0 #*(s)ds < oo and 0< /0 a?(s)ds < oo, (7.22)

Define
/(;5 )dW (s /¢> s)ds,0 <t <T. (7.23)
Let f: R — R be bounded. Then

FY(T)) = V(0) + /O Tu(t) o (a(t) n V.V(t)) dt, (7.24)
where i
R e i
and
u(t)
=YWy, 1=YW

(t)'/—expo _
R V2T [l 22 (j0,7)) { 2 ||¢H22([07T]) H¢||2Lz([o,T])
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Proof The proof is a consequence of Proposition 7.2 and Lemma 7.3 for

P(s) = d(s)a(s). O

In view of applications of Theorem 7.4 we need the following two results:

Proposition 7.5. Let ¢ € L*(R) with [l L2®) = 1. Suppose that
X =3 apuw()* € (8),
k=0

where w(¢) = [, ¢(s)dW (s) (see (5.2)). Define f(z) = Y32 arz" for z € C.
Assume that y — f(x+1y) is integrable with respect to the measure e_yz/2dy
on R for all x € R. Set

F@) = [ S+ e \;i_2y_7r

Further require that V := F(w(¢)) € L*(P). Then X =V P-a.e., that is,

N dy
X = T+ 1y)e vi/2 29 P-a.e. 7.27
[ s+ imer o (7.27)

Proof For a proof of this result the reader is referred to Sect.4.1 of [87]. O

Proposition 7.6. Let p(x) = ax® + bx + ¢, where a,b,c are real constants.
Let ) be as in (7.20) and suppose that 2 |a| th”iz(m < 1. Define

y = / B(5)dW (5).
R
Then
exp® {aYO2 +0Y + c}

- K;lexp{Kf <aY2 +bY +c+ ., (7.28)

(4ac —b?) ||¢|i2(R)> }
2

where the constant K is defined by

Ky = /14 2a[9]| 7). (7.29)

Proof We want to expand the Wick product along a base with ¢ :=
U/ [¥]l 2wy as its first base element. Note that Y = |[¢]| 2z, w(¢). Adopting
the notation of Proposition 7.5 let us consider

£(2) = exp {a |12 #* + b 1Yl oy 2 + -
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Choose z € R. Then
2
- ; Yy dy
/]Rf(a7+ly)6XP{ 2}\/%
:/exp {allliem) (° = v* + 2iy) +b16] aqg) (o + i) + ¢}
R
2
—y° 1 dy
Xexp{ 2 }\/ﬂ
= [ expiall¥|Fam z° + Y] T+c
/R { L2(r) L2(R) }

exp {i (200162 ) + ) 19l 2y — (5 + a1y ) °}

U
[\
2

= exp {allvlF gz 2 + b1l oy + c}

TiroaloBom TLT 2+ 4a V12
allYllze(w) L2(R)

In the aforementioned calculation, we employed the well-known formula

2 2
' (2eallll ey +) " 16132y )

1 . 200, 1 a?
ﬁ/Rexp{mt—ﬁ t }dt— mexp{ — E}
The latter implies that
Vs F(w(®)) = exp {a ]2 w(6)? + bl 1o g w(6) + }

Ll (20000) 9128 +b) 1913200 \

’ 2
\/1+2a||1/f||i2(1@) 2+ da ¥l zam)

1

—— exp {a [[¢]] 72 my w(9)? + b1 sy w0

V14 2a )72 g
e { - 202 ([} 2y w()2 + 2ab [}y w() + 107 9] 72 }
1+ 20 |9} gy '

¢) +c}

So
1

2
V14 2a (Y72 m

{GWHLQ w($)? + 20 ||| 72 sy w( )2+b||¢|L2(1R)w(¢)}
1+ 2a 972 g,

V:

- exp
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QGbHT/J“imR)U’(@ +C+2‘10||¢H%2(1R)
o el
14 2a |92
2 2 2
20° |92y w(9)? — 2ab ¥ 72y w(9) — 507 ¥ 12 s }

- exp 5
14 2a |92

Hence

V =

L Qz+2a2|wniqk)za2)u¢§%R)u4¢>z}

\/m 1 +2&||7/1||2L2(R)
(b-+ 200 01132y — 200 160 gy ) 12y 0 (9)
'eXp{ 1+ 2a [[]|72 g }
. { ¢+ (2ac — %52)2||¢||2L2(1R) }
1+ 2a |97

Since w(¢) is Gaussian, we see that V € L?(P). Thus, relation (7.28) follows
from Proposition 7.5. O

Corollary 7.7. Retain the conditions of the previous proposition. Then
exp® {a(y—Y)oz} = Kq;l exp {aKJ2 (y—Y)Q}. (7.30)

Proof Just note that b> — 4ac = 0 in this case. O

Corollary 7.8. Let ¢(t),Y (t) be as in Theorem 7.4. Assume that

T
|wmmmn=/‘w@w>o
t

fort <T. Then

1 o (y — V(1) 1 (y—Y(t)?

— e = e -_—— 3

oy { } 11l 22 o,y Xp{ 216172 ey }
(7.31)

2172 (0,7

Proof Set 9(s) = ¢(s)xjg, in Corollary 7.7 and compute a and Ky. O

Lemma 7.9. Suppose that ¢(t), Y (t), and [|@| 2, 77y satisfy the conditions
of Corollary 7.8. Then
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. { =Yy -Y()
2(6l 7201y )  NSl2q0.m)
L { (y—Y(t)’ }. (y—Y(®)
Nl 2 e,

181l L2(0,77)

(7.32)

2 ||¢Hi2([t,T]) ||¢Hiz([t,T})

Proof  Differentiation of both sides of (7.31) with respect to y (see
Proposition 5.14) yields the result. 0O

The next result provides a more explicit (and familiar) representation than
the one given in Theorem 7.4.

Theorem 7.10. Require ¢(t),Y (t) to be as in Theorem 7.4. Further assume
that

16l L2 2,27 > 0 (7.33)
forallt <T. Let f: R — R be bounded. Then

T
FY(T)) = V(0) + / ot) (a(t)dt + dW (1))

where 5
Y

f(y)
vior— [ fw A 7.34
) /Rmnmzqw al 2ll¢lliz<[om} v

and

f() (y—Y(1)*\ y—Y(T)
)=o) | —19 _
o) = ol )/R V2 16l o, iy 16122 ez 191 ey

Proof We apply Theorem 7.4, and therefore we consider the process

. ) =Yy y-Y0)
0 ¢(t)/nw%||¢||mm »{ 2|¢||12([0,TD}

It follows from Lemma 7.9 that u(t) = g(¢). Thus

/OT u?(t)dt /OT gQ(t)dt] < o0.

So Theorem 7.10 is a consequence of Theorem 7.4, since fOT g(t) o Wydt =
fOT g(t)dB; in the L2-case (see Theorem 5.20). 0O

dy. (7.35)

2
181122 0,77)

E =B

Remark 7.11. The conclusion of Theorem 7.10 still holds without the condition
(7.33), if we interpret g(t) as zero when ||¢>||L2([t’T]) =0.
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Remark 7.12. Although the expression (7.35) clearly exhibits computational
tractability compared to the Wick version (7.26), it should be mentioned that
(7.26) may convey some insight, which is not evident from (7.35). For example,
we might ask for the limiting behavior as ¢ — T of the replicating portfolio
g(t) in (7.35). If ¢(¢) is continuous at ¢ = T', then (7.26) implies

Jim, o6 = im0
fy) of y=Y(T)**\ y=Y(T)
— (T - o
( )/R\/%“b”LQ([O,T]) o { 2 |¢||2Lz([o,T])} 18117 0,77
(7.36)

This limit clearly exists in (S)".

Corollary 7.13. The digital payoff F' =X ) (Y (1)) takes the representation

T
xmmﬂY@»=vmrgésMmew+mvm»

where

2

V(0) = / Sy S (S R (7.37)
K V219l 201 { 2||¢||i2([0,T])}
and

2
u(t) o) - exp { - w} (7.38)

= V= 2
V2m (|10l 2 e, 21l e,

Proof Relation (7.37) follows from (7.35) for f(y) = X{kx o0 (v) by performing
integration with respect toy. O

Remark 7.14. To be precise, the hedging strategy with respect to a contingent
T-claim of type F' = h(Z(T)) with

t
20) = [ o)W (s), te 0.1,
0
can be determined as follows: set Y (t) = Z(t) + fot a(s)p(s)ds and let

f(x) = e Jo p)dspy (ac —/0 a(s)¢(s)ds> .

Then e~ Jo P = f(Y(T)) and V(0) and u(t) in (7.10) can be explicitly
computed from the expressions given in Theorem 7.10.
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7.3 The Multidimensional Case
In this section, we generalize the results of the previous section to the multidi-

mensional case. Let W (t) = (Wy(t),..., W, (¢))T be a n-dimensional Brownian

motion and W (t) = (Wy(t), ..., Wy (t)) be the n-dimensional white noise.

Definition 7.15. Let Y = (Y1, ...,Yy) : 2 — R™ be a random variable such
that Y; € (S)*, i =1,...,n. Then a continuous function

Sy (1) : R" — (S)”
1s called the Donsker delta function of Y if it satisfies

/n g(y)oy (y)dy = g(Y) a.e. (7.39)

for all measurable functions g : R® — R, provided the integral on left-hand
side exists. Here, and in the sequel, dy = dy;...dy, denotes the n-dimensional
Lebesgue measure.

Proposition 7.16. Let Y : 2 — R"™ be a normally distributed random vari-
able with mean m = E[Y] and covariance matriz C' = (cij),<, j<,, - Suppose
that C' is invertible with inverse A = (ai;) Then Oy (y) is uniquely

determined and given by the expression

1<i,j<n’

n

Syly) = )2 ViAo { = 5 S ay (- Yoy~ Vi) }, (7.40)

ij=1
where |A| is the determinant of A.

Proof Let us denote the right-hand side of (7.40) by Gy (y). We want to verify
that Gy fulfills (7.39), that is,

| w6y =g(v) ae (7.41)
To this end let us first assume that g has the form
g(y) = eNY = MYt FAnyn (7.42)

for some A = (A1,...,A,) € C". Then applying the H-transform to the left-
hand side of (7.41), we obtain that

m( [ stiGrtan)

= [ rmicy)dy

:/ ey (27T)_n/2 |A| exp{

3 0 7) (-5

(7.43)

w\»—*
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where Y (2) = (Y1(2), ..., Yn(2)) == (H (Y1) (2),..., H (Y;) (2)) is the Hermite
transform of Y at z = (21, 22,...) € C. Relation (7.43) may be regarded as
the expectation of erZ . where Z is a normally distributed random variable
with mean Y and covariance matrix C' = A~!. Now Z :=Y — m+ Y is such
a random variable. Hence (7.43) can be written as F e)"(yfery)} , which
by the well-known formula for the characteristic function of a normal random
variable is equal to exp {)\ Y + % szzl cij)\i)\j} . By the properties of the

‘H-transform, we conclude that

H (/ g(y)Gy(y)dy> = exp {/\ Yt % i Cij’\i’\j}

4,j=1

= H(exp® {A-¥ + % Zn: ey
ij=1

=H (M) =H(g(Y)).

The latter shows that (7.41) holds for all functions g given by (7.42). Hence
using, for example, the Fourier transform, we see that (7.41) is valid for all
g in the sense of (7.39). It remains to prove uniqueness: If H; : R" — (S)*
and Hy : R — (S)" are two continuous functions such that

/n g(y)H;(y)dy = g(Y) a.e. for i = 1,2 (7.44)

for all g such that the integral converges, then, in particular, (7.44) must
hold for all continuous functions with compact support. But then we clearly
must have

Hi(y) = Ha(y) for a.a. y € R"

and hence for all y € R™ by continuity. O

In the sequel, let ¢ : [0,T] — R™, ¢ : [0,T] — R™*"™ be deterministic
functions such that

T n_ T
/0 lih(s)| ds < 0o and ¢ := Z /0 (b?j(s)ds < 0. (7.45)

ij=1

Define

Y(t) = /O 6(s)dW (s) + /0 (s)ds

-/ t (6 () + v(e) asso e <7
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m=FE[Y(T) = /0 P(s)ds € R"

and, for 1 <i,j <mn,

T
6 = BUOG(T) = m) (5(T) = my)) = [ (0-07) ().
Require that the matrix C'= (c;;),; ;,, is invertible and set

A:(aij) =C L.

1<i,j<n
Further, define

1
2
1 T
—exp?{ —Sy-Y(®) oA -Y(®) }, 0<t<T. (7.46)

T

0

- (; > oo (=100 o (5,000 + 0,0

ij=1

+ =)o (4,00 +0.0)) ) ) a (r.47)

where ¢; is the jth row of the matriz ¢.
Proof By the Wick chain rule (see Theorem 6.13) we get

Tam



7.3 The Multidimensional Case

T (- V() (@(ov'm) +z/1,;(t)>>) g O

We can now prove the main result of this section.

123

Theorem 7.18. Suppose that o : [0,T] — R"™ is a deterministic function

such that .
HQHQL?([O,T];Rn) :/0 |a?(s)ds < oo.

Let ¢ : [0,T] — R™ ™ be as in (7.45) and define

/¢ )dW (s /gb s)ds,0 <t < T.

Further let f : R® — R be bounded. Then

where

V(0) = (2m) " /14| . f(y) exp{ - %yTAy}dy

and
ut) = ()™ VA [ (rw)
e { = S - Y(O) oAl -Y() }
o(y = Y()" Ad(t)) dy

Proof Let us apply Proposition 7.16 and Lemma 7.17 for v (¢)
a = fo t)dt. Then we obtain that

) = [ vy = (2m) ”/QM/
1

exp { ~ 13 ay (y,*K(T))O(yj*Yj(T))de

(N}

ij=1

(7.48)

(7.49)

(7.50)

(7.51)

(7.52)

= ¢(t)a(t) and
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(2m) "2 /4] H(T,y)dy
(2m) "/ZM/ F)H(0,y)dy

2m) /2 T / W[ [ Hey

n

o5 X ot = vt o (o000 +0,0)

ij=1

=00 o (0 +0u00)) )] .

So
FY(T)) = (2m) /2 \/ﬁ H(0,y)dy
2m) /2 \/TA] / ( | 1w e w-vo) Ad)(t)dy)
o <a(t) n v'V(t)) dt,

which by (7.46) is the same as (7.50)—(7.52). O

Lemma 7.19. Suppose that ¢(t)andY (t) are as in (7.45) and (7.49). Let 0 <
t <T and define the n X n matrix

T
Cler) = / $(5)¢" (s)ds. (7.53)
t
Further require that
|Cie.ry| > 0 (7.54)
and set
Apr) = Cppy- (7.55)
Then

VAun e { =5 6= ¥Y0) o Aoy v - Y (1) }
= lunleo{ - S @-v@) - aun -y }. @50

Proof The proof follows the line of reasoning in the proof of Corollary 7.8.
Therefore we omit the details. 0O
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Corollary 7.20. Choose ¢(t), Y (t), and |A[t7T]| to be as in Lemma 7.19.

Then
ViAo { = 3 =Y )" o A (v - Y (0) }
oy = Y1) Apryo(t)

1
= VlApmexp{ =5 = YO Apr - Y1) }
(y — Y(t))T A o(t). (7.57)
Proof Differentiate (7.56) with respect to y1,...,4n. O
We can now give an explicit representation of f(Y (7)) without Wick

product.

Theorem 7.21. Keep the notation and conditions of Lemma 7.19. Let f :
R™ — R be bounded. Then

fY(T))=Vv(0)+ /o u(t) (a(t)dt + dW (t)), (7.58)

where V(0) is as in (7.51) and

ut) = 0 ] [ 1)

exp{ —5 =Y O Ay v-Y(0) }

(=Y (O) Apro(0)] dy. (7.59)

Ezxample 7.22. The general results in Theorem 7.18 and Theorem 7.21 can be
employed to analyze the replicating portfolios for some exotic options. For
example, one can study portfolios of path dependent options like a knock-out
option of the form

F = X[k ) (Or;aSXT Z(t)) , (7.60)

where

Zm:4¢@mmxtemm

is a one-dimensional process. The idea is the following. Let 0 =g < t; < ... <
t, =T be an equidistant partition of [0, 7], and define

X[0,t,](t) 0-+- 0
X[0,t)(8) 0-+- 0

o(t) = e R™*",

X[0,t,]() 0+ 0
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Then
X[0,t1] () X0,6:1#) X041 (2)
X[0,61]() X[0,02]() ** X[o,4) ()
pp" = : o )
X[0,41] (1) X[0,421(8) **+ X0, (F)
Thus
tity -ty
T . tyto - - to
cz/ oo (yar=| 17
0 Do
ty to -ty
Since
|C| = t1(ta — t1)(ts —t2) - oo (tn — tn_1) = (A",
where

T
At=t;—t;1=—#0, 1<i<mn,
n

the matrix C' is invertible. Hence Theorem 7.18 can be applied to

/¢ AW (s /¢

Wi(tAty) + f““

Y(t):

(s)ds

Wi (t Aty +ft“

where @ = (aq,...,a,) : [0,7] — R™ is as in (7.48). In this case, we observe
that

2 10 v ... 0
102 —1 e 0
0 -1 2 -1 0
A=—C-t="
¢ VAN
0 0 -1 2 -1
0 0 -1 1

Now let f: R™ — R be bounded. Then
fY (1))

:f(Wl(tl)—i—/Otl al(s)ds,...,Wl(tn)—&—/otn al(s)ds>.

In particular, if a3 = 0, we get the following representation by Theorem 7.18:

T
£ (Wi(t1), oo Wi (1)) = V(0) + / wn ()W (1),
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where

a® = (52)"" [ )
n
o7

-exp’ { - <i (yi — Wit A1) + (yn — Wi ()™

—QZ — Wit Aty)) o (Yig1 — Wl(t/\ti+1))> }

’I’L

T (2 Z Wl (AN )) X[O,ti](t) + (yn - Wl(t))
- Z — WAt A 1)) Xjo,1,4,1 (1)

- Z (Yirr — Wit Atiy1)) X[o,:s,-](ﬂ) dy. (7.61)

i=1

Thus, we see that if F' is the knock-out option

X[K,00) <Oglta<XT Wit ))

then we obtain an approximation of the corresponding replicating portfolio
u(t) by choosing n large and f(y1,...,yn) = max{y; : 1 <i<n} in (7.61).
With some extra work, one can obtain a similar representation without Wick
products by using Theorem 7.21.

7.4 Exercises

Problem 7.1. In this problem we combine the generalized Clark—Ocone the-
orem (see Theorem 6.35) with results about the Donsker delta function to
give an alternative proof of Corollary 7.13. More precisely, we prove the rep-
resentation (6.41) for the digital payoff

F = X(k,00) (W(T)).
We proceed as follows. By Theorem 6.35 we can write
T
F = E[F] +/ E[DtF|]—'t]dW(t).
0

To find D;F', we first represent F in terms of the Donsker delta function

Sw () (y) = \/;TTGXP { - %}
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and we get

X(x,00) (W(T)) = /RX[K,OO)(M\/% exp® { - %}dg

(a) Use the Wick chain rule (see Theorem 6.13) to deduce that

=1 CW(T)?y y— W(T
DtX[K’OO)(W(T)):/K \/ﬁexpo{_(y 2T( )) 1o T()

(b) Use (a) and Lemma 6.27 and Lemma 6.28 to prove that

E[D, X[K,oo)(W(T))]-"t]_/: \/217r_T ot { (yfI/QVIEt))O L W

(c) Note that

dy.

{ - (y = W(t)> L expt { - (y = W(t)* Lot W (t)
2T

d
— exp®

dy
and combine this with (b) to obtain

E[Dt X[K’OO)(W(T))U'—t] = \/;T_Texpo { — W}

(d) Finally, combine (c) with Corollary 7.8 to obtain the representation (6.41).

Problem 7.2. (*) Let Y be normally distributed with mean m and vari-

ance v. Define
7 =e.

Show that the Donsker delta function of Z is given by

11 (log z — log Z)*?

S 2 exp® { I Y } X[0,00) (2)-

Problem 7.3. Define F' = X ooy(W(T)), where K € R is constant. Show
that F ¢ ]DLQ.

52(2’) =
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The Forward Integral and Applications

8.1 A Motivating Example

The following example is based on [190]. Suppose we have a financial market
on [0,T] (T > 0) with two investment possibilities:

(1) A risk free asset with unit price Sy(t) at time ¢ given by
dSo(t) = pSo(t)dt, So(0) =1,
(2) A risky asset with unit price Si(¢) at time ¢ given by
dSi(t) = Si(t) [pdt + odW (t)], S1(0) > 0.

Here p, i1, and o > 0 are given constants.

If we represent a portfolio in this market by the fraction 7 (¢) of the total
wealth X () invested in the risky asset at time ¢, then the dynamics of the
wealth process X (t) = X(t), t > 0, of a self-financing portfolio 7 is

dX (1) = (1 — 7(£)) X (t)pdt + 7(£) X (t)[udt + cdW ()]

= XOlp+ (i — p)r()dt + TBeaW ()], X(©O) =z >0. Y

Let Ar be the set of all F-adapted portfolios 7w such that
T
/ 7?(s)ds < oo P-a.s.
0
If 7 € A, then the solution X (t) = X*(t), t € [0,T], of (8.1) is
t t 1
X(t) = wexp { / om(s)dW (s) +/ o+ (n—p)m(s) — 5(;27r2(5)]d8}. (8.2)
0 0
In this classical setting it is well-known that the portfolio 7} that maximizes

E{log X;J(T)} (T > 0) (8.3)

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 129
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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over all m € Ag is given by

o2

and the corresponding value function is

D%(x)::f£E<E{log)(£CTﬂ :aE[log)C%(Iﬁ}
: (8.5)

(1 —p)?

BT\ T

)T, x> 0.

We now ask, what happens if the trader has, at any time ¢, more infor-
mation than F;? More precisely, suppose G = {gt, t > 0} is a filtration such
that

F: C Gy, te]0,T](T>0),

representing the information available to the trader. Then if we allow the
trader’s portfolios to be G-adapted, then what would the maximal value of
(8.3) be?

In [190] the special case

G :=F NV o(W(Ty) (To>T) (8.6)

is considered. This means that the trader knows the value of W (Ty) (which is
equivalent to knowing S1(7p)) in addition to the basic information F; at any
time ¢ € [0, T]. We call such a trader an insider (or informed trader). In this
case we have the following result, first proved in [121].

Theorem 8.1. The process W (t), t > 0, is a semimartingale with respect to
G (under the measure P). Its semimartingale decomposition is

W (To) — W(s)

T, s ds, (8.7)

W@:W@+A

where W(t), t > 0, s a Brownian motion with respect to G.

Using this we can interpret the integrals in (8.1) and (8.2) as integrals
with respect to a semimartingale as integrator, that is, we can write

W (To) = W(s)

d
To—S s

| ewawis) = [Ce@airis) + [ et
for (s) = X(s)m(s) and p(s) = w(s), s >0, in (8.1) and (8.2), respectively.

Let ¢, denote the optimal portfolio among all insider’s portfolios Ag, that
is, all G-adapted processes 7 such that

T
/ 7?(s)ds < oo P-a.s.
0
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Let Vi be the value function

Vo(z) = sup E[logX;f(T)} - E[logXTfE(T)}, >0, (8.8)
TEAg

In this framework, [190] proved that

p—p W) - W)

mo(t) = = + (o=t t € 10,7, (8.9)
and . T
- o 0

Vo(a) = V(e) + 55 log (—TO . T), x> 0. (8.10)

We could regard the difference

1 T
Ve(z) — Vr(z) = 257 log ( )
as the walue of the additional information S;(7Tp) the insider has at her
disposal.
This example opens a few questions that we would like to address:

(1) What happens if we consider a more general insider filtration G ={G;, t >0},
that is, with the only requirement that
ftggt, for alltE[O,T]7

(2) What if we consider a more general utility function U(x), x > 0, that is,
if the optimization problem is to maximize

BlU(Xz(1)]?

(3) What if we allow the financial market model for the prices to have jumps?

Question (3) will be discussed in Part II of the book. To handle questions (1)
and (2) we need to find a mathematical interpretation of the integrals

« /0 CX(s)n(s)dW(s)* and ¢ /O ()W (s) *

in (8.1) and (8.2), respectively. Note that in both cases the integrands are not
adapted with respect to the filtration generated by the integrator, actually
they embody some anticipating information that the insider has and uses. We
also emphasize that, in general, the process W need not be a semimartingale
with respect to the general (larger) filtration G. Here is a simple example that
illustrates this.
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Ezample 8.2. Define G; := Fp, for all t € [0,T]. Suppose that W is a semi-
martingale with respect to G, with semimartingale decomposition

W(t) = A(t) + M(t), tel0,T], with W(0) =0,

where M is a G-martingale and A is a G-adapted process with bounded vari-
ation and A(0) = 0. Then

M(t) = E[M(T)|G:] = E[M(T)|Fr| = M(T), tel[0,T].
Hence M (t) = M(0), t € [0,T]. Thus
W(t) = A(t) + M(0), tel0,T],
which is a process of bounded variation. This is absurd.

The same argument applies to show that if
Gi == Fiis5(t), for some 6(t) >0, te(0,T], (8.11)

then W is not a semimartingale with respect to G, (see Problem 8.1).

This shows that to be able to handle the questions above related to insider
trading, we must go beyond the semimartingale context. It turns out that the
forward integral, to be introduced in the next section, provides the natural
framework for modeling insider trading.

More about insider trading can be found in the forthcoming Sect. 8.6 and
in Chap. 16.

8.2 The Forward Integral

The forward integral with respect to Brownian motion was first defined in
the seminal paper [208] and further studied in [209, 210]. This integral was
introduced in the modeling of insider trading in [33] and then applied ex-
tensively in questions related to insider trading and stochastic control with
advanced information (see, e.g., [63, 65, 66, 110, 132, 133, 179, 181]. See also
[50] and for the use of Malliavin calculus in insider trading see, for example,
[115, 116, 146].

Definition 8.3. We say that a stochastic process ¢ = @(t), t € [0,T], is
forward integrable (in the weak sense) over the interval [0,T] with respect to
W if there exists a process I = I(t), t € [0,T], such that

t —
sup ’ / ©(s) Wis+e) = Wis) ds—1I(t)| — 0, &—0, (8.12)
tefo,7] ' Jo €

i probability. In this case we write

I(t) ::/0 p(s)d"W(s), te][0,T],

and call I(t) the forward integral of ¢ with respect to W on [0, t].
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The following results give a more intuitive interpretation of the forward inte-
gral as a limit of Riemann sums, see [33, 133].

Lemma 8.4. Suppose ¢ is caglad and forward integrable. Then
J7L

T
/0 o(s)d" W (s) = Jim Zw ) (W(ty) — W(t;)

At—0

with convergence in probability. Here the limit is taken over the partitions 0 =
to<ti1 <..<ty, =T oft €[0,T) with At := maz;=1,. j,(t; —tj—1) — 0,
n — oo.

Proof We may assume that ¢ is a simple stochastic process, that is,

T
Z@ F—1X(t;_1t,)(8), €0, T,
j=1

because any caglad stochastic process on [0, T'| can be approximated pointwise
in w and uniformly in ¢ by such simple processes. For such ¢ we have

T T Wi(s
/0 p(s)d”W(s) = lim <p(s)W(8+8) w( )ds

Jj=1 =0t tj—1 €
Jn 1 ty s+e
=> o(tj—1) lim —/ dW (u)ds
= e—0t € tj1Js
Jn 1 tj u
=> o(tj—1) lim —/ dsdW (u)
e e—0t € tj 1 Ju—e
I,
= ‘P(tj—l)(W(tj) W(t]_l)),
j=1

by application of the Fubini theorem. 0O

Remark 8.5. From the previous lemma we can see that, if the integrand ¢
is F-adapted, then the Riemann sums are also an approximation to the Ito
integral of ¢ with respect to the Brownian motion. Hence in this case the
forward integral and the It6 integral coincide. In this sense we can regard
the forward integral as an extension of the Ito integral to a nonanticipating
setting. A formal proof of this statement is presented here as a consequence
of the forthcoming Lemma 8.9, see Corollary 8.10.
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Remark 8.6. The previous result gives the motivation for using forward inte-
grals in the modeling of insider trading in mathematical finance. Suppose the
price of a risky asset at time t is represented by W (t) and that a trader buys
the stochastic amount « of units of this asset at some random time 7. He
keeps all these units up to a random time 79: 71 < 79 < T, when he sells
them. The profit obtained by this transaction would be

aW(ry) — aW (7).
This is in fact the result obtained with the forward integration of the portfolio
Cp(t) = aX(Tl,TQ](t)7 te [OvT]a

with respect to the Brownian motion, that is,

T
/0 e(t)d"W(t) = aW(r2) — aW(11).

In the sequel we give some useful properties of the forward integral. The
following result is an immediate consequence of the definition.

Lemma 8.7. Suppose ¢ is a forward integrable stochastic process and G
a random wvariable. Then the product Gy is forward integrable stochastic
process and

T T
/ Go(t)d W (t) = G / P(H)d- TV (2).
0 0

Remark 8.8. Note that this result does not hold for the Skorohod integral, see
Example 2.4.

The next result shows that the forward integral is an extension of the
integral with respect to a semimartingale.

Lemma 8.9. Let G := {G;,t € [0,T]} (T > 0) be a given filtration. Suppose
that

(1) W is a semimartingale with respect to the filtration G
(2) ¢ is G-predictable and the integral

/0 P(B)AW (1),

with respect to W, exists.

Then o is forward integrable and

/0 Pt (1) = / P(B)AW (1),
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Proof Since W is a semimartingale with respect to G and ¢ is G-predictable,
we have by the theory of It integration with respect to a general (continuous)
semimartingale (see e.g. [203]) that

/T o(t)d"W(t) = lim T(p(t)W(HE) ~ W),
0

e—0t

613&/ / (t)dtdW (s)
- / (H)A (2),

1

ey =2 [ et sef)

since

converges to ¢ in probability uniformly in s. O

Corollary 8.10. The forward integral as an extension of the Ito
integral. Let ¢ be F-predictable and Ito integrable. Then @ is forward in-

tegrable and . .
| ewawo = [ emawe
0 0

Proof 1t is enough to apply Lemma 8.9 with G =F. O

8.3 It6 Formula for Forward Integrals

We now turn to the It6 formula for forward integrals. In this connection it is
convenient to introduce a notation that is analogous to the classical notation
for Ito processes.

Definition 8.11. A forward process (with respect to W) is a stochastic
process of the form

X(t) =x+/0 u(s)ds—!—/o v(s)d”W(s), te][0,T], (8.13)

(x constant), where
T
/ lu(s)|ds < o0, P-a.s.
0

and v is a forward integrable stochastic process. A shorthand notation for
(8.13) is that
d”X(t) = u(t)dt + v(t)d" W (t). (8.14)

The next result was first proved in [210].
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Theorem 8.12. The one-dimensional Ité formula for forward
integrals. Let
d=X(t) = u(t)dt + v(t)d"W(t)
be a forward process. Let f € CH2([0,T] x R) and define
Y(t)=f(t,X(t), tel0,T]
Then Y (t), t € [0,T1], is a forward process and

aof af _ 10%f
=—(t, X(@))dt+=(t, X(t))d X))+ ===
Sketch of proof. We only sketch the proof and refer to [210] for details. Assume
that f(t,xz) = f(z), for t € [0,T]and x € R. Let 0 =ty < t1 < ... <ty =T
be a partition of [0,¢] with At := max;—; n(t; — tj—1). Then by Taylor
expansion we have

d7Y(t) (t, X (t))v2(t)dt. (8.15)

=1
N
:Zf’(X(tj_l))(X(tj) - X(tj—1)) (8.16)
]_1 N — 2
5 2 I (X () = X(t5-0)

Jj=1 i1 .
- b, ti
‘;( ! (X“J‘—l))“(S)dH/t“f (X (tj_1))o(s)d" W (s)
" 8.17
:/0 (Zf (X(tjfl))X(tj,l,tj](S))u(s)ds ( )
j=1

<.
Il
—

T T
. / F(X(3))u(s)ds + / 7 (X (3))o(s)d™ W (s)
0 0

T
:/0 fl(X(s)d™ X(s), At— 0,
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with convergence in probability. As in the classical case one can prove also
that

N B ) T
Zf”(Xj)(X(tj)—X(tj_l)) —>/0 (X (s)v?(s)ds, At—0 (8.18)

(in probability). Combining (8.16)—(8.18), we can obtain the result. O

Remark 8.13. Note the similarity with the classical It6 formula. This similarity
extends to the multidimensional case. We state the result without proof.

Theorem 8.14. The multidimensional It6 formula for forward
integrals. Let

d™Xi(t) = wi(t)dt + Y vy ()d"W;(t) (i=1,..,n)
j=1
be n forward processes driven by m independent Brownian motions
Wi, ooy We. Let f € CH2([0,T] x R™) and define
Y(t) = (L X(1), te0,T)
Then'Y s a forward process and

3f

Y () =5 (¢

“Xi(t)
(8.19)

n n 2
+% > o (t, X (1) (v0™),, (t)dt.

)
vt 0x;0xy,

As in the classical case we can use the It6 formula for forward integrals
to solve forward stochastic differential equations. We illustrate this by an
example.

Ezample 8.15. Let pu(t), t € [0,T], and o(t), ¢t € [0, T], be measurable processes
such that

(1) o is forward integrable
2) [T ()] + o2(t))dt < oo P-ace.

Then the unique solution Y (¢), ¢ € [0,T1], of the forward stochastic differential
equation,

d7Y (t) = p()Y (O)dt + o ()Y ()d"W (), te (0,T)

. (8.20)
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where F'is an Fp-measurable random variable, is

V(1) = Fexp{/ot(,u(s) _ ;az(s))ds+/0ta(s)dW(s)}.

x

To see this, we apply the It6 formula for forward integrals with f(z) = €%,
z € R, and

ax (1) = (u(t) - %ag(t))dt L o(t)d-W (D).

This is the same procedure as in the classical case. To see that Y is the only
solution of (8.20), suppose that Y is another solution. Put

Z(t) =Y Y)Y (t), tel0,T).

Then by the two-dimensional It6 formula for forward processes, we have

d-Z(t) =Yt ) EORS ( ) Y(t)+d7 Y H(t)d Y (1)
=Y (OY (O)[(—u(t) +o*(t)dt — o(t)d”W(t)
+p(t )dt+0(t) ( )+ (—o(t))o(t)dt] = 0.

Since Y (0) = Y(0) = F, it follows that Z(¢t) = 1, t € [0,T], which proves
uniqueness.

8.4 Relation Between the Forward Integral
and the Skorohod Integral

We now turn to the relation between the forward integral and the Skorohod
integral.

Definition 8.16. Let ¢ be a measurable process. We say that ¢ is forward
integrable in the strong sense if the limit

- r go(t)W(t +¢e)—W(t)

e—0t Jo

dt

exists in L*(P).

Definition 8.17. The class Dy consists of all measurable processes ¢ such
that

(1) the trajectories p(-,w) : t — @(t,w) are caglad P-a.e.

(2) the random variables p(t) € Dy o for allt € [0,T)

(3) the trajectories t — Dsp(t)(w) are caglad s-a.e., P-a.e.

(4) the limit Dyt @(t) == lim,_+ Dsp(t) exists with convergence in L?(P)
(5) ¢ is Skorohod integrable.
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The first version of the following result was proved in [208, Proposition 2.3].

Theorem 8.18. Suppose p € Dy. Then ¢ is forward integrable in the strong
sense and

/0 ) Q(t)d" W (t) = /0 ' P(t)SW (t) + /0 ! Dysp(t)dt.

Proof For all e > 0 we have

T T t+e
W(t+e)— W(t
T L ) B L O @(t)f/ 1dW (s)dt
e—0* 0 g e—0* 0 g t
T 1 t+e T 1 t+e
zslir(% [/O cp(t)og/t ldW(s)dt—i—/O g/t Dsgp(t)dsdt}
T 1 s ° T
= lim | (g /S_Ego(t)dt)oW(s)ds—i—/O Dy p(t)dt,

with convergence in L?(P) (see Chaps.5 and 6 for the definition of Wick
product, white noise, and the related results). Define

1 S
P (s) == g/ p(t)dt, se€l[0,T] (>0).
S—¢&
Then
0.(s) — p(s), €— 0T, P-as. forall s.
Moreover,
T T
E{/ g@?(s)ds} < E[/ <p2(s)ds}, for all € > 0.
0 0
Therefore,

0. —p, £—0T, in L*(P x \).

Moreover, by Definition 8.17, we have
T T )
E{/ / (Dup.(s) — Dyg(s)) dsdu}
0o Jo

T T s
= E[/ / 1/ (Dusp(t) — Duw(s))thdsdu} —0, -0
0 0 € Js—¢

Applying Theorem 6.17, we obtain
T R T T
lim v (s) o W(s)ds = lim / w(s)oW (s) = w(s)0W (s),
0

e—0%t Jo e—0t 0

with convergence in L?(P). This completes the proof. 0O
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Corollary 8.19. Let ¢ € Dy. Then

E{/OT gp(t)d_W(t)} - E[/OT Dt+g0(t)dt]

Proof Recall that the expectation of the Skorohod integral is 0, cf. (2.6). Then
the result follows directly from Theorem 8.18. O

8.5 Ito6 Formula for Skorohod Integrals

We now combine the It6 formula for forward integrals with Theorem 8.14 to
obtain a version of the It6 formula for Skorohod integrals. See [169] and also
[5, 9.

Theorem 8.20. Let X = X(t), t € [0,T], be a Skorohod process, that is, a
process of the form

X(t):z+/0 a(s)ds+/0 B(s)6W (s), (8.21)

with x € R constant and the stochastic processes a and (3 satisfy: B € Dy and
fot |a(s)|ds < oo P-a.s. for allt € [0,T] (T > 0). A short-hand notation of

(8.21) is
SX(t) = a(t)dt + B(t)OW (),  X(0) = . (8.22)

Let f € CY2([0,T] x R) and define
V() = f(t, X (1)), t>0.

Suppose D+ X (t), t € [0,T), exists in L*(Px\) and that the stochastic process
ﬂ(t)%(t,X(t)), t > 0, is Skorohod integrable. Then' Y =Y (t), t € [0,T7, is
also a Skorohod process and

ov(0) = [2 0 x() + L 2L X )8 0) + 2L 0, X008 Dy X (1)
(8.23)
+ %(t, X()5X(b).

Proof Using Theorem 8.14, we can write

Xt)==z +/0 [a(s) — Dy+B(s)]ds +/O B(s)d"W(s).
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By the It formula for forward integrals we have

O (1, X @)t + L (1, X 1) [(0l1) — Dy B0t + 5(2)d= W (D)
10%f

+ §ﬁ(t X (1) (t)dt.

dY(t) =

Hence, again by Theorem 8.14,

2
5Y (1) = 96, X0t + 9L (1, X (0) [(at) ~ Dy B0t + 3 5T (1, X ()5 (1)t
+ 9L 4, X )80 (1) + Dy (9 (1, X ()80t
?9{ (t, X (t))dt + g(t X () [e(t)dt + B(t)SW (1)]
1] o’y
+ 596 X@)5 Wt + 9L (6 X ()50 Dy X (a0

Example 8.21. Consider the following Skorohod stochastic differential equa-
tion

SX(t) = a(t) X (H)dt + B(H)X (£)SW (L),

X(0) =z > 0. (8.24)

Let us try a solution of the form

~ t 1 t
X(t) = zexp {/ [als) = 55 (s)]ds +/ ﬂ(s)éW(s)}, te0,T). (8.25)
0 0
By the It6 formula for Skorohod integrals, we get
- - 1~ - .
OX (1) = X()oX (1) + 5 X (t)B%(t)dt + X (t)B(t) Dyr X (t)dt
= a(t)X(t)dt + BO)X()OW (1) + B(H) X (t) Der X (2).
Hence X (t), t € [0,T], is a solution of (8.24) if and only if
B(t)Dy+ X(t) =0 for all t.

If @ and B are F-adapted, the aforementioned condition holds. But nothing
can be said in general.

If B is deterministic, we can solve (8.24) by using white noise analysis, see
Problem 5.8. In this case we get that the solution is

X(t) = wexp® { /Ot a(s)ds + /Ot B(s)dW(s)}, t e 0,17 (8.26)

If, in addition, a is F-adapted, then X (t) = X (t), t € [0,T].
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8.6 Application to Insider Trading Modeling

8.6.1 Markets with No Friction

Let us return to the financial market in Sect. 8.1, but this time with more
general coefficients, that is,

dSo(t) = p(t)SQ(t)dt, S()(O) =1
dSy(t) = S1(t) [u(t)dt + o(t)dW (t)], S51(0) > 0,

where p, pm and o # 0 are F-adapted stochastic processes such that

T
/ {|p(t)| + ()] + 02(15)} dt < co, P-a.s.
0

Suppose the trader is an insider, namely that the trader has access to an
information flow represented by a filtration G := {G, C F, t € [0,T]} such
that

Fi CGy, forallte0,T].

Then the portfolio 7 := 7 (t), t € [0,T], that the insider could select is allowed

to be G-adapted. Motivated by Sect. 8.1, we assume that the wealth process

X(t) = X, (t), t €[0,T], corresponding to 7 is given by the forward equation
47X (1) = X () (p(t) + (ult) — p(O))m (1)) dt -+ 7(D)()d~ W (1)
X(0) =z > 0.

(8.27)

By the It6 formula for forward integrals (cf. Theorem 8.8), the solution X (t) =
X*(t), t € [0,T], of this equation is

t t
1 _

X(t):xexp{ /O [P()+((t)=p (D) m(t) =50 (D) (1) di+ /0 o(t)r(t)d W(t)}.

(8.28)

Remark 8.22. In this model the insider is a “small” investor in the sense that

he is a price taker and his actions on the market do not have direct impact

on the price dynamics. Equilibrium models and price formation are discussed
in [143, 11]. See also [1, 103, 111, 156].

Let
U: [0,00) — [—00,00)

be a given utility function, which is here assumed to be nondecreasing, con-
cave, lower semi-continuous on [0,00) and in C1(0,00). We consider the fol-
lowing problem:

e Find 7* € Ag such that

sup E[U(X3(T))] = E[U(XZ.(T))]. (8.29)
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Here Ag is the family of admissible controls defined as follows.

Definition 8.23. The set Ag of admissible portfolios is characterized by

(1) all T € Ag is caglad and G-adapted
(2) for all m € Ag,

B| / [11(5) = )l ()] + o> @72 (8)] dt < o0

(3) for allm € Ag, the product wo is caglad and forward integrable with respect
to W

(4) for all m € Ag, 0 < E[U"(X(T))Xx(T)] < co. Here U'(z) = LU ().

(5) For all 7,3 € Ag with 3 bounded, there exists 6 > 0 such that 1+yf € Ag
and for all y € (—4,0) the family

(U (X (0) Xy (T) [ Moy (D)} s

1s uniformly integrable, where

M, (t) == /Ot [1(s) = p(s) = o*(s)m(s)]ds + /Ot o(s)dW(s), tel0,T].
(6) The buy—hold—sell portfolios [3, that is,
B(s) = aX(t,t—Q—h](S)» s €[0,7],
with 0 <t <t+h <T and a G;-measurable, belong to Ag.
We say that a portfolio m € Ag is a local mazimum for the problem (8.29) if
BU(Xr4ys(T))] < E[U(XA(T))]

for all bounded § € Ag and all y € (—06,9) with § > 0 as in (5) above.
We now use a variational method to find a necessary and sufficient condi-
tion for m € Ag to be a local maximum.
First assume that 7 is a local maximum. Then for all bounded 8 € Ag we
have
d

0= d_yE [U(Xrtys(T))]

T
= B[V (X-(1) X(1){ / B(s)[u(s) — p(s) — o*(s)m(s)]ds  (8.30)
0

[y=0

+ /OT ﬂ(s)a(s)d*W(s)}]
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Now fix t,h: 0 <t <t+ h <T and choose

ﬁ(s) = O‘X(t7t+h](s)7 ERS [07T]v

where « is an arbitrary bounded G;-measurable random variable. Then (8.30)
gives

Blv @ " 6) = ss) — o) ds

. (8.31)
—|—/t a(s)ch(s)}a} =0.
Since this holds for all «, we conclude that
E[Fr(T)(Mx(t + h) — Mx(1))|Gi] =0, (8.32)
where
_ U(XR(T)X(T)
= B0, @)X, @) (5:33)
and

Mo(t) = [ [u(s) = pls) = o) ds+ [ o)W (), te (0.7
0 0
Define the probability measure Q) on Fr by
dQ, = Fy(T)dP (8.34)

and let Eg_[-] denote the expectation with respect to Q. Then (8.32) can be
written as
Eq, [Mx(t+h) — M(1)|G,] =0, (8.35)

which states that M, (¢t), t € [0,T], is a (G, Qr)-martingale, that is, a martin-
gale with respect to the filtration G under the measure Q.

This argument can be reversed as follows. Suppose M, is a (G,Qx)-
martingale. Then

Eq, [Mx(t+h) — M(t)|G:] = 0,
for all ¢, h such that 0 <t <t+ h <T. Equivalently,
Eq, [(Mx(t+h) — M(t))a] =0,

for all bounded G;-measurable «. Thus (8.31) holds. Taking linear combina-
tions we see that (8.30) holds for all caglad step processes 5 € Ag. By our
assumption (1) and Lemma 8.4, we get that (8.30) holds for all bounded
(8 € Ag. Since the function

Yy — E[U(X‘n'-i-yﬁ(T))L Y€ (_5’ 6)7

is concave, we conclude that its maximum is achieved at y = 0.
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Hence we have the following result that was first proved in [33].

Theorem 8.24. A stochastic process m € Ag is a local mazximum for the
problem (8.29) if and only if the stochastic process

M, (t) :/0 [u(s)—p(s)—az(s)ﬂ(s)]ds+/o o(s)dW(s), te][0,T], (8.36)

is a (G, Qr)-martingale.
Using the Girsanov theorem this result can be rewritten in the following way.

Theorem 8.25. A stochastic process m € Ag is a local mazimum for the
problem (8.29) if and only if the stochastic process

- Ld[M,, Z
is a (G, P)-martingale. Here

apP
dQx

Proof If m € Ag is a local maximum, then by Theorem 8.24 the process
M, is a (G, @, )-martingale. By the Girsanov theorem (see e.g. [203, Theorem
II1.35]) we get that

Z(t) == EQW[ |gt} = (B[F(T)|G:]) ™", telo,T). (8.38)

(0 =0+ [ LA e,

is a (G, P)-martingale, with

Fr(T)
E[Fx(T)|Gt]

1

dP _
2(t) = Ba, | 15-10] = B|(FR(1) ! 6] = (B[F=(T)IGe)) ™", teo,7).
Conversely, if M, is a (G, P)-martingale, then M, is a (G, Q,)-martingale
and hence 7 is a local maximum by Theorem 8.24. O

The main feature of Theorem 8.25 is that it gives an explicit connection
between a local maximum 7 and the semimartingale decomposition of W
with respect to G. The following result was first proved in [33].

Theorem 8.26. (1) Suppose 7 is a local mazimum for (8.29). Then W is a
semimartingale with respect to G and its semimartingale decomposition is

p(t) — P(t)}d%L d[M, Z](t)

AW (t) = dW (t) + |o(t)m(t) — o(0) o(t)Z(t)

(8.39)

where W is a (G, P)-Brownian motion.
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(2) Conversely, suppose W is a semimartingale with respect to (G, P) with
decomposition
dW (t) = dB(t) + dA(t),
where B is a (G, P)-Brownian motion and A is a G-adapted finite variation
process. Suppose
dA(t) = a(t)dt (8.40)
for some G-adapted process « (i.e., dA(t) is absolutely continuous with respect

to dt) and there exists a solution m € Ag of the equation
1 d[Mg, Z](t) _ pu(t) — p(t)
o(t)m(t) + 200 i at) + O (8.41)

Then 7 is a local mazimum for (8.29).

Remark 8.27. Note that since the quadratic variation of M, is absolutely con-
tinuous, in fact,

[Mme](t):/O o?(s)ds

(see (8.37)), it follows that d[M,, Z](t) is also absolutely continuous with
respect to dt. Therefore,

a2 1 d
o) Z(t)  o(t)Z(t) dt (M, Z](t) dt. (8.42)

Proof (1) If 7 is a local maximum, then by Theorem 8.25 the process

d[Mx, Z)(t)
Z(t)

afl(t)dj\?[,r(t):dW(t)Jra*l(t)[(p(t)fp(t)fJQ(t)w(t))dtf ] teo,7),

is a (G, P)-martingale. Since the quadratic variation of the process
o~ () dM(t), tel0,T],
is t, t € [0,T], then we have that
dW (t) := o~ (t)dM(t), te[0,T],

is a (G, P)-Brownian motion and (8.39) follows.

(2) Suppose W is a (G, P)-semimartingale with decomposition
AW (t) = dB(t) + dA(t)

as in (2). Let 7 be as in (8.41). Then

oY) AN (1) = AW (1) + o1 (1) [(u(t) — p(t) — () (t))dt — %}

=dW (t) — dA(t) = dB(t).

Hence oY (t)dM(t), t € [0,T], is a (G,P)-Brownian motion. Therefore,
dM,(t), t € [0,T], is a (G, P)-martingale and it follows that = is a local
maximum by Theorem 8.25. O
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Ezample 8.28. Let us assume, as in [190], that
G =FVo(W(Tp)) for some Ty > T.

Then, by Theorem 8.1, W is a semimartingale with respect to (G, P), with
decomposition

W(Tp) — W(t)

AW (t) = dB(t) + T

dt, te][0,T).

Suppose 7 € Ag is such that (8.41) holds, that is,

1ML W) - W) | () — pl)
O Ry T B et R

Then 7 is a local maximum for (8.29). In particular, if we choose
U(z) =logz, x>0,
which is the case studied in [190], then we have
F(T)=1, Q,=P, Z=1, and [M,,Z]=0.
This gives

W(To) —W(t) | p)—p(t)
o(t) (TO — t) ol(t)

which is the solution of the problem (8.29) as given in [190].

n(t) = 7 (t) = . telo,T), (8.44)

8.6.2 Markets with Friction

The market model discussed so far assumes that the prices are not affected by
the actions of the insider and that there are no constraints on the sizes and
fluctuations of the insider’s portfolio. This may be a reasonable assumption in
some cases, but clearly not realistic in other situations. For example, let us go
back to Example 8.28 where the utility is logarithmic, that is, U(z) = logz,
x > 0, and let us consider Ty = T', then the optimal portfolio 7* for an insider,
given by (8.44), will involve more and more frequent and violent fluctuations
as the time approaches T. Such a portfolio would necessarily influence the
prices on the market.

We now present a market model with friction where the insider is penalized
for large volumes and/or rapid fluctuations in the trade. The presentation of
this section is based on [110].

Assume that the market consists of the two investment possibilities:

(1) A bond, with price given by

dSo(t) == p(t)So(t)dt; SO(O) = 1; 0 S t S T.
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(2) A stock, with price given by
dSi(t) = Sy(t) [u(t)dt + o(t)dW(t)]; 0<t<T,

where T" > 0 is constant and p(t), wu(t), and o(t) are given Fi-adapted
processes. We assume that

T
E / [a(®)] + 1p(t)] + o2(B)} dt | < oo
0

o(t) #£0 foraa. (w,t)e R x][0,T].

Let G; D F; be the information filtration available to the insider and let 7(t)
be the portfolio chosen by the insider, measured in terms of the fraction of
the total wealth X () = X, (¢) invested in the stock at time ¢ € [0,T]. Then
the corresponding wealth X (t) = X, (¢) at time ¢ is modeled by the forward
differential equation

dX () = (1 —7()X ()p(t)dt + 7 (t) X (t) [pu(t)dt + o (t)d” W (t)]
= X (1) [lp(t) + (u(t) = p(O)7(B)]dt + o (t)m(t)d" W (1)] . (8.45)

For simplicity we assume X (0) =z = 1.
We now specify the set Ag o of the admissible portfolios 7 as follows.

Definition 8.29. In the sequel we let Ag, o denote a linear space of stochastic
processes = w(t), t € [0,T], such that (8.46)—(8.49) hold, where

>7(t) is G-adapted and the o-algebra generated by {m(t);m € Ag,o}

is equal to Gy, for allt € [0,T], (8.46)

> 7 belongs to the domain of Q (see later), (8.47)

>o(t)m(t) is forward integrable, (8.48)
T

> E /0 |Q7r(t)|2dt] < 0. (8.49)

Here Q : Ag,0 — Ag, o is some linear operator measuring the size and/or the
fluctuations of the portfolio. For example, we could have

on(s) = A (s)m(s), (8.50)

where Aq(s) > 0 is some given weight function. This models the situation
where the insider is penalized for large volumes of trade. An alternative choice
of @ would be

On(s) = Xa(s)7'(5), (8.51)

d
for some weight function Aa(s) > 0. (n'(s) = —mn(s).) In this case the insider

is penalized for large trade fluctuations. Other choices of Q are also possible,
including combinations of (8.50) and (8.51).
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With these definitions we can now specify our problem as follows:

e Find @ and 7* € Ag,g such that

&= sup J(m)=J(r"), (8.52)

WEAG,Q

where

J(n)=FE

T
lox(X.(T)) ~ 5 | |Qw<s>|2ds] ,

Q: Ag,o — Ag,o being a given linear operator as mentioned earlier. We
call @ the value of the insider and 7* € Ag, o an optimal portfolio (if it
exists).

We now proceed to solve this problem above. Using the It6 formula (see
Theorem 8.12) we get that the solution of (8.45) is

X(t) = exp ( {0+ ) = ptoas) - oo fas

—|—/O U(S)?T(S)d_W(S)>.

Therefore, we get

T B 1 /T ,
+ /O (et W(E) ~ /0 O (1) dt]. (8.53)

To maximize J(m) we use a perturbation argument as follows. Suppose an
optimal insider portfolio 7 = 7* exists (in the following we omit the *). Let
0 € Ag,o be another portfolio. Then the function

fly) =J(r+yb), yeR,

is maximal for y = 0 and hence

0= /(0) = = [T + 98)]

Y
/0 [(u(t) — p(t)0(t) — (W) (£)6(1) } dt

y=0

=F

+ /0 o(O)O)d W (t) — /O Qw(t)Q&(t)dt]. (8.54)
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Let Q* denote the adjoint operator of Q in the Hilbert space L?(P x \),

namely,
/ (Q*a)(t)ﬁ(t)dt]

for all @ and § in Ag . Then we can rewrite (8.54) as

o /0 a(t)(QB) (1) dt

B UO {u(t) = p(t) — () (t) — Q" Qm(t)} b(¢ dt—&—/o a(t)e(t)d—W(t)] =0.
(8.55)

Now we apply this to a special choice of §. Fix t € [0,T] and h > 0 such that
t+ h < T and choose

0(s) = 0o (D)X (1,411 (s); s € [0, T],

where 0y(t) is G;-measurable. Then by Lemma 8.7 we have

T t+h
/ a(s)@(s)dW(s)] "y [ / a(s)@o(t)dW(s)]
0 t

t+h
6o (1) /t a(s)dW(s)] .

E

Combining this with (8.55) we get

t+h t+h
</ {u(s)—p(s)—UQ(s)w(s)_Q* QTK’(S)} ds +/ a(s)dW(s)) 90(t):| =0.
t t

Since this holds for all such 6y(t), we conclude that

E [M(t+h)—M(t)|G:] =0

E

where

t t

M(t) :/ {u(s) —p(s) — 0’2(8)7T<S>—E [Q*Qﬂ(s)‘gs} } ds—i—/ o(s)dW(s).
’ ’ (8.56)

Since o # 0 this proves the result stated further.

Theorem 8.30. Suppose an optimal insider portfolio m € Ag o for problem
(8.52) exists. Then

. 1
AW (t) = dW (t) — @ {ut) — p(t) — o*(t)m(t) — E [Q*Qn(t)|G,]} dt,
where W fo (s)dM(s) is a Brownian motion with respect to G. In

partzcular W( ), t [ , T, is a semimartingale with respect to G.
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We now use this to find an equation for an optimal portfolio 7.

Theorem 8.31. Assume that there exists a process v, (w, s), w € 2, s € [0,T],
such that v,(s) is Gi-measurable for all s <t and

¢
t— / v, (w, s)ds is of finite variation P-a.s.
0
and .
N(t) = W(t) — / v, (s)ds, te0,T], (8.57)
0

is a martingale with respect to G. Assume that m € Ag,o is optimal. Then

o (O)(t) + B 1QOn(1)IG] = plt) — o) + () ( / vt(s)ds) . (858)

Proof By comparing (8.56) and (8.57) we get that
o(t)dN(t) = dM(t),
that is,

d

( / %<s>ds) = (1) — p(t) — o> (D) (t) — B [Q°0x(1)[G]. O

Next we turn to a partial converse of Theorem 8.31.

Theorem 8.32. Suppose (8.57) holds. Let w be a process solving (8.58). Sup-
pose m € Ag.o. Then 7 is optimal for problem (8.52).

Proof Substituting

and
o(t)m(t)d”W(t) = o(t)m(t)dN(t) + O'(t)ﬂ'(t)% (/0 Wt(s)ds) dt

into (8.53), we get

+a(t)7r(t)% ( /0 t %(s)ds) _ ;|Q7r(t)|2}dt] . (859)
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This is a concave functional of 7, so if we can find 7 = 7* € Ag ¢ such that

d *
o [(J(m* +yb)],_o =0 foral 0€Ago,
then 7* is optimal. By a computation similar to the one leading to (8.55),
we get

T

{u(t) = p(t) — > ()7 (¢)

diy (T + y0)],_ =

t
Yol % / 7, (s)ds — Q*Qﬂ(t)}@(t)dt] .
t Jo
This is 0 if 7 = 7* solves (8.58). O

We apply this to some examples and give some further results in the sit-
uations presented.

Ezample 8.33. Choose
On(t) = A (t)o(t)m(t), (8.60)

where A1(t) > 0 is deterministic. Then (8.58) takes the form

7 Or(t) + MO Wm(0) = ) = o) + 7O F; [ o)

or
t
ult) — p(t) + o (1) [ 7, (5)ds
o2(t)[1 + AT(1)]
Substituting this into the formula (8.59) for J(m) we obtain the following
result.

m(t) =7*(t) =

(8.61)

Theorem 8.34. Suppose (8.57) and (8.60) hold. Let m* be given by (8.61). If
m € Ag.o then ™ is optimal for problem (8.52). Moreover, the insider value is

b = J(r%) (8.62)

/0 {p(t)+;<1+xf(t>)—1 (’W+Z/O Vt(s)ds) }dt] .

In particular, if we consider the case mentioned in the introduction, where

=F

Gy = F:Vo(W(Ty)) for some Ty > T,
then, by Theorem 8.1,

W(To) — W(s)

Ye(s) = (s) = T, s
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and (8.61) becomes

(1) = o2(1) [1 4 X(0)] [u(t) o+ 2y —W(t))} .

The corresponding value is, by (8.62),

T _ _ 2
/O {p(t)+%(1+ﬁ(t))‘1 (”(t)a(t)p(t) + Wa;?) W(t)> }dt].

In particular, we see that if o(t) > oo > 0 and

J(r*)=FE

Ai(t) = (Ty —t)~?  for some constant (>0, (8.63)
then
T
J(ﬂ'*) < (i + CQ/ (TO — t)71+2ﬁdt < 00,
0

even if Ty = T. Thus if we penalize large investments near ¢t = T according
to (8.63), the insider gets a finite value even if Ty = T.

Ezample 8.35. Next we put

on(t)=7'(t) (= %w(t)). (8.64)

This means that the insider is being penalized for large portfolio fluctuations.
Choose Ag o to be the set of all continuously differentiable processes 7 satis-
fying (8.46)—(8.49) and in addition

m(0)=n(T)=0 a.s. (8.65)

For simplicity assume that

Then (8.58) gets the form

where

alt) = ut) — plt) + & ( / t %<s>ds) .

Using the variation of parameter method, we obtain the solution

t
m(t) = / sinh(t — s)a(s)ds + K sinh(t) , (8.66)

0
where, as usual, sinh(z) = 1 (e* — e™?), z € R, is the hyperbolic sinus function
and the constant K is chosen such that 7(7") = 0. In particular, if we again

consider the case
gt:]:t\/O'(W(To)), 110>117
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so that W(T -
() = () = LIV =W g o
Ty —s

we obtain, by (8.66),

W (To) — W(s)

To s } ds + K sinh(t). (8.67)

m(t) = / nh(t — 5) [Ms) — p(s) +

The corresponding value is by (8.59),

T
w5 || {p<t> F(lt) — p(0)) (t) — 5720
+7r(t)—W(Tj(:3 AU (w’(t))Q} dt} |

Note that if 0 <t <T < T} then

o ] <5 [ s B Y,

¢ ds
= inh(t — .
/Osm( S)To—S

Therefore

Tt T
. ds cosh(T'—s) —1
< — < taninl Sl )
J(7T)_/O (/0 sinh(¢ S)To—s)dt_/o T ds for all Ty > 1

Thus, we have proved:

Theorem 8.36. Suppose On(t) = 7'(t) and Ag,o is chosen as in (8.64),
(8.65) and assume that o(t) = 1. Then the optimal insider portfolio is given
by (8.66). In particular, if we choose

Gy =F Vo(W(Ty)) with Ty > T,

then the optimal portfolio 7 is given by (8.67) and the corresponding insider
value J(m) is uniformly bounded for Ty > T.

Remark 8.37. Both Example 8.33 and Example 8.35 yield ways to penalize
the insider investors so that he would not obtain infinite utility. In
Example 8.33, A\;(t) = (Typ — t)~” for some 8 > 0. To use this penaliza-
tion, one needs to know 7. In Example 8.35, Tj is not required to be known.

8.7 Exercises

Problem 8.1. Suppose G; = F;5(+), for some 6(t) > 0, t € [0,7]. Show that
W is not a semimartingale with respect to G = {G, ,t € [0,T]}.
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Problem 8.2. (*) Compute the following forward integrals:

(a) fy W(T)dW (1)

(b) Jy W) [W(T) = W(H)]d W)

(c) fOT (fOTg(s)dW(s))d’W(t) for a given (deterministic) function g €
L([0,77)

() Jif W2(to)d=W (t), where to € [0,T] is fixed

(e) Ji exp{W(T)}d"W(t).

Problem 8.3. Solve the following forward stochastic differential equations:

(a)d~X(t) = X(Opt)dt + B W (),  te[0,T],

X(0) = F;
(b)d=X(t) = a(t)dt + X (t)o(t)d-W(t), te 0,77,
X(0)=F.

Here the coefficients u, o, o, and § are given stochastic processes, not necessar-
ily F-adapted, and F' is a given Fp-measurable random variable. We assume
that ¢ and [ are forward integrable and that

T
/0 [la()] + ()] + 02(t) + F(D)]dt < 00 P — as.

Problem 8.4. Use Theorem 8.18 and the basic rules for forward integration
to find the Skorohod integrals in Problem 2.5.

Problem 8.5. (a) Let i, 0, and a be deterministic functions such that

T
A[Mm+ﬁm+&wW<m P-a.s.

and define .
F =exp { /0 a(s)dW(s)}.

Use Theorem 8.18 to show that the Skorohod stochastic differential
equation

{6X(t) = p(O)X (H)dt + o ()X ()W (), € [0,T] (8.68)

X(0)=F
is equivalent to the forward stochastic differential equation

d=X(t) = [p(t)X (t) — oDy X (t)]dt + o () X (t)d"W (t), t€[0,T]
X(0)=F.
(8.69)
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(b) Using Problem 5.8, the solution of (8.68) is

L,

X(t) = Foexp { /Ota(s)dW(s) + /Ot [u(s) — 5 (5)]d5}. (8.70)

With this expression for the stochastic process X (t), t € [0, 7], show that
D+ X(t) = a(t) X (t).

(¢) Substitute this into (8.69) and solve the corresponding forward stochastic
differential equation to get

1

X(t) Fexp{/ota(s)dW(s)Jr/ot [u(s)figz(s)—a(s)a(s)}ds}. (8.71)

(d) Comparing (8.70) and (8.71), deduce that

exp{ /OT a(s)dW(s)} ©exp { /Ot O’(S)dW(S)}

= exp { /OT a(s)dW(s)} - exp { /Ot

o(s)dW (s) — /Ot a(s)a(s)ds}, t €10,7].
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A Short Introduction to Lévy Processes

In this chapter we present some basic definitions and results about Lévy
processes. We do not aim at being complete in our presentation, but for a
smoother reading, we like to include the notions we constantly refer to in
this book. We can address the reader to the recent monographs, for example,
[8, 32, 114, 212] for a deeper study of Lévy processes. Our presentation follows
the survey given in [182, Chap. 1].

9.1 Basics on Lévy Processes

Let (2, F, P) be a complete probability space.

Definition 9.1. A one-dimensional Lévy process is a stochastic process n =
n(t), t > 0:
n(t) =nt,w), weL,

with the following properties:
(i) n(0)=0 P-a.s.,

(ii) n has independent increments, that is, for all t > Oandh > 0, the incre-
ment n(t + h) — n(t) is independent of n(s) and s <'t,

(i) n has stationary increments, that is, for all h > 0 the increment
n(t + h) —n(t) has the same probability law as n(h),

(iv) It is stochastically continuous, that is, for everyt >0 and € > 0 then
lim,—; P{|n(t) —n(s)| > e} =0,

(v) n has cadlag paths, that is, the trajectories are right-continuous with left
limats.

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 159
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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A stochastic process 1 satisfying (i)—(iv) is called a Lévy process in law.
The jump of n at time t is defined by

An(t) :=n(t) —n(t™).

Put Ry := R\ {0} and let B(Ry) be the o-algebra generated by the family of
all Borel subsets U C R, such that U C Ro. If U € B(Rp) with U C Ry and
t > 0, we define

N(tU) == Y xu(An(s)), (9.6)

0<s<t

that is, the number of jumps of size An(s) € U for any s in 0 < s < ¢. Since
the paths of 7 are cadlag we can see that N(¢,U) < oo for all U € B(Ry) with
U C Ry; see, e.g. [212]. Moreover, (9.6) defines in a natural way a Poisson
random measure N on B(0,00) x B(Rg) given by

(a,b] x U — N(b,U) — N(a,U), 0<a<b, UceB(Ry),

and its standard extension. See e.g. [96], [78]. We call this random measure
the jump measure of n. Its differential form is denoted by N(dt,dz), t > 0,
z € Ry.

The Lévy measure v of n is defined by

v(U) = E[N(1,U)], U € B(Ry). (9.7)
It is important to note that v does not need to be a finite measure. It can be

possible that

min(1,|z])v(dz) = . (9.8)
Ro

This is the case when the trajectories of 1 would appear with many jumps
of small size, a situation that is of interest in financial modeling (see, e.g.,
[17, 48, 75, 215] and references therein).

On the contrary, the Lévy measure always satisfies

min(1, 2%)v(dz) < occ.
Ro

In fact, a measure v on B(Rp) can be a Lévy measure of some Lévy process
n if and only if the condition above holds true. This is due to the following
theorem.

Theorem 9.2. The Lévy—Khintchine formula.

(1) Let n be a Lévy process in law. Then
Ele™®] =™ yeR (i=V-1), (9.9)

with the characteristic exponent
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1
U(u) = iou — —02u2+/
2 |2]<1

(e —1—iuz)v(dz) +/ (e —1)v(d2),

[z]>1
(9.10)

where the parameters a € R and 0? > 0 are constants and v = v(dz),

z € Ry, is a o-finite measure on B(Ry) satisfying

min(1, 2?)v(dz) < co. (9.11)
Ro
It follows that v is the Lévy measure of 0.

(2)  Conversely, given the constants a € R and 0? > 0 and the o-finite
measure v on B(Rg) such that (9.11) holds, then there exists a process n
(unique in law) such that (9.9) and (9.10) hold. The process n is a Lévy
process in law.

There always exists a cadlag version of the above Lévy process in law (see, e.g.,
[212]), which is a Lévy process,. cf. Definition 9.1. Using this cadlag version,
we can give the representation (9.7) of the o-finite measure v here earlier.

We define the compensated jump measure N , also compensated Poisson
random measure, by

N(dt,dz) == N(dt,dz) — v(dz)dt. (9.12)

For any t, let F; be the o-algebra generated by the random variables W (s)
and N (ds,dz), z € Ry, s < t, augmented for all the sets of P-zero probability.
Let us equip the given probability space (£2,F,P) with the corresponding
filtration

A stochastic process 0 = 6(t,z), t > 0,z € Ry, is called F-adapted if for
all t > 0 and for all z € Ry, the random variable 6(t,z) = 0(t, z,w), w € §2, is
Fi-measurable. For any F-adapted process 6 such that

T
E[/ 62 (t, z)u(dz)dt} < oo for some T > 0, (9.13)
0 JRro
we can see that the process
t
M, (t) := / / 0(s,z)N(ds,dz), 0<t<T,
0 Jlzlz5
is a martingale in L?(P) and its limit
t
M(t) := lim M,(t) := / 0(s,z)N(ds,dz), 0<t<T, (9.14)
n—oo 0 Ro

in L?(P) is also a martingale. Moreover, we have the Ito isometry
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E[(/OT A O, =) (dt.dz) ) | :E[/OT [ apaa]. 1)

A Wiener process is a special case of a Lévy process. In fact, we have the
following general representation theorem (see, e.g., [118, 212].

Theorem 9.3. The Lévy—Itdé decomposition theorem. Let n be a Lévy
process. Then n =n(t), t > 0, admits the following integral representation

n(t) = arit + oW (t) / /||<1 (ds,dz) + / />1 (ds,dz) (9.16)

for some constants a;,0 € R. Here W = W(t), t > 0 (W(0) = 0), is a
standard Wiener process.

In particular, we can see that if the Lévy process has continuous trajectories,
then it is of the form

n(t) =at +cW(t), t>0.
It can be proved that if

E[Int)[’] < oo  for some p > 1,

/ |z|Pv(dz) < oo,
|z[=1

see [212]. In particular, if we assume that

then

E[n*(t)] < oo, t>0, (9.17)

/ |2V (dz) < o0
|z[=1

and the representation (9.16) appears as

then we have

n(t) = at + cW(t / /RO zN ds,dz), (9.18)

where a = a; + f|z\>1 zv(dz). We call pure jump Lévy process a Lévy process
of the type above with o = 0.

We assume from now on that (9.17) holds and hence that n has represen-
tation (9.18).

Motivated by the representation (9.18), it is natural to consider processes
X = X(t), t > 0, admitting stochastic integral representation in the form

X(t)zac—&—/ot ds—l—/ﬂ )dW (s //RO s,z)N(ds,dz), (9.19)
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where «(t), B(t), and (¢, z) are predictable processes such that, for all ¢ > 0,
z € Ry,

/ [la(s)] + B(s) +/ v*(s,2)v(dz)]ds < oo, P-a.s. (9.20)
0 Ro

This condition implies that the stochastic integrals are well-defined and local
martingales. If we strengthened the condition to

E{/Ot [la(s)] + B%(s) +/]R 72(s,z)l/(dz)}ds} < 00,

for all ¢ > 0, then the corresponding stochastic integrals are martingales.
We call such a process an Ito-Lévy process. In analogy with the Brownian
motion case, we use the short-hand differential notation

AX (1) = a(t)dt + BH)AW (1) + / V(N (L dz),  X(0) =2 (9.21)
Ro
for the processes of type (9.19).
Recall that a predictable process is a stochastic process measurable with
respect to the o-algebra generated by

Ax (s,ul x B, AeF, 0<s<u, BeB(Ry).

Moreover, any measurable F-adapted and left-continuous (with respect to t)
process is predictable.

9.2 The Ito Formula

The following result is fundamental in the stochastic calculus of Lévy
processes.

Theorem 9.4. The one-dimensional Ité6 formula. Let X = X(¢), t > 0,
be the Ité6—Lévy process given by (9.19) and let f : (0,00) x R — R be a
function in C12((0,00) x R) and define

Y(t) = f(t, X(t), t>0.

Then the process Y =Y (t), t > 0, is also an Ité—Lévy process and its differ-
ential form is given by
of of

dY (t) = S (6, X (0)dt + %(t,X(t))a(t)dt + S (L X (D)BOAW (1)

2
+ gt X)W+ [ [re x50 - s x0)
_ %(t,X(t))y(t,z)}y(dz)dtJr/ [£06,X(E7) +7(t2) = £ X ()] Nt do).
Ro

(9.22)
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In the multidimensional case we are given a J-dimensional Brownian mo-
tion W(t) = (Wi(t),..., W, (t))*, t > 0, and K independent compensated
Poisson random measures N(dt, dz) = (]\71 (dt,dz1), ..., N (dt, dzg))T, t >0,
2= (z1,.,2K) € (Rg)X, and n It6-Lévy processes of the form

AX () = at)dt + BE)AW (1) + / St )N (At dz), >0,

(Ro) X

that is,

dX;(t)=ay(t dt+2ﬁw £)dW( +Z/ Yir (b, 26)Ni(dt, dzy,),  i=1,....n.

With this notation we have the following result.

Theorem 9.5. The multidimensional Ité6 formula. Let X = X(t), t>0,
be an n-dimensional Ito—Lévy process of the form (9.23). Let f : (0,00) x
R™ — R be a function in CT2((0,00) x R™) and define

Y(t) = f(t, X(), t>0.

Then the process Y =Y (t), t > 0, is a one-dimensional It6—Lévy process and
its differential form is given by

dy (t) = —(t X(1) dt+2—(t X (£)) o (t)dt

f

(t, X (£))By; (£)AW; (t) + = ZZ (t, X (£)(88T)i; (t)dt

HM:

J
)
- (9.24)
Jrexw e - sex0) -3 %f(t,xmmu, ) vadzr)it

i=1

\

i Mw i Mx

/ £ X07) 4B (4 2) — £ X ()] Ny, =),

where v%) is the column number k of the n x k matriz v = [%k]

Ezample 9.6. The generalized geometric Lévy process. Consider the
one-dimensional stochastic differential equation for the cadlag process Z =
Z(t), t>0:

{Mo 207) [o A0V (@) o, 20N, 150, o

Z(0) =2 > 0.

Here «(t), 8(t), and v(¢,2), t > 0, z € Ry, are given predictable processes
with (¢, z) > —1, for almost all (¢,2) € [0,00) x Ry and for all 0 < ¢ < o0
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/ [|eu(s)| + B%(s) +/ v*(s,z)v(dz)]ds < 00 P-a.s.,
0 Ro

cf. (9.20). We claim that the solution of this equation is
Z(t) = z9eX® >0, (9.26)

where

X0 = [ [a6) - 55760+ [ Towt1 +2(6,20) = (s, 2]z s

(9.27)
/ﬂ )dW (s //RologlJr’ysz))N(dsdz) -

To see this we apply the one-dimensional It6 formula to Y (t) = f(¢, X(¢)),
t >0, with f(t,z) = zpe” and X(t), as given in (9.27). Then we obtain

AY (t) = 29eX® Ka(t) - %52(::) Jr/]R [og(1+ (£, 2)) — (¢, z)}u(dz))dt + ﬁ(t)dwu)}

1
+ 20eX® §ﬂ2 (®)dt+ [ =0 [6X<twog(l+7(t‘z)) —eX® X1 10g(1 4 (8, 2))|v(dz)dt
Ro

+ 20 [eX(t_)Hog(lJrv(t,z)) _ eX(t_)]N(dt, dz)
Ro

= Y (1) [t + AW (1) + /R A(t, 2) (d, d)|

as required.

Ezample 9.7. The quadratic covariation process. Let
aX(t) = [ )Nt de) + [t Nalddz), i=12 (025)
]R() ]RO

be two pure jump Lévy processes (see (9.23) with 3,; = 0. Define
Y(t) = X1(t)Xa(t), t=0.

Then by the two-dimensional It6 formula we have
av(t) =y / (X1 (8) + v1n (s 20)) (X2 (t) +v2 (8 20)) — X1(6) X2(t)
k=1,2"Ro

— Y15 (& 26) X2 (8) — Yo, (¢, 21) X1 (1) v (dz ) di

+ 3 / ) vt ) (X2 (87) + vap(t 20) — X1(67) X2(t7)] Ny (dt, day)
k=1,2

= > / Y1kt 2)V2k (21 vi(dzy ) dt

k=1,2

+ 3 / Pk (s 20) X (67) -+ vap (b 22) X1 (67) + a5 (b, 21y (1 22)] N (A, dz)
k=1,2

= X1(t7)dXa() + Xa(t)dXa () + 3 / i (b, 2072k (b 28) N (dt, dz).
k=1,2
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We define the quadratic covariation process [X1, X2](t),t > 0, of the processes
X, and X5 as

d[ X7, Xo](t) := d(X1(¢) X2(t)) — X1(t7)dXa(t) — Xo(t7)dX1(t).  (9.29)
Hence, for the processes X1, Xo given in (9.28), we have that

ax, %) = Y / o (ts 2 ) Yan (b 20) Ne (A, dzg). (9.30)
k=1,2"Ro

In particular, note that

ERG(0X0] = X00%0) + Y [ [ s avls amlda)ds
k=1,270 JRo )
(9.31

9.3 The It6 Representation Theorem for Pure Jump
Lévy Processes

We now proceed to prove the Itd representation theorem for Lévy processes.
Since we already know the representation theorem in the continuous case, that
is, N =0 (see [178] and Problem 1.4), we concentrate on the pure jump case
in this section. We assume that

t
:// zN(ds,dz), t>0, (9.32)
0 JRyp

that is, a = 0 = 0 in (9.18).
The following representation theorem was first proved by It [120]. Here
we follow the presentation given in [153]. The proof is based on two lemmata.
Let us consider the filtration F of the o-algebras F; generated by 7(s),
s<t(t>0).

Lemma 9.8. The set of all random variables of the form
{f(n(t1),....n(tn) : t; €[0,T],i=1,...n; f € CC(R"),n=1,2,..}

is dense in the subspace L*(Fr,P) C L*(P) of Fr-measurable square inte-
grable random variables.

Proof The proof follows the same argument as in Lemma 4.3.1 in [178]. See
also, for example, [153]. O

Lemma 9.9. The linear span of all the so-called Wick/Doléans—Dade expo-
nentials

exp{fo Sy h(t)2x (0, R)(z)N (dt,dz) — [} [, [e"OORE)
1 h(t)zX[O,R](z)]u(dz)dt}, heC0,T), R >0,

is dense in L?(Fr, P).
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Proof The proof follows the same argument as in Lemma 4.3.2 in [178]. See
also, for example, [153]. O

We are ready now for the first main result of this section. Note that the
representation is in terms of a stochastic integral with respect to N and not
with respect to 7.

Theorem 9.10. The Itd representation theorem. Let F' € L?(P) be Fr-
measurable. Then there exists a unique predictable process W = W(t,z), t >

0,z € Ry, such that
T
E[/ / W3 (t, z)v(dz)dt] < oo
0 JRo

/ /]R (t, 2) N (dt, d=). (9.33)

Proof First assume that F' =Y (T), where

Y(t —exp{fo fR ZX[O R](z ) (ds,dz) fo f]R [ 5)zx(0,R](2)

—1 = h(s)zx(0, R](z)]y(dz)ds}, te 0,7,

for which we have

for some h € C(0,00), that is, F' is a Wick/Doléans-Dade exponential. Then
by the It6 formula (cf. Theorem 9.4 and see Problem 9.2)

Ay () = Y (1) / [P OXORIG) 1)K (dt, d2).
Ro
Therefore,

F:Y(T):Y(0)+/ 1dY (¢ _1+// [eh®=x0-RI) 1] N (dt, dz).
0 Ro

So for this F' the representation (9.33) holds with
W(t,z) =Y (t7)["O=xOHE 1],

Note that
T
E[Y*(T)] =1+ E[ / V2(t7) (e OHIE) 1)2u(dz)dt}.
0 Ro

If F € L?(Fr, P) (i-e., an Fr-measurable random variable in L?(P)) is arbi-
trary, we can choose a sequence F,, of linear combinations of Wick/Doléan—
Dade exponentials such that F,, — F in L?(P). See Lemma 9.9. Then we
have
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/ /R (t, z)N(dt,dz),

E[F?) = (E[Fn])2+E{AT/R lI/fL(t,z)V(dz)dt} < .

for all n = 1,2, ..., where

Then by the It6 isometry we have the expression

E[(Fo — F)?] = (E[F, — F) +E / / W (t, Z))QV(dZ)dt},
Ro
which vanishes for m,n — oo. Therefore, ¥,,, n = 1,2, ..., is a Cauchy sequence
in L2(P x A x v); hence, it converges to a limit ¥ € L?(P x X\ x v). This yields
(9.33), in fact
F = lim F, =lim,_ {EF + fo fR (t, z)N(dt, dz)}
= BF + [} [ w(t,2)N(dt,dz).

The uniqueness is given by the convergence in L?-spaces and the It6 isometry.0

Example 9.11. Choose F = n?(T). To find the representation (9.33) for F we

define
Y(t):nZ(t):(/O/RzN(ds,dz))Q, te[0,7].

By the Tto formula
()= [0 + 2 =)~ 2n(0)2] )
+ /]R [(n(t™) +2)? = n*(t7)] N(dt, dz)
= /R z2u(dz)dt+/RO [2n(t7) + 2] 2N (dt, dz)

(see Problem 9.2). Hence we get

(T = T/]R 22v(dz) —l—/o /R [2n(t7) + 2] ZN(dt, dz). (9.34)

Remark 9.12. Note that it is not possible to write

20y _ 2 g
() = E[(T)] + / o (B)dn(t) (9.35)
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for some predictable process ¢. In fact, the representation (9.35) is equiva-
lent to

T
2 = 2 Z~ yA
2 (T) = B[ (T)] +/0 / o(1)2 N (dt, d2),

which contradicts (9.34), in view of the uniqueness of the It6 stochastic integral
representation.

9.4 Application to Finance: Replicability

The fact that the representation (9.35) is not possible has a special interpre-
tation in finance: it means that the claim F = n?(T) is not replicable in a
certain financial market driven by the Lévy process 1. We now make this more
precise.

Consider a securities market with two kinds of investment possibilities:

A risk free asset with a price per unit fixed as
So(t) =1, t>0, (9.36)

n risky assets with prices S;(t), ¢ >0 (i = 1,...,n), given by

dS;(t) = S;(t7) [ai(t)dW(t) + /

~i(t, 2)N(dt, dz)} , (9.37)
Ro

where W(t) = (Wl(t),...,Wn(t))T, t > 0, is an n-dimensional Wiener

process and N(dt,dz) = (Ny(dt,dz), ..., Ny(dt,dz))", t > 0, z € Ry,
corresponds to n independent compensated Poisson random measures.
The parameters o;(t) = (0 (t),...,0im(t)), ¢ > 0 (i = 1,..,n), and

Wz(tvz) = (’Yil(taz)w"?’}lin(tvz))v t >0, 2 € R (7’ = ]-7"'777’)7 are pre-
dictable processes that satisfy

E{ i /OT [afj(t) + /RO fyfj(t,z)y(dz)]dt] < 0. (9.38)

ij=1

A random variable F € L?(Fr, P) represents a financial claim (or T-

claim). The claim F' is replicable if there exists a predictable process ¢(t) =
(e1(t), ..., g@n(t))T, t > 0, such that

Zj:/OT O (1) SE(t7) {iafj(t) —l—/]R ﬁj(t, z)u(dz)} dt < oo (9.39)

j=1

and

F = E[F] + Z /O ©; (1)dSi(t). (9.40)
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If this is the case, then ¢ is a replicating portfolio for the claim F'. See Sect. 4.3.
Let A denote the set of all predictable processes satisfying (9.39). These
constitute the set of admissible portfolios in this context.
Let us now consider the general Lévy process n(t), t > 0:

dn(t) = dW (t) + /]R 2N (dt, dz).

Theorem 9.13. Let F € L*(Fr, P) be a claim on the market (9.36)—(9.37),
with stochastic integral representation of the form

F = E[F] +/ / B(t, z)N(dt,dz). (9.41)
0 Ro

Then F is replicable if and only if the integrands o = (aq, ..., ) and B =
(B4, -+, B,,) have the form

Z 0, (1)Si(t)oi; (1), t>0, (9.42)

Z% () (t2),  t>0,z€Ry  (j=1,..,n), (9.43)

for some process ¢ € A. In this case @ is a replicating portfolio for F.

Proof First assume that F is replicable with replicating portfolio ¢. Then
clearly

= Zn:/T @, (£)dS;(t)
:/ Z% (W (1)
/ /R Z% (t7)7i(t, 2)N(dt, dz).

0 4=1

In view of the uniqueness, comparing this with the representation (9.41), we
obtain the results (9.42)-(9.43). The argument works both ways, so that if
(9.42)—(9.43) hold, then the above computation lead to representation (9.40)
and the claim F' is replicable. 0O

We refer to [25, 29] for further arguments on the aforementioned result.

Remark 9.14. Note that any F' € L?(Fr, P) admits representation in form
(9.41) (see, e.g., [71, 120]).

Example 9.15. Returning to Example 9.11 we can see that in a securities
market model of the type:
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e A risk free asset with price per unit Sy(t) =1, ¢ > 0,
e One risky asset with price per unit Sp(t), t > 0, given by

dS(8) = Si(t7) /R SN (dt, d2), (9.44)

the claim F' = 7%(T) is not replicable since its representation is given by
(9.34):

2(T) :T/Ro z2u(dz)—|—/0T AU(2n(t_)+z)zN(dt,dz),

with 8(t,z) = (2n(t~) + 2z)z, t > 0, z € Ry, which is not of the form (9.43).

Financial markets in which all claims are replicable are called complete.
Otherwise the market is called incomplete. The market model presented here
above is an example of an incomplete market.

9.5 Exercises

Problem 9.1. (*) Let X(t), t > 0, be a one-dimensional It6-Lévy process:
dX (t) = a(t)dt + B(t)dW (t) + /R v(t, z)N(dt, dz).
0
Use the It6 formula to express dY (t) = df (X (¢) in the standard form:
dY (t) = a(t)dt + b(t)dW (t) + /]R c(t, z)N(dt, dz)
0
in the following cases:

(a) Y(t) = X2(t), t > 0,
(b) Y(t) = exp{X(t)}, t >0,
(¢) Y(t) =cos X(t), t > 0.

Problem 9.2. (*) Let h € L([0,T]) be a caglad real function. Define

X(t) = -/Ot /RO h(s)zN(ds,dz) — /Ot /RO (eh(s)z —1—h(s)z)v(dz)ds

and put
Y(t) =exp{X(t)}, te]0,T].
Show that
Ay (t) = Y () / ("7 _ 1) N(dt, dz).
Ro

In particular, Y(t), ¢t € [0, 7], is a local martingale.
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Problem 9.3. Use the It formula to solve the following stochastic differential
equations.

(a) The Lévy—Ornstein—Uhlenbeck process:

dY (t) = p(t)Y (t)dt + / v(t, z)N(dt,dz), te€0,T],
Ro

where p € L1([0,7]) and + is a predictable process satisfying (9.20).
(b) A multiplicative noise dynamics:

dy (t) = a(t)dt—&—Y(t‘)/ v(t, 2)N(dt,dz), te€0,T],
Ro

where «,y are predictable processes satisfying (9.20).

Problem 9.4. (a) Integration by parts. Let
dX;(t) = a;(t)dt + B;(t)dW (t) +/ v, (t, 2)N(dt,dz) (i =1,2),
Ro

be two Ito-Lévy processes. Use the two-dimensional It6 formula to show
that

A(X1()X2(t)) = X1(t7)dXa(t) + Xo(t7)dX1(t) + By (1) B (t)dt
+ fa, ¥1(t, 2)75(t, )N (dt, d2).

(b) The Ito—Lévy isometry. In the aforementioned processes, choose a; =
X;(0) = 0 for i = 1,2 and assume that E[X?(t)] < oo for i = 1,2. Show
that

B[Xi1(t)Xa(t)] = E[/OT (ﬂ1(t)52(t) +/R 71(t,z)72(t,z)u(dz)>dt}.

Problem 9.5. The Girsanov theorem. Let v = wu(¢t), t € [0,7], and
0(t,z) <1,t€[0,T],z € Ry, be predictable processes such that the process

Z(t) :—exp{ /t (s)dW (s) — / ds+/ /Rolog (1-0(s, 2))N(ds, dz)
/ /RU log(1 —6(s,2)) + 6(s,2))v (dz)ds) telo,7),

exists and satisfies F[Z(T)] = 1.
(a) Show that

dZ(t):Z(t’)[—u(t)dW(t)—/R 0(t,z)N(dt,dz)].

Thus, Z is a local martingale.
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(b) Let
dX (1) = at)dt + BE)AW (1) + / (t )Nt dz), te 0T,
Ro

be an It6-Lévy process. Find d(Z(t)X (t)). In particular, note that if u
and 6 are chosen such that

B(t)ut) + / At 2)0(t, 2)(dz) = alt),

then Z(¢)X (¢), t € [0,T], is a local martingale.
(c) Use the Bayes rule to show that if we define the probability measure @) on
(Qv fT) by
dQ = Z(T)dP,

then the process X is a local martingale with respect to ). This is a version
of the Girsanov theorem for Lévy processes.

Problem 9.6. (*) Let

n(t)/ot/RO zN(dz,dz), tel0,T].

Find the integrand v for the stochastic integral representation

T ~
n / W(t, 2)N(dt, dz)
0 Ro

of the following random variables:
(a) F = f

(b) ( )

(c) FF = exp{n( )} ,

(d) F = cosn(T) [Hint. If z € R and ¢ = y/—1, then €' = cosz + isinz].

Moreover, in each case above, decide if F' is replicable in the following
Bachelier-Lévy type market model on the time interval [0, T:

risk free asset: dSo(t) =0, Sp(0)=
risky asset: dSy(t) =dn(t), Si1(0)eR
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The Wiener—Ito Chaos Expansion

In this chapter we show that it is possible to obtain a chaos expansion similar
to the one in Chap. 1 in the context of pure jump Lévy processes n = n(t),
t > 0. However, in this case, the corresponding iterated integrals must be
taken with respect to the compensated Poisson measure associated with 7,

77(15)—/(Jt/]R zN(dt,dz), t>0, (10.1)

and not with respect to n itself. Our method will be basically the same as for
Theorem 1.10; therefore, we do not give all the details.

10.1 Iterated It6 Integrals

Let L2((A x v)™) = L*(([0,T] x Rg)™) be the space of deterministic real func-
tions f such that

) 1/2
|f|L2((AXV),L)—(/([ . f (tl,zl,...,tn,zn)dtlu(dzl)--~dtnu(dzn)) <0,
0,T]xRo)™

where, we recall, A(dt) = dt denotes the Lebesgue measure on [0, .
The symmetrization f of f is defined by

1
f(th 21, ~-~7tn7 Zn) = g Z f(t0'1520'17"'7t0'n720'n)7
o

the sum being taken over all permutations o = (o1, ...,0,) of {1,...,n}. Note
that the symmetrization is over the n pairs (¢1, 21), ..., (tn, 2,) and not over the
2n variables t1, 21, ..., tn, zn. A function f € L?((A x v)") is called symmetric
if f = f. We denote the space of all symmetric functions in L?((A x v)") by
L2 (A x v)™).

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 175
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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Define
Gn = {(t1,21, 0 tp,2n) 1 0< 8 <. <, <T, z;€Rg, i =1,...,n}

and let L2(G,,) be the set of the real functions g on G,,, such that

1/2
lgllz2 ) = (/G G (L1, 21, oes by 20 )dt v (d2y) - -~dtnu(dzn)) < 0.

n

Note that, for f € L?((\ x v)"), we have fie, € L*(Gy) and

Hf”QL?((/\XV)") = n!||f||%2(cn)'

Definition 10.1. For any g € L*(G,,), the n-fold iterated integral J,(f) is
the random variable in L?(P) defined as

T ty B .
T (g) ::/ / / / Gt 210t 2 )N (A1, dzn) -+ N (db, ).
0 Ro 0 Ro

We set Jo(g) = g for any g € R.
If f e L2((\ x v)"), we also define

.(f) ::/ Ftrs 21, sty 2 ) NE (dt, d2) = nln (), (10.2)
([0,T]xRo)™

where N®"(dt,dz) = N(dty,dz) - N(dt,,dz,). We also call I,,(f) the n-fold
iterated integral of f. For any g € L?((A x v)™) and f € L*((\ x v)"), we
have the following relations

0, n#m
L2((Axv)n),  N=1m

Elln(9)In(f)] = { (9, f)
where

(9 Pz (axvyn) = f([O’T]XRO)n g(t1, 21,5 ey by 20) f(t1, 20,5 oy by 20 )t v(d21)
e dt,v(dzy).

10.2 The Wiener—It6 Chaos Expansion

We can now formulate the chaos expansion with respect to the Poisson random
measure. See [120].

Theorem 10.2. Wiener—It6 chaos expansion for Poisson random
measures. Let F € L?(P) be a Fr-measurable random variable. Then F
admits the representation
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F=> TI.(f) (10.4)
n=0
via a unique sequence of elements f, € I~/2(()\ xv)"), n=1,2,.... Here we set

Io(fo) := fo for the constant values fo € R. Moreover, we have that

oo

IF1Z2p) = Z Pl 2 ((asym)- (10.5)

n=0

Proof The proof follows the lines of the proof of Theorem 1.10; here we sketch
only the arguments.

By the Itd representation theorem, there exists a predictable process
¥y (t1, z1), (t1,21) € [0,T] X Ry, such that

T
F:E[F]+/ / %(tl,zl)N(dtl,dzl),
0 Ro

where
5 T
||F||2L2(P) = (E[F)) +E{/ / !Pf(tl,zl)dtlu(dzl)} < 0.
0 Ro

Hence for almost all (t1,21) € [0,T] x Ry, there exists a predictable process
Wy(ty, 21,12, 22), (t2,22) € [0,t1] X Rg, such that

T
W(tl,zl) = E[W(thzl)] +/ / Wg(tl,Zl,tQ,ZQ)N(dtQ,dZQ).
0 Ro
This gives

F:E[F]—F/OT/R E[%(tl,zl)]]\?(dtl,dzl)

T ty N B
—|—/ / / / Wg(tl,Z1,tg,ZQ)N(dtQ,dZQ)N(dtl,dzl).
0 Ro J0O Ro

Define

go = E[F]
gl(tl,zl) = E[Jll(tl,zl)], (tl,Zl) c [O,T] X Rp.

We repeat the same argument for (¢2, 22) — almost all the random variables of
the integrand process Ws(t1, 21, t2, 22) and again for the new integrands. This

yields
k-1

F=Y Jgn) +/G Dy (b, 21, o s 2) NOR (d, d2).
n=0 k
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Proceeding as in the proof of Theorem 1.10, we can see that the residual term
here above vanishes, that is,

/ U N®F(dt,dz) — 0, k — oo,
G

with the convergence in L?(P). This gives the chaos expansion

F= Z Jn(gn)
n=0

in L?(P) with g, € L*(G,), n = 1,2, .... Extend the function g,, on the whole
([0,T] x Rg)™ by putting g, := 0 on ([0,T] x Ry)™ \ G, and define f, := gy.
Then

Thus we obtain the claim

F =Y T(fn)

Moreover, the isometry (10.5) is obtained directly from (10.3). O
Ezample 10.3. Let F = n*(T). From (9.34) we have

T
2 = 22u(dz Nz 4 22)N Z
)= [ s+ [0 [ (@n)+ ) Nt )

T
:T/ zQV(dz)—i—/ / 22N (dty,dz)
Ro 0 JRro

T to _ ~
+ / / / / 22122N(dt2, dZQ)N(dtl, le)
0 Ro 40O Ro
2

n=0

(10.6)

with
fo ::T/ 2?v(dz)
Ro

filti,z1) = Z%

fa(ti, 21,2, 22) = 21 22.

Ezample 10.4. Let F =Y (T), where

Y(t) = exp { /ot/R h(s)zN(ds,dz)
- /t/ (eh(s)z —-1- h(s)z)l/(dz)ds}, t€10,7T],
0 JRo
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with h € L?([0,T]) is a caglad real function. Then by the It6 formula we have

Ay (1) = Y () / ("7 _ 1) N(dt, dz)
Ro
and thus .
T)=1 +/ Y (t7) (" — 1)N(dt, dz).
Ro

Repeating the argument, we get

ty N
_1+/ / 1+/ Y(t h(tz)zz _ )N(dt%de))
Ro Ro

(h(tl 1— ) (dtl,dzl)

_1+/ / M= YN (dty, dz1)
Ro
17 - ~
//// (eMt2)z2 1) (") 1) N (dty, dze) N (dty, d21).
Ro Ro

Proceeding by iteration, we obtain

ZI (fn)
ty k
// / Y(tr) [ (e N(dty,dzy) - N(dty,dz),
Ro Ro

i=1
where
(e~ 1)
L (10.7)
(eh(t)z _ 1)®n(t1, Z1yeeestn, Zn)a

fn(t17217 -"7t’n7 zn) =

S|

K3

S|=

which leads to the chaos expansion

n=0

with convergence in L?(P). To prove this we need to verify that

~ 2
/ / / / h(t)z _ 1)®kN®k(dt,dz)) } — 0, k— oo
0o JRr 0 JRo
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This follows from the estimate

T to
/ / / /E[Yg(t;)]\(eh“)z—1)®’“|2dt1u(dz1)---dtku(dzk)
0 Ro 0 RO
k
2 h(tl 21 _ SN N
Y k' / /]RO dtlz/(dzl)) 0, k— oo.

10.3 Exercises

Problem 10.1. (*) Let

:/Ot/R zN(ds,dz), te]0,T).

Find the chaos expansion of

(a) F' =n*(T)

(b) F = eXpn(T)

(c) F = fo dn(s), where g € L*([0,T7)
(d)F = fo n(s)ds, where g € L2([0,T])

Problem 10.2. With 7 as in Problem 10.1, let F” = {F/, t € [0,T]} be the
P-augmented filtration of 7. Find F € L?(P), F}-measurable, for which it is
not possible to write a chaos expansion in terms of dn, that is,

+an// /fntl,..., Ydn(ty) - - dn(t,)

for a sequence f, € L2([0,T]"), n=1,2,...  [Hint. See Example 9.15].
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Skorohod Integrals

We now use the chaos expansions of Theorem 10.2 to define the Skorohod
integral with respect to the compensated Poisson random measure N. The
approach will be similar to the approach used in Chap. 2 for Brownian motion.

11.1 The Skorohod Integral

Definition 11.1. Let X = X(t,2), 0 <t < T,z € Ry, be a stochastic process
(more precisely a random field) such that X (t, z) is an Fr-measurable random
variable for all (t,z) € [0,T] x Ry and

E[X?(t,z)] < oo, (t,2) € 0,T] x Ry.

Then for each (t, z), the random variable X (t,z) has an expansion of the form

oo

X(taz) = Z-[n(fn('atvz))v where fn('vtaz) € ‘Z’g(()‘ X V)n)

n=0

Let fn(tl,zl,...,tn,zmthrhan) be the symmetrization of fn(t1, 21, tn,
Zn, t, 2) as a function of the n+1 pairs (t1,21), ..., (tn, 2n), (t,2) = (tnt1, Znt1)-
Suppose that

o0

n=0

Then we say that X € Dom(d) and we define the Skorohod integral §(X) of
X with respect to N by

5(X) :/O i X(t,2)N (Ot dz) ==Y Ini1(fn)- (11.2)
0 n=0

This definition was first given in [124], see also, for example, [125].
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Remark 11.2. (1) Note that

T - 2 e ~
([ ] x860d9) ] = S+ DI e ey <
0 n=0
(11.3)
so 6(X) € L*(P);
(2) Condition (11.1) implies that
T
X122 (pyase) ;:E{/O A X2(t,z)y(dz)dt} < 0,
0
so Dom(8) C L*(P x A x v), see Problem 11.1;
(3)  Moreover,
T
E[/ X(t, 2)N(6t, dz)} = 0. (11.4)
0o Jro

See Problem 11.1.

Next we consider Skorohod integrals with respect to

T
n(t) = / / ZN(dt,dz), t>0.
0 JRe
Let Y =Y (t), t > 0, be a measurable stochastic process such that
X(t,z) =Y (t)z, (t,2)€]0,T] xRy,

is Skorohod integrable with respect to N. Then we define the Skorohod integral
of Y with respect to n by

/T Y (t)on(t) == /T Y (t)2N(6t, dz). (11.5)
0 0 Ro

11.2 The Skorohod Integral as an Extension of the It6
Integral

Just as in Chap. 2 we can now prove that the Skorohod integral is an extension
of the It6 integral.

Theorem 11.3. (a) Let X = X(t,z), t € [0,7],2 € Ry, be a predictable
process such that

T
E[/ X2(t, 2)v(dz)dt] < . (11.6)
0 JRg
Then X is both Ité and Skorohod integrable with respect to N and

T T
/ X(t,z)N(0t,dz) = / X(t, z)N(dt,dz). (11.7)
0 Ro 0 IRO
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(b)Let Y =Y (t), t € [0,T], be a predictable process such that

E[/TYz(t)dt} < . (11.8)
0

Then Y s both Ité and Skorohod integrable with respect to n and

/Y )on(t) /Y )dn(t) (11.9)

Proof The proof is similar to the proof of Theorem 2.9 and therefore omitted.O

Ezample 11.4. What is fo T)on(t)? Since

T) = /OT/]RO ZN(dt,dz) = I, (fi(t1, 21)),

where fi(t1,21) = z1, we have

/ ")) = / ' / RGRCES
- / ' /R RN d2) = )
_2/ /RO/ /RO 212N dtl,dzl)N(dtg,dZQ)

= 2/ / zZom t2 dt27d22 t2 d’/] tQ
Ro

By the It6 formula we get

2/OT( )dn(t) //RO N(dt, dz).
Hence,
/OTn(T)én(t)—Q/OT (t™)dn(t) / /R N(dt,dz). (11.10)

Additional properties of the Skorohod integral will be proved in Sect. 12.3
(the relation between the Skorohod integral and the Malliavin derivative)
and in Sect. 13.3 (the relation between the Skorohod integral and the Wick
product).
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11.3 Exercises

Problem 11.1. Prove that Dom(d) C L?(P x A x v) [Hint Use (11.1)].
Problem 11.2. Prove (11.3) and (11.4).

Problem 11.3. (*) Find the following Skorohod integrals:

@) [ (S g(s)dn(s)) F(£)én(t), where f, g are caglad functions in L2([0,T))

) Jy (J F@dn(®))g(s)dn(s), with f,g as in (a)
(¢) By comparing (a) and (b) deduce the following Fubini type formula for
Skorohod integrals

/OT (/()Tg(s)dn(s))f(t)én(t) =/OT (/OT f(t)dn(t))g(s)én(s) (11.11)

Problem 11.4. Let g € L?(v) = L?(Rg) and define

X = / / dt dz).
Ro

Express the following Skorohod integrals in terms of iterated Ito integrals:

a) [ fu, XN(t,dz),
b) fo fu, X2N (6t dz).
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The Malliavin Derivative

12.1 Definition and Basic Properties

In the Brownian motion case we saw that there were several ways of defining
the Malliavin derivative:

(1) Either as a stochastic gradient, using the concept of directional derivatives,
either on the Wiener space as in Appendix A (see Definition A.10) or on
the space 2 = S§'(Ry) as in Chap. 6 (see Definition 6.1).

(2) Or by means of the chaos expansion in terms of iterated integrals with
respect to Brownian motion (see Lemma A.20).

In the Brownian motion case, those approaches are equivalent and they lead
to “essentially” the same differential operator.
We now consider the pure jump martingale case, when

n(t) = /Ot/R N(ds,dz), te0,T).

In this case, it turns out that the two approaches do not give the same oper-
ator and it is necessary to make a choice about which gives the most useful
derivative concept. For several reasons we choose the approach based on the
chaos expansions (see Theorem 9.15). For example, this is a definition that
gives us a Clark—Ocone type theorem for compensated Poisson random mea-
sures similar to Theorem 4.1 for the Brownian motion, see Theorem 12.16.
For the other approach to the Malliavin calculus we refer to [35, 58].

Definition 12.1. The stochastic Sobolev space ;o consists of all Fr-
measurable random variables F € L?(P) with chaos expansion

F=3 I(fa): fo€L*(Axv)"),
n=0

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 185
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satisfying the convergence criterion

1B, , == > nolll fallFa(axoym) < oo (12.1)
n=1
Comparing the aforementioned condition with (10.5) we see that Dq o is
strictly contained in the space of all Fp-measurable random variables in
L2(P).

Definition 12.2. We define the operator D:

L*(P)>oDys>F = DFcL*(AxvxP)

by
Di.F = nly_1(fu(t,2),  FeD,. (12.2)
n=1
Here IL,_1(fn(-,t,2)) means that the (n — 1)-fold iterated integral of
fn is regarded as a function of its (n — 1) first pairs of wvariables

(t1,21)s s (tn—1,2n-1), while the final pair (t,z) is kept as a parameter.
In view of Definition 3.1 for the Brownian motion, it is natural to call Dy, F
the Malliavin derivative of F at (¢, z).

Note that we indeed have that DF € L*(P x A x v) because

IDF s ry= [ [ BIDE P
0

// Zn (n— DY ful, tZ)HL2(()\><V)" ny(dz)dt (12.3)

Rop=1

:Znn!anH%z((,\w)n) = ||F||1%>1,2 < 0.

n=1

Ezample 12.3. Choose F = foT e, f(t, 2)N(dt,dz), with the deterministic in-
tegrand f € L?(\ x v). Then F = I;(f) and hence

Dy F = Io(f(1,2)) = f(t,2). (12
In particular, if ' =n(T) := fOT T, zN(dt,dz), then

Dy .n(T) = =. (12.5)
Ezample 12.4. Let F = n*(T), then by (10.6) we have

n*(T) = Io(fo) + 11 (f1) + L2( f2),
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where

fo= T/]R 22v(dz)

filty, z1) = 2
fa(ti, 21,2, 22) = 21 22.

Hence, by (12.2),
Dy on?(T) = 2% + 211 (fa(, 1, 2))

=224+ 2/ / zlzN (dty,dz1) (12.6)
Ro
=22+ 2n(T
Since Dy ,n(T) = z (see (12.5)) we conclude that
2
Dy (T) = 20(T) Dy zn(T) + (Dy,2n(T))

— (0(T) + Dy.n(T))* = n*(T).

This shows that D does not satisfy the usual chain rule of a differential opera-
tor. In fact, it illustrates that D is a difference operator and not a differential
operator.

Ezample 12.5. Let F =Y (T), as in Example 10.4. Then by (10.7) we have

(12.7)

s n
Dy .F = annlfn t,2)) :Z— MOz 1)1, (M2 — 1)®(-1)
n=1 n=1

n!
z - 1 z n—
= (M7 —1) Z mln_l(eh(t) — 1)®(-1)
n=1 ’

= F(eMD7 _ 1),
Theorem 12.6. Closability of the Malliavin derivative. Suppose F €
L3*(P) and Fy, k = 1,2, ..., are in D1 5 and that

(1) Fy, — F, k — oo in L*(P)
(2) Dy . Fy, k=1,2,..., converges in L*>(A x v x P).

Then F € Dy 5 and
D;.F, — D;.F, k—oo, inL*\xvxP).

Proof Let F =32 L(f,) and Fr, = 32°° L(f{), k = 1,2, ... From (1)
we know that

f,(lk) — fn, k—o00, in LQ(()\ x v)")
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for all n = 0,1, .... Since (2) holds, we deduce that

S ol £ = £ 2 (axwym) = 1Ptz Fe=Dr . Fi| 12 asepy — 0, Ky j — 00.
n=0

Hence by the Fatou lemma,

Jim D 2l = Fall e

n=0

< Jim (tmint Y- mnt] £~ £ Far) = 0.
n=0

T k—oo

which means that F' € D; 5 and

Dy .Fy, — D;,F, k—oo, inL*AxvxP). O

12.2 Chain Rules for Malliavin Derivative

As in Example 12.5, let us consider

G1 = exp { /OT s hl(s)zN(ds,dz)}, (12.8)

with hy € L2([0,T]). Its derivative can be written as
D;.Gy = Gy(eM®* —1). (12.9)

Let ID)f2 denote the set of linear combinations of such exponentials. Now
choose G = exp{fOT Jre ho(t)zN(dt,dz)} € Df ,. Then from the above

Dy .(G1Ga) = Dy (exp { /O r /R (ha(t) + h2(t))zN(dt,dz)})

= (G1Gs (e(hl(t)'i‘hz(t))z _ 1)

= (G1 + G1 ("W — 1)) (Go + Go ("M — 1)) — G1Gy
= (G1+ Dy .G1) (G2 + Dy .G2) — G1Gy

= G1Dy.Go + Go Dy .G1 + Dy .G D, .G>.

By linearity this continues to hold if we replace G; and G5 by linear combi-
nations F, Fy of such exponentials. This proves the following result.

Theorem 12.7. Product rule. Let F,G € ]D)fg. Then FG € ]D)ig and

D .(FG) = FD;.G+GD,.F + D, .FD, .G. (12.10)
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By induction it follows that if F' € ]D)‘i2 then
D, .(F")=(F+ D, .F)" - F". (12.11)

For a related result see also Lemma 6.1 in [171]. For an extension to
the so-called normal martingales, see, for example, Proposition 1 in [195] or
Proposition 5 in [198].

More generally we have the following result.

Theorem 12.8. Chain rule. Let F' € Dy 5 and let ¢ be a real continuous
function on R. Suppose o(F) € L*(P) and o(F + D; ,F) € L*(P x A x v).
Then ¢(F) € D12 and

Dy 2p(F) = @(F + Dy . F) — (F). (12.12)

Proof First assume that ¢ has compact support and F' € Dig. Then

zyF ~ d
o) = T / )dy:
where
- —zxy dx
4,0 v) \/ 2 /

is the Fourier transform of ¢. By (12.11) and Theorem 12.6 we get that
D; .o(F) )" ((F + Dy .F)* — F d
1.2 0( m/zn,y 1 )" = F)(y)dy

eiy(F+Df,,zF) _ elyF>(70(y)dy

v

:SD(F + Dt,zF) - ‘p(F%

so the result holds in this case. For general F' € D; o we proceed by approxi-
mation. Choose F,, € sz, n =1,2,..., such that F;, — F, n — oo, in Dy o,
see (12.1). Then ¢(F,) — (F) in L*(P) and ¢(F, + Dy .F,) — ¢(F,) —
o(F+D,; ,F)—¢(F) in Dy . Hence the result holds for all F' € D 5 in the case
of » with compact support. The extension to the case when ¢(F) € L?(P)
and ¢(F + Dy . F) € L*(P x X x v) follows by a similar limit argument. O

Ezample 12.9. The chain rule (12.12) is useful for the evaluation of Malliavin
derivatives. To illustrate this, consider the following:

(1) The derivative of n*(T) is
2
Dy 2n*(T) = ((T) + Den(T))” — (T
2
= (D) +2)" = n*(T) = 2(T)z + 22,
which is what we found in (12.6).
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G =exp / /}R sztdz))

as in (12.8), the chain rule (12.12) gives

(2) With

T ~
D, .G = exp (/0 s h(t)zN(dt,dz) + h(t)z) -G
_ G(eh(t)z _ 1)7
).

which is (12.9
(T)—K)* be a European call payoff, where K > 0 is a constant.

(3) Let F = (n
Then
+

Dy .F=(nT)+2—-K)" —(n(T) - K) (12.13)

12.3 Malliavin Derivative and Skorohod Integral

In this section we explore the relationship between the Malliavin derivative
and the Skorohod integral following the same lines as in the Brownian motion
case. We also derive useful rules of calculus.

12.3.1 Skorohod Integral as Adjoint Operator to the Malliavin
Derivative

For the following result we can also refer to [29, 54, 69, 171].

Theorem 12.10. Duality formula. Let X (t,z),t € Ry, z € R, be Skorohod
integrable and F € IDy 5. Then

[//ththFu(dzdt} [//th (5t,dz)

(12.14)

Proof The proof of this is the same as the proof of the corresponding result
in the Brownian motion case. See Theorem 3.14. O

12.3.2 Integration by Parts and Closability of the Skorohod
Integral

The following result is basically Theorem 7.1 in [171], here presented in the
setting of Poisson random measures.

Theorem 12.11. Integration by parts. Let X (¢,2), t € Ry,z € R, be a
Skorohod integrable stochastic process and F' € 1Dy such that the product
X(t,z) - (F+ Dy, F), t € Ry,z €R, is Skorohod integrable. Then
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F/OOO/RX(t,z)N(at,dz) (12.15)
- /0 h /R X(t,2)(F + Dy F)N(5t,dz) + /0 h /JR X(t, 2)Dyo Fu(d=)dt.

Proof First assume that F' € D‘fz. Let G € DiQ. Then we obtain by
Theorem 12.10 and Theorem 12.7

E [G/OOO/RFX(t,Z)N((St,dz)] - V / PX(t z)DtZGV(dz)dt]

) [GF/OOO/RX(t,z)N(at,dz] - [ / / X(t,2) DtZFV(dz)dt]
- [G /O h /R X(t,z)Dt,zF]V(ét,dz)]
=E [G <F/OOC/ZRX(t,z)N(6t,dz)/OOO/IRX(t,z)DtyzFV(dz)dt
—/OOO/]RX(t,z)Dt’ZFJV((St,dz))].

The proof then follows by a density argument applied to F and G. O

Remark 12.12. Using the Poisson interpretation of Fock space, the formula
(12.15) has been shown to be an expression of the multiplication formula
for Poisson stochastic integrals. See [124, 219], Proposition 2 and Relation
(6) of [196], Definition 7 and Proposition 6 of [200], Proposition 2 of [198],
and Proposition 1 of [194]. Moreover, formula (12.15) has been known for
some time to quantum probabilitists in identical or close formulations. See
Proposition 21.6 and Proposition 21.8 in [187], Proposition 18 in [34], and
Relation (5.6) in [7], see also [126].

Theorem 12.13. Closability of the Skorohod integral. Suppose that
Xn(t,z), t € Ry, z € R, is a sequence of Skorohod integrable random fields
and that the corresponding sequence of integrals

:/ /Xn(t,z)ﬁ(at,dz), n=1,2,..
0 R

converges in L?(P). Moreover, suppose that

lim X, =0 in L*(Px\xv).
Then we have
lim I(X,)=0 in L*(P).

n—oo
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Proof By Theorem (12.10) we have that

(I(X,), F) (X, Dy . F)

0, n — oo,

L2(p) — L2(PxAxv)

for all F' € Dy 5. Then we conclude that lim,, . I(X,) = 0 weakly in L?(P).
And since the sequence 1(X,,), n = 1,2, ..., is convergent in L?(P), the result
follows. 0O

Remark 12.14. In view of Theorem 12.13 we can see that if X,,, n = 1,2, ...
is a sequence of Skorohod integrable random fields such that

)

X = lim X,, in L*(PxAxv).

n—00

Then we can define the Skorohod integral of X as

n—oo n—oo

I(X):= / / X(t,z)N(6t,dz) = lim / / Xo(t, 2)N(6t,dz) = lim I(X,),
0 JIR 0 JR
provided that this limit exists in L?(P).

12.3.3 Fundamental Theorem of Calculus

The following result is basically Theorem 4.2 in [171], here presented for Pois-
son random measures, see, for example, [64].

Theorem 12.15. Fundamental theorem of calculus. Let X = X (s,y),
(s,y) € [0,T] x Ro, be a stochastic process such that

E[/OT s X2(s,y)1/(dy)ds} < 0.

Assume that X (s,y) € D19 for all (s,y) € [0,T] x Rg, and that Dy ,X(-,-) is
Skorohod integrable with

E{/OT /RO (/OT s Dtsz(s,y)N(5s,dy))21/(dz)dt} < 0.

T
/ X (s,y)N(6s,dy) € Dy
o Jre

Then

a

nd
T 5 T -
Dt,z/ X(Say)N(asady) = / Dt,zX(s7y)N(6svdy) +X(t,2’)
0 Ro 0 ]RO

(12.16)
In particular, if X (s,y) =Y (s)y, then

T T
Di. /0 ¥ (s)on(s) = /O Dy Y (s)n(s) + 2V (2). (12.17)
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Proof First suppose that

X(Svy) = In(fn(’ s,y)),

where fp,(t1, 21, .., tn, Zn, 8, y) is symmetric with respect to (t1,21), ..., (tn, 2n)-
By Definition 3.1 we have

/Oo/ X (5,5)N (85, dy) = Lni1(fa), (12.18)
0 R

where
fn(tla 21, ...,tn,Zn,tn+1, Zn+1)

1

= n4+1 [fn(thrlv Zn41, 'atla Zl) + ...+ fn(tn+1,2n+1, '7tn7 Zn)

+fn(t17 21, 'atn-‘rl? Zn—',—l)]

is the symmetrization of f,, with respect to the variables (¢1,21), ..., (tn, 2n),
(tn+1s 2nt1) = (8,y). Therefore, we get

D, . (/OO/ X(s,y)]\Nf((Ss,dy)) = L(fo(t,z, t1,21) + oo + [ty 2, tny 20)
o JR

+fn(ht,2)).
On the other hand we see that
// Dy. X (5,y)N (85, dy) (12.19)
0JR

= /7 nIn,l(fn(-,t,z,s7y))]\~/(§s,dy) = nl'n(j‘;(-,t,z7 ),

0/R
where

— 1
fn(tlv 21, "'atnflvtnflatv Zatnyzn): ; [fn(tv Z, 'atla Zl) + ..o+ fn(tv Z, ‘7tna Zn)}

is the symmetrization of f,,(t1, zn, s tn—1, 2n—1,t, 2, tn, 2,) with respect to
(t1,21), ooy (bn—1, 2n—1)s (tn,2n) = (s,y). A comparison of (12.18) and (12.19)
yields formula (12.16).

Next consider the general case

X(Svy) = Z In(fn(a Say))'

Define
Xon(5,9) = 3 Lalfulr5,9)), m=1,2, .
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Then (12.16) holds for X,,. Since

2

/Dm (5, )N (35, dy) — / /Dm (5,9)N (3s, dy)

Lo(PXAXv)

NSIE
= Z nn!‘fn

n>m+1

— 0, m — 00,
Lo((Axv)ntl)

the proof follows by the closedness of D, .. O

12.4 The Clark—Ocone Formula

In this section we state and prove a jump diffusion version of the Clark—Ocone
formula (see Theorem 4.1). For this result we refer to, for example, [153].

Theorem 12.16. Let ' € Dy 5. Then
T ~
F = E[F] —I—/ E[D, ,F|FN(dt,dz), (12.20)
Ro

where we have chosen a predictable version of the conditional expectation
process E[Dy ,F|Fy], t > 0.

Proof The proof is similar to the one for the Brownian motion case (Theorem
4.1). Let us consider the chaos expansion of F' = " I,(f,), where f, €
L?((A x v)"), n=1,2,.... Then the following equalities hold true:

/[R E[D,,. F|F]N(dt,dz) /O/R E[ann 1(fu (51, 2)) | F] N (dt, d2)

n=1

> n(n = 1) E[Ja-1(fal- £, 2))| N (dt, d2)

Ro p=1

R y
Zn' J E /O/ / fn t1,21,...,tnfl,anl,t,Z)N(dtl,de)
Ro Ro

n=1

< N(dtn_1,dzn_ 1)\}1} (dt,dz)
- an(fn) =F—-E[F]. O

Remark 12.17. Comparing (12.20) with the It6 representation (9.33), we can
see that the difference is that (12.20) provides an explicit formula for the
process ¥ (t,z), t >0,z € Ry.

Il
—

]2

n=1
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Ezample 12.18. Suppose F' € D 5 has the form F' = ¢(n(T")) for some contin-
uous real function ¢(x), © € R. Then by the Clark-Ocone theorem combined
with the Markov property of the process 7, we get

p(n(T)) = Ele(n(T))] +/0 A E[p(n(T) + z) — ¢(n(T))| F] N (dt, d2)

T
:E[sa(n(T))H/o /RE[@(H,,(T,QH) (12.21)

— @y + (T = t))]jy=ny N (dt, dz).

12.5 A Combination of Gaussian and Pure Jump Lévy
Noises

We now outline how the results of the previous sections can be generalized to
the case of combinations of independent Gaussian and pure jump Lévy noise.
Let us sketch a framework for treating this combination of noises. Here we
follow the ideas in [2], though this work is settled in the white noise framework.
The white noise setting will also be treated later in this book (see Chap. 13).

Another approach to deal with the noise generated by general stochastic
measures with independent values can be found in [61]. See also [71].

Denote the probability space on which W = W(t), t > 0, is a Wiener
process by (20, FF,P") (see Sect.1.1) and denote the one on which
N(dt,dz) = N(dt,dz) — v(dz)dt is a compensated Poisson random mea-
sure by (20, F~, PN) (see Sect.9.1).

Let (.Ql,fj(}),,ul), ceey (QN,F:(FN), iy) be N independent copies of

(QOPFJ‘:VvPW) and let (QN+1a~f§1N+1)nuN+1)a B3] (QN+R7‘7:7(’N+R)’/1‘N+R)

be R independent copies of (£2o, FX, P), for some N, R € NU {0}. We set

Q=0 x..xOyip, Fr=FP @ . oFN P=pu x . Xpyin

(12.22)
In the sequel, we call the space (2, F, P) the Wiener—Poisson space.
We can consider the product of the form
L
He (@) = ] Tatw (fram) (@) (12.23)

k=1

for any a € J%, which is the set of indices of the form a = (o, ...,a(")),
with a®) = 0,1,..., for k = 1,..., L. Here I, (fk,a(k>> is the a(®)-fold iterated
It6 integral with respect to the Wiener process, if Kk = 1,..., N, or to the
compensated Poisson random measure, if k= N +1,..., L.
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The elements H,, a € J¥, constitute an orthogonal basis in L?(P). Any
real Fr-measurable random variable F' € L?(P) can be written as

F= Z H,
aeJL

for an appropriate choice of deterministic symmetric integrands in the iterated
Ito integrals.

Definition 12.19. (1) We say that F' € D1 o if

N
HFH]%)LQ ::Z Z a(k)a(k)!ka,oz(M||iz([07T]q(k)) (1224)

k=1aecJglt

L
k k
+ E E CY( )Oé( )!”fk,a“‘"')||iQ(([(),T]XRO)a(k)) = oo
k=N+1aeJkL

(2) If F' € Dy o, we define the Malliavin derivative DF of F' as the gradient

DF = (D14F, ..., DnyF,Dni14..F, ..., D4 . F), (12.25)
where
DiiF =Y o®™H,_w(t), tel0,T] (k=1,.,N),
aceJt
and

DpsoF =Y o®H, (tz2), te[0,T],z€Ry (k=N+1,..,L)
aeJL

Here €®) = (0,...0,1,0,...0) with 1 in the kth position,

cf. Definition 3.1 and Definition 12.1.
Based on the same concepts and arguments as in the previous sections,
one can show the following Clark—Ocone formula:

Theorem 12.20. Clark—Ocone theorem for combined Gaussian-pure
jump Lévy noise. Let F € Dy 5. Then

+Z / D PR+ S / /}R Dy FIF N (dt, d).

k=N+1
(12.26)

A generalization of this formula to processes with conditionally independent
increments can be found in [227].



12.5 A Combination of Gaussian and Pure Jump Lévy Noises 197

Similar to the Brownian motion case one can obtain a Clark—Ocone for-
mula under change of measure for Lévy processes. This was first proved by
[112] for random variables in Dy 5. Subsequently the result was generalized in
[184] to all random variables in L?(P), by means of white noise theory (see
Chap. 13). We present the statement of this generalized version later without
proof, and refer to the original papers for more information. We first recall the
Girsanov theorem for Lévy processes, as presented in [182] (cf. Problem 9.5).
See also [148].

Theorem 12.21. Girsanov theorem for Lévy processes. Let 0(s,z) <1,
s €10,T], z € Ry and u(s), s € [0,T], be F—predictable processes such that

T
/ {| log(1 + 0(s,z)) | +6%(s,2)}v(dx)dt < 00 P-a.e., (12.27)
0 JRro

T
/ u?(s)ds < oo P —ae. (12.28)
0

Let
Z(t) = exp{/o u(s)dW (s) 7/0 u?(s)ds
+/ {log(1 —0(s,x)) + (s, x) }v(dx)ds

0 JRo
+ ; /RO log(1 — O(S,x))N(ds,dx)} , te[0,T].

Define a measure Q on Fr by
dQ(w) = Z(w, T)dP(w).

Assume that Z(T') satisfies the Novikov condition, that is,

E

1 (T T
exp (/ u?(s)ds —|—/ {(1—0(s,2))log(1 - 6(s, x))
2 Jo 0 JRo
+0(s, ) }v(dz)ds)] < oco.
Then E[Z(T)] = 1 and hence Q is a probability measure on Fr. Define
No(dt, dz) = 0(t, z)v(dz)dt + N(dt, dz)

and

dWo(t) = u(t)dt + dW (t).

Then NQ(-, -) and Wq(-) are compensated Poisson random measure of N(-,-)
and Brownian motion under @, respectively.
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In this setting, the Clark—Ocone formula gets the following form. See [112,
184].

Theorem 12.22. Generalized Clark—Ocone theorem under change of
measure for Lévy processes. Let F' € L?(P) N L*(Q) be Fr-measurable.
Assume that u satisfies (5.7), that § € L*(P x A x v) and that (t,x) —
Dy 0(s, %) is skorohod integrable for all s,z, with §(Dy ,0) € G*. Then the

integral representation of F' with respect to Wg and Ng is as follows:
T
F = Eo[F] +/ Eq[DiF - F/ Dyu(s)dWo (s)|F] dWol(t)

//EQ A —1) + AD, ,F|F,] No(dt, dz),
Ro

where

D 20(s,2)
_exp{/ s [Dy20(s,z) +log(1 — T ))(1—0(5 ,2))|v(dz) ds

+log(1 — 1Dt_’zg((s”z)))NQ(ds,dz)} .

12.6 Application to Minimal Variance Hedging
with Partial Information

Consider a financial market where the unit prices S;(t), ¢ > 0, of the assets
are as follows:
risk free asset So(t) =1, t€[0,7T],
risky assets dS;(t) = o;(t)dW(t)

+/ v,(t, 2)N(dt,dz), te€(0,T], j=1,...n,
o

where o(t) = [0;;(t)] € R"*™ and 7(t, 2) = [, ;(t, 2)] € R™*™ are predictable
processes, which might depend on S(s) = (S1(s), ..., Sn(8)), s € [0,1].
Let E = {&;, t > 0} be a given filtration such that

& C F, te 0,7
We think of & as the information available to an agent at time t.

Definition 12.23. A predictable process ¢ = p(t), t € [0,T], is called admis-
sible if

(1) p(t) is E- adapted
() B[Sy Jy P30 (S0 02, + fy, 725 (1 2)v(d2))dt] < o0

The set of all E-admissible portfolios is denoted by Ag.
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We now pose the following question: given a claim F' € L?(Fr), how close
can we get to F' at time T by hedging with portfolios? If we consider closeness
in terms of variance, the precise formulation of this question is the following:
given F € L*(Fr) find o* € Ag such that

T 2 T 2
@1611J£EE[(F—E[F] —/0 (p(t)dS(t)) } :E[(F—E[F} —/0 v (t)dS(t)) }
(12.29)
Such a portfolio ¢* is called a partial information minimal variance portfolio.
We use Malliavin calculus to obtain explicit formulae for such portfolios
©*. We refer to [25] for the following result. See also [160] and [69] for an

extension to the white noise setting and [59, 60] for market models driven by
general martingales and random fields.

Theorem 12.24. Suppose F' € Dy 5. Then the partial information minimal
variance portfolio p* € Ag for F is given by

©*(t) = Q' (t)R(t), te[0,T]. (12.30)
Here Q(t) € R™*™ has components
Qik(t) = E[Nix(t)|&],
where

) = ;amtm@) + / it el ) (=)

The matriz Q~1(t) is the inverse of Q(t) (if it exists). The vector R(t) € R™
has components

Ri(t) = E[M;|&)],

where
M;(t) :Zaij(t)E[Dj,tFm] +/ i, (t,2)E D} . F|F|v;(dz).
— Ro

Moreover, D;,F, t € [0,T], denotes the Malliavin derivative with respect to
W; and D;,.F, t € [0,T], z € Ry, stands for the Malliavin derivative with
respect to N;.

Proof Let ¢} be as above and define

no LT
A+ | eiwas;o
+Z/ Qi (t)o; ()dW;( //% (t)y;(t, 2)N;(dt, dz).
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To prove the statements it is enough to show that
E[(F-F)G] =0

for all G € L%(P), Fr-measurable of the form

Gl + ; / (08,0
+Z/wa]dw //@Zzwjtz()

with ¢ € Ag. By the Clark—Ocone theorem (Theorem 12.16) we have

+Z/ E[D; F|F,]dW;(t //RO (D= FIF ] Nj(t, 2).

This gives

n n

~ T -
E[(F - F)d] :EKZ/O E[D; +F|F,]dW;( ZZ/O 05 (D)o k(D) dWi (1)

j=1 j=1k

n

+JZ1 /OT ROE jot,2 FIF N; (dt, dz) — szzl/ / @5 ()5 (t, 2) N (dt, dz))
(;Z/ ¥ (1o ik (£)dAWi (t) + Z:: z:;/oT /mo ¥, ()7 (t, 2) N (dt, dz)ﬂ
= E{i /T (B[D;. FI7] - Z Cr R (1)) (Z i (D)o (1)) dt
=170 k=1 k=1
0o - .
+J; /0 /RO (E[Dj,t,zF\ft] - kzz:lﬂ%(t)’mj(t, Z)) : (kz::l?bk(t)’ykj(t,z))uj(dz)dt

o .
—2[X [ Y o0 eu®ED,FIR] = Y6l 0000
j=1"0 k=1 i=1

+ / (Vi (6 ) E[Dy.1. FIF] Z«pl (7556 2 (0, 2)) v (d2)] ]
. ,

- E[;/T V()L (t)de] =

where
0= (o OE[DLFIR] = ¢ (0o Ho (1)
J=1 i=1

4 [ [t BDs P - 3 12 2)] ().

Ro i=1
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This holds for all ¥ € Ag if and only if
E[Ly(t)|&] =0, te[0,T], k=1,..,n.

We can write

Ly(t) = Mi(t) — Z @7 () Nir (1),
where
My(t) = Z (okj(t)E[D; F|F] + / Vi;(t,2)E[Dj1 . F|F|v;)
k=1 Ro
and

n

= ; (Uij(t)okj(t) + ~/]RO /Vij(tv Z)’ij(t, Z)V](dz))

Therefore, we conclude that, for k£ =1,...,n,

|5t Z% \&] =

or
Q)¢ (t) = R(1),
where
QER™™, Qu(t) = E[Nw()I&], ik=1,..n,
and

R(t) eR", Ri(t)=E[M;t)|&], i=1,..,n.

The solution of this equation is

which completes the proof. 0O
Corollary 12.25. (a) Suppose n =1 and & C F;, t > 0. Then

o E[o(t)E[DiF|F] + [ 7(t, 2)E[Dy . F|F]v(dz)|&]
er(t) = B0 +}RRO PSRRI, . (12.31)

(b) Suppose n =1, o and v are E-predictable. Then

o(t)E [DtF\&]HR )E Dy . F|&]v(dz)
JrfRO t, ) (d=z)

o (t) = (12.32)
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Ezample 12.26. (1) Suppose n = 1 and

dS(t) = dW (t) + / 2N (dt, dz).
Ro

What is the closest hedge to F := fOT Jz, zN(dt,dz) in terms of minimal
variance? Since D:F =0, t > 0, and D; . F = z = E[Dt,zF|.7-}], t >0,
z € Ry, we get

P (t) = (1—&-/]R zzu(dz))_l/]R 22v(dz), t€][0,T). (12.33)

We see that this process is actually constant.
(2) Suppose n =1 and & C F;, t > 0, and

dS(t) = dn(t) = / SN (dt, d2).
Ro
Let us consider F' = S*(T) = n*(T). Then
2 2 2
D, .F = (n(T) + Dt’zn(T)) —n(T) =2n(T)z + z°.
Hence the minimal variance portfolio is

P*(t) = (/R z2l/(dz))71/R (222E[S(T)|&] + 2°)v(dz)

Jo, #°v(d2)
Jo, #2v(dz)

(3) Suppose n =1 and & = F, t > 0, and

(12.34)
= 2B[S(t)|&] +

dS(t) = dn(t) = /R ZN(dt, dz).

Let us consider F = S%(T) = n?(T). Then, since S is a martingale with
respect to I, we get

fRo 23v(dz)

@) (12.35)

P (1) = 20(t7) +

The closest hedge F' in this case is therefore given by

F-E[F]:/OT //RO fRO N(dt,dz). (12.36)
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If we compare this to (9.34), that is,

F—E[F]:/OT / /R N(dt,dz),

we see that the closest hedge to the non-replicable claim

G := / / N(dt,dz)
Ro
is the replicable claim

G = fRO N g fRo ¢*u(d¢

dt,dz) = [ R ().
fR N(t ) T, Code) n(t)

(4) Suppose n =1 and
ds(t) = / 2N (dt,dz)
Ro

/ / dt dz).
Ro

Then the minimal variance portfolio

P*(t) = (/R zQV(dz)>7l/R 2" Tly(dz), te€(0,T],

is constant.
(5) Suppose n =1, & = Fy, t > 0, and

and

ds(t) = S(t™) / ZN(dt,dz).
Ro
Let us consider F' = S?(T). In this case

Dy.F = (S(T) + D, .S(T))” — S*(T).

Since S(T') = S(0) exp U(T'), where

/ / log(1+ 2) — z) dzds+/ /log (14 2)N(ds,dz),
Ro Ro

then we have

D, .S(T)

S(0)exp{U + D, .U)} — S(0) exp{U}
S(0) exp U exp{log(l +z) — 1}
S(0)expUz = S(T)z.
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Hence
Di.F = (S(T) + S(T)z)" — S*(T) = 25*(T)z + S*(T)=’
and the minimal variance hedging portfolio is
B fRo S2(T) (222 + z3)1/(dz)
B fRo 22v(dz)

©* (1)
(6) Suppose n =1, & = F;, t > 0, and
ds(t) = / ZN(dt,dz).
Ro

Consider the digital claim

F = Xk ,00) (S(T)).

The claim F may not belong to ;5. Then an extended version of
Theorem 12.24 can be applied (see Chap. 13). In this case we have

Dt 2 F' = X(j,00) (S(T) + 2) = X{e,00) (S(T)),

which yields

o () = (/]R ZQV(dZ))A/R 2E[D,.F|F|v(dz2)

= (/RO z21/(d2’)>7 /RO ZE[XWOO)(S(T — 1)+ 2)
— X[k.oo) (S(T = 1))|S(t)]v(d).

12.7 Computation of “Greeks” in the Case of Jump
Diffusions

In Sect. 4.4 it has been demonstrated how Malliavin calculus can be employed
to compute option price sensitivities, commonly referred to as the “greeks,”
for asset price processes modeled by stochastic differential equations driven by
a Wiener process. The greeks are risk measures, which are used by investors
on financial markets to hedge their positions. These greeks measure changes of
contract prices with respect to parameters in the underlying model. Roughly
speaking, greeks are derivatives with respect to a parameter 6 of a risk-neutral
price, that is, for example, of the form

0
SSEB(S(T))],

where ¢(S(T)) is the payoff function and S(T) is the underlying asset, which
depends on 6.
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The Malliavin approach of [80] for the calculation of greeks has proven to
be numerically effective and in many respects sometimes better than other
tools such as, the finite difference or the likelihood ratio method [43]. This
technique is especially useful if it comes to handling discontinuous payoffs
and path dependent options. See for example, [45] for more information and
the references therein.

In this section we wish to extend the method of [80] as presented in Sect. 4.4
to the case of Itd6 jump diffusions. The general idea is to take the Malliavin
derivative in the direction of the Wiener process on the Wiener—Poisson space,
see Sect.12.5. This enables us to stay in the framework of a variational cal-
culus for the Wiener process without major changes. However, it should be
mentioned that the pure jump case cannot be treated by this approach in the
same way, since the Malliavin derivative with respect to the jump component
is a difference operator in the sense of Theorem 12.8.

We remark that there are several authors in the literature dealing with
jump diffusion models, see, for example, [15, 54, 55].

Rather than striving for the most general setting, we want to illustrate
the basic ideas of this method by considering asset prices described by the
Barndorff-Nielsen and Shephard model (see [18]). See also [28].

12.7.1 The Barndorff—-Nielsen and Shephard Model

Adopting the notation of Sect.12.5 we assume that the one-dimensional
Wiener process W (t) and the compensated Poisson random measure
N(dt,dz) = N(dt,dz) — v(dz)dt is constructed on the Winer—Poisson proba-
bility space (£2,F, P) given by

(2,F,P) = (2 x 20, F¥ @ FN, PV x PV),

where PW is the Gaussian and PV is the white noise Lévy measure on the
Schwartz distribution space 2y = S’(R). As before, let us denote by D; and
D, . the Malliavin derivatives in the direction of the Wiener process and the
Poisson random measure, respectively. The operator D; can be defined on the
Hilbert space _

Dy 5, (12.37)

which is the closure of a suitable space of smooth random variables (e.g., the
linear span of basis elements H, as given in Sect.12.5) with respect to the

semi-norm
- 1/2
/ |DtF|2dt> :
0

It can be seen from this construction that the results obtained in Chap. 3 still
hold for D; on the Wiener—Poisson space ({2, F, P). So, for example, in this
setting the chain rule for D; reads

7y (E 7] + B
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Dig(Fy, oo Fr) = %q&(ﬂ, o En)DiF; Ax PV x PN —ae., (12.38)
J

if ¢ : R™ — R is a bounded continuously differentiable function and
(F1, ..., Fy,) is a random vector with components in Dy 5. See Theorem 3.5.

In this section, we want to briefly discuss the Barndorff-Nielsen and Shep-
hard (BNS) model which was introduced in [18]. This model exhibits nice
features and can, for example, be used to fit it to high-frequency stock price
data.

In the following, we consider a financial market consisting of a single risk-
free asset and a risky asset (stock). Further, let us assume that the stock price
S(t) is defined on the Wiener—Poisson space ({2, F, P) and given by

S(t) =xexp(X(¢)),0<t<T, (12.39)
where
dX(t) = (p + Bo?(t))dt + o(t)dW (t) + pdZ(\t), X (0) = 0 (12.40)

with stochastic volatility o2(t) given by the Lévy—Ornstein—Uhlenbeck (OU)
process
do*(t) = —Ao?(t)dt + dZ(\t),a*(0) > 0. (12.41)

Here Z(t) is a “background driving” Lévy process given by a subordinator,
that is, a nondecreasing Lévy process. Such a process has the representation

Z(t) =mt+ /ot/R zN(ds,dz) (12.42)

for a constant m > 0 with Lévy measure v such that supp(v) C (0, 00).
Further, the law of Z(t), 0 <t < T, is completely determined by its cumulant
generating function

k() :=log (E [exp(aZ(1))]), (12.43)

(see, e.g., [32]). The processes W (t) and Z(t) are independent. In addition,
r > 0 is the constant market interest rate and the constants A > 0,p < 0
stand for the mean-reversion rate of the stochastic volatility and the leverage
effect of the (log-) price process, respectively. Moreover, 1 and /3 are constant
parameters.

Using the It6 formula (Theorem 9.4) one finds that the volatility process
in (12.41) has the explicit form

t
o2(t) = o?(0)e M + / ADdZ(As),0 < t < T. (12.44)
0
Throughout the rest of this section we require that the subordinator Z(t)
has no drift (i.e., m = 0) in (12.42) and that v has a density w with respect
to the Lebsegue measure. The latter implies that
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k(o) = /RO (e** = 1)v(dz) = /(O)Oo)(eaz — Dw(z)dz. (12.45)
See [32]. Define
a=sup{a € R: k(a) < oo}.

In addition, we assume that

a > max{0,2\ (1 + S+ p)} and lim_x(a) = oo. (12.46)

The last condition ensures the square integrability of the asset process S(t) and
the existence of an invariant distribution of the volatility process. See [166].

As mentioned the greeks are derivatives of the expected (discounted) pay-
off under a risk neutral measure ). However, a measure change from the real
world measure to () might result in a dynamics being different from the BNS
model (12.40) and (12.41). Therefore, we are interested in “structure preserv-
ing” risk neutral measures @, which transform BNS models into BNS models
with possibly different parameters and Lévy measure for Z (). It turns out (see
[166]) that the risk neutral dynamics of the BNS model under such measures
takes the general form

dX(t) = (r — A(p) — %az(t))dt + o (t)dW (t) + pdZ(Mt) (12.47)

and
do®(t) = —Ao?(t)dt + dZ(\t),a*(0) > 0. (12.48)

From now on we confine ourselves to the risk neutral dynamics of the BNS
model given by (12.47) and (12.48), for which conditions (12.45) and (12.46)
are satisfied. In what follows we replace @) by our white noise measure P (since
we only deal with probability laws under expectations).

12.7.2 Malliavin Weights for “Greeks”

In the sequel we want to compute the Malliavin weights for the delta and
gamma of an option. To this end we need the following auxiliary results:

Lemma 12.27. Suppose that F? is a real valued random variable, which de-
pends on a parameter 6 € R. Further require that the mapping 0 — F%(w) is
continuously differentiable in [a,b] w-a.e. and that

E [ sup %F"

a<0<b

| <o

Then 6 — E [Fﬂ is differentiable in (a,b), and for 6 € (a,b) we have

0 01 _ 0 6
%E[F]_E[%F]
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Proof The result follows from the mean value theorem and dominated con-
vergence. The details are left to the reader. O

Adopting the notation in [28], we denote by L?(S) the space of locally
integrable functions ¢ : R™ — R such that

E [6*(5(t1), - S(tm))] < 00 (12.49)

Our asset price process depends on the parameters § = z, r, p, and 02(0). In
the following we write S(-) = S(-) to indicate this dependency.

Lemma 12.28. Let 0 — 7% be a process such that 0 — 1(6) = HW‘)HLQ(P)
18 locally bounded. Further assume that

0

%E [¢(So(tl)7 aS) Se(tm))] =F [Qs(sa(tl)a ) Se(tnl))we] (1250)

is valid for all ¢ € CX(R™) (i.e., ¢ is an infinitely differentiable function
with compact support). Then relation (12.50) also holds for all ¢ € L?(S).

Proof Let ¢ be a bounded function. Then there exists a uniformly bounded
sequence of functions ¢,k > 1 satisfying (12.50) such that
¢ — ¢ a.e.

Using transition probability densities in connection with X (¢) in (12.47) one
finds that
(S (t1), ooy S (tm)) — G(S°(t1), ..., S° ()
in L?(P) uniformly on compact sets. Define
w(f) = E [¢(S°(tr), ..., 8% (tm))] and uk(0) = E [¢4(S”(t1), ..., S (tm))] -
As above one verifies that ug(0) — (@) for all 6. Further let
£(0) == E [¢(S°(t1), ... S (tm))7?] .
By the Cauchy—-Schwartz inequality we get
0
1 0) - 16) < a©)000),

where

97N\ 1/2

er(0) = (B [(6:(5"(01), s S (tm)) = 9(S”(11), -, S (t))*])
Since 6 — 1)(0) is locally bounded, it follows that

9

00

uniformly on compact sets. Hence, ¢ also fulfills (12.50). So (12.50) is valid

for all bounded measurable functions. The general case finally follows from a
truncation argument. 0O

ug(0) — f(0) as k — oo
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Let us remark that L%(S) contains important options as, for example, the call
option.
We are coming to the main result that is due to [28]:

Theorem 12.29. Let ¢ € L*(S) and let a € L?([0,T]) be an adapted process
such that

ti
/ a(t)dt =1 P — a.e.
0

foralli=1,...,m. Then
(1) The delta of the option is given by

%E (e TH(S (t1), e S™(tm))] = E [e7 T (ST (t1), ..., S” (tm)) 7]

where the Malliavin weight 7 is given by

o _/T U ey,

zo(t)

(2) The gamma of the option is given by

32

52 F [e7 T G(S (t1), .., S™(tm))] = E [e7 T (S“(t1), ... S (tm))7" ],

where the Malliavin weight 7 has the form

e )L L (A0,

z a2 o(t)

Proof Tt is easily seen that § — S is pathwise differentiable (with exception
of the boundary values = 0 and ¢%(0) = 0) for the different parameters
0 = x,r,p,0?(0). Further, one checks that the assumptions of Lemma 12.27
and Lemma 12.28 are satisfied. So it remains to verify relation (12.50) for
6 € CE(R™).

(1) Using Lemma 12.27, we find

0

%E (e p(ST(t1), vy S™(tm))]
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By applying the chain rule (Theorem 3.5 or (12.38)) and the fundamental
theorem of stochastic calculus (Theorem 3.18) in the direction of W(t) we
obtain

DyS*(t;) = o (t)S*(ti)X0,¢,) (1)-
Since fo t)ydt =1, we get

/ " alt) b segrde = s,
0

zo(t) x

Hence,

0 B [T (S (1), s S (b))

oz
—TT/ 3 6., (5% (1), ...7S””(tm));if2) Dtsw(ti)dt] .

Then the chain rule (12.38) yields

a —rT x x —rT T & a(t)
2 B[ T8 (1), 7 (0m))] =e [/ > DS (1) s 870 |
Finally, the duality formula (Theorem 3.14) gives the Malliavin weight 74 =
fO xa(t) dW( )
(2) Define F* = [} 20 qW(t). Then £ F* = —LF Thus

0? T

52 = E [e7¢(5%(t1), ... ST (tm))]

0

- pe ‘TT¢(S$(t1),...,Sx(tm))F’”]:—%E[ TGS (11, o, S (b)) 7]

(12.51)

Ty (S (1), 57 (1)) 257 (1) P
=1

Repeated use of the arguments of (1) gives

E efrTi%(Sx(h),---,Sx(tm))ész(ti)w
_ | o T alt)
=F _ / ZD@ (tm))xa(t)F gt

_ efrT T T a() x
=F ;D@(s (t1), ey S (tm))d (M(_)F )

Finally, noting that D, F* = ;'(2), it follows from the integration by parts
formula (Theorem 3.15) that
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(sagy™) =P /OT N0 2/0T (xa%) i
o[ ()

which, in connection with (12.51), gives the proof. O

12.8 Exercises

Problem 12.1. (*) Let

t):/ot/R 2N(dz,dz), teo,T).

Use Definition 12.2 and the chaos expansions found in Problem 10.1 to com-
pute the following:

(a) D .n3(T), (t,2) € [0,T] x Ry,
(b) Dy . exp n(T), (t,2) € [0,T] x Ry.

Problem 12.2. (*) Compute the Malliavin derivatives in Problem 12.1 by
using the chain rule (see Theorem 12.8) together with (12.5).

Problem 12.3. Let the process X(t), ¢ € [0,T], be the geometric Lévy
process

dX(t) = X (t)a(t)dt + BE)dW (t) + / (. 2)N(dt, dz)],

where the involved coefficients are deterministic. Find D, , X (T) for t <T.

Problem 12.4. Use the integration by parts formula (Theorem 12.11) to
compute the Skorohod integrals

/ Fon(t) / / FZN5t dz)
Ro

in the following cases:

(a) F =n(T)

(b) F =n*(T)

(c) F =n*(T)

(d)F—eXP{ﬂ( )}

(e) F = fo , where g € L2([0,T)).

Problem 12.5. Solve Problem 9.6 using the Clark—Ocone theorem.
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Problem 12.6. Consider the following market
risk free asset: dSp(t) =0, Sp(0)=1

risky asset: s, (t) = Sl(t_)/ 2N(dt,dz), S1(0) >0,
Ro

where z > —1 v-a.e. Find the closest hedge in terms of minimal variance for
the following claims:

(a) F = S%(T)a
(b) F = exp {\S1(T)}, with A € R constant.

Problem 12.7. Consider the claim F = n*(T) in the Bachelier-Lévy market
risk free asset: dSp(t) =0, Sp(0)=1

risky asset: ds,(t) = / zN(dt,dz), S1(0)=0.
Ro

(a) Is the claim replicable in this market?
(b) If not, what is the closest hedge in terms of minimal variance?
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Lévy White Noise and Stochastic Distributions

This chapter is dedicated to the white noise analysis for Poisson random
measures and its relation with the Malliavin calculus developed in this second
part of the book. Just as in the Brownian case (see Chaps.5 and 6), the
Wick product provides a useful multiplication of elements on the distribution
spaces. For the presentation we follow [69] and [180]. We can refer to [106] for
a presentation of the use of white noise theory in stochastic partial differential
equations, see also, for example, [154, 155, 201] and also [144, 165] for the use
of the Wick product in the representation of solutions to SDEs. See also, for
example, [127].

13.1 The White Noise Probability Space

As in the Brownian motion case (see Chap.5), the sample space considered is
2 = §'(R), the space of tempered distributions on R, which is a topological
space (see [78]). We equip this space with the corresponding Borel o-algebra
F = B(R). By the Bochner-Minlos—Sazonov theorem, see, for example, [86],
there exists a probability measure P such that

/Qe“”’”P(dw) = exp (/Rmf(z))dx), f e SR), (13.1)

where

W(w):/R(ei“’Z—l—iwz)u(dz) , i=A—1 (13.2)

and (w, f) denotes the action of w € S'(R) on f € S(R) (see Chap.5).
The triple (£2,F, P) defined above is called the (pure jump) Lévy white
notse probability space.

Lemma 13.1. Let g € S(R). Then we have
E[(.g)] =0 (13.3)
G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 213
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and
Varl(-, )] := E[(-,g)?] = M / () dy, (13.4)

where M = [, 2*v(dz), see (13.2).

Proof The proof is based on the Taylor expansion of the characteristic function
(13.1) applied to the function f(y) = tg(y), for t € R. Details can be found in
[106]. O

Using Lemma 13.1, we can extend the definition of (w, f) for f € S(R) to
any f € L?(R) as follows. If f € L?(R), choose f,, € S(R) such that f, — f
in L2(R). Then by (13.4) we see that {{w, f,)}22, is a Cauchy sequence in
L?(P) and hence convergent in L?(P). Moreover, the limit depends only on
f and not the sequence {f,}52 ;. We denote this limit by (w, f).

Now define

n(t) == (w, xp,n()); tER, (13.5)
where
1 0<s<t
X[o,t](s) =4 —1, t<s< exceptt=s5=0.
0, otherwise

Then we have the following result.

Theorem 13.2. The stochastic process 7j(t), t € R, has a cadlag version,
denoted by n. This process n(t), t > 0, is a pure jump Lévy process with Lévy
measure V.

Recall that the process n admits the stochastic integral representation

t
n(t):// zN(ds,dz), t>0,
0o JRo

with respect to N as integrator, cf. (13.2). Thus it is a martingale. Here

N(ds,dz) = N(ds,dz) —v(dz)ds is the compensated Poisson random measure
associated to n. The process n will be called pure jump Lévy process.

13.2 An Alternative Chaos Expansion and the White
Noise

From now on we assume that the Lévy measure v satisfies the following con-

dition:
For all € > 0 there exists A > 0 such that

/ exp(A|z])v(dz) < oc. (13.6)
Ro\(—¢,¢)
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This condition implies that v has finite moments of all orders n > 2. It is
trivially satisfied if v is supported on [—R, R] for some R > 0.
This condition also implies that the polynomials are dense in L?(p), where

p(dz) = 2%v(dz), (13.7)

see [170]. Now let {lm},,>q = {l.l1,l2,...} be the orthogonalization of

{1, 2,22, .. } with respect to the inner product of L%(p).
Define

pi(2) == liall e, 2-1(2); 4 =1,2,... (13.8)

and

Nl

ma = ([ #009) " = Molla = sz (13.9)

In particular,
p1(z) =my 'tz or 2 = mapy (2). (13.10)

Then {p;(2)},-, is an orthonormal basis for L?(v).
Define the bijection x : N x N — N by

(i) =j+ (G +j—2)(G+j—1)/2. (13.11)
o @ @ @
@)/ 6)S
(6) ./

[ )
!
As in (5.5), let {ei(t)}i21 be the Hermite functions. Define
dr(ig)(t,2) = €i(t)p; (2). (13.12)

If a € J with Index(a) = j and |a| = m, we define §®* by
8% (t1, 21, oy tmy Zm) (13.13)
=00 @ . ® 05 (b1, 21, eoes by Zm)

= 51(t1,21) et 61(ta1,2a1) et §j(tm—aj+1a Zm—aj+1) T 5j(tma Zm)

«ay factors a; factors
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We set 51@0 = 1. Finally, we let 5%° denote the symmetrized tensor product
of the d;’s :

9%ty 21, o b 2m) = 05 @ e @ 65V (11, 21y oo by 2n). (13.14)

For o € J define A
Ko =T (5°°). (13.15)

Ezample 13.3. With ¢®) = (0,...,0,1,0,...) with 1 on kth place, we have,
writing e(®(83) = g(i.4)

(i,k)

K

€

(i) = 11(5®5 ) =1 (55(1”’)) =1 (ei(t)pj(z)) . (13.16)

As in the Brownian motion case, one can prove that { K, }nc 7 are orthog-

onal in L?(P) and
\|Ka||2L2(P) =al

Note that, similar to (5.15), we have that, if |a| = m,
al = [ KallZ2(p) = MU |72 smymy-

By our construction of §°® we know that any f € L2((Axv)™) can be written as

Flt 2t ctnyzn) = D a0 (b, 21, ooy by 20). (13.17)
|a]=n
Hence
L(fa) = Y caKao. (13.18)
|a]=n

This gives the following theorem.

Theorem 13.4. Chaos expansion.
Any F € L*(P) has a unique expansion of the form

F=> ciKa, (13.19)
acJ
with ¢, € R. Moreover,
2
IF ) = > alcl. (13.20)
aeJ

Ezample 13.5. Let h € L*(R) and define

Fe /R h(s)dn(s) = I (h(s)2).
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Then F' has the expansion

F = Il(Z(h, e;)ei(s)z) = Z(h,ei)ll(ei(s)z) (13.21)

i>1 i>1

-y ( /R h(s)ei(s)ds> K.onms.

i>1

Recall that z = maopi(2); see (13.10). In particular,

nt)=>" (/Ot ei(s)d8> K_.1yms. (13.22)

i>1
Definition 13.6. The Lévy—Hida spaces.

(1) Stochastic test functions (S). Let (S) consist of all p = Y ;s
an Ko € L*(P) such that

el ==Y aZal(2N)* < oo for all k € N, (13.23)
aceJ

equipped with the projective topology, where

(2N)F = T @)k, (13.24)

Jj=1

ifa=(n,a2,...) € J.
(2) Stochastic distributions (S)* . Let (S)* consist of all expansions
F= Zaej bo K, such that

HFHz_q = Z b2 al(2N) 79 < 0o for some q € N, (13.25)
acJ

endowed with the inductive topology. The space (S)* is the dual of (S). If
F =3 c7baKa € (S)" and ¢ =3 c ;aaKqs € (S), then the action of
F oon g is
(F.p) = anbaal. (13.26)
acJ

(3) Generalized expectation. If F'=}_ . a.K, € (S)*, we define the
generalized expectation E[F| of F by

E[F] = agp-.

Note that E[K,] =0 for all o # 0. Therefore, the generalized expectation
coincides with the usual expectation if F € L(P).
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We can now define the white noise 7(¢) of the Lévy process

() = /O t /R =N ()

and the white noise N (¢, z) of N(dt,dz) as follows.

Definition 13.7. The Lévy white noise 7.7 and the white noise of the
(compensated) Poisson random measure.

(1) The Lévy white noise process 7.7(15) is defined by the expansion

=my Y ei(t) Koy =ma > e(t)i(ei(t)pi(z))  (13.27)

i>1 i>1

= ms Zei(t)ll(e t)z

i>1

(2) The white noise process (or field) N(t,z) of N(dt,dz) is defined by the
expansion

N(t,z) =Y etpi(2)K ) (). (13.28)

ij>1
Remark 13.8. Note that for 7(t) we have
Zcia!(QN)*q :mQZe )27 %(i,1) 71 < o0

acJ i>1

for ¢ > 2, using that x(i,1) = 1+ (i — 1)i/2 > 4, and the following well-known
estimate for the Hermite functions:

sup |e, ()| = O(n_ﬁ). (13.29)
z€R

Therefore, 7)(t) € (S)* for all t. Similarly N(t,z) € (S)* for all ¢, z.
Remark 13.9. (1) Note that by comparing the expansions

nt) =y (/Ot ez‘(S)d8> K. inma

i>1
and
t) = mo Z () K i,
i>1
we get formally
. d
n(t) = %n(t) (derivative in (S)*). (13.30)

This can be proved rigorously. See Problem 13.1.
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(2) Choose a Borel set U such that 8 C R\{0}. Then
N(©,6) = 1 (x4 (9)xs(2))
= Z (X[0,4]> €i) L2(R) (XUapj)Lz(V>Il (ei(s),pi(2))

4,521

2 /ot i(s)ds /Upj(z)y(dZ)Kgu,n(w).

4,521

This justifies the “relation”

<o N(dt,dz) . o
N(t,z) = a < o(dz) (Radon-Nikodym derivative). (13.31)

(3) Also note that 7 is related to N by

nt) = : N(t, 2)zv(dz). (13.32)

To see this consider

N(t z)zv(dz)

/]R Zel i (2K, ;) (w)zv(dz)

04,5>1

=S e®h [ et S py( /pj 2)ev(dz)

=1 i>1
=Y et (eilt)2) = ().
i>1

13.3 The Wick Product

We now proceed as in the Brownian motion case and use the chaos expansion
in terms of {K,},c s to define the (Lévy—) Wick product and study some of
its properties.

13.3.1 Definition and Properties

Definition 13.10. Let F' = ) . ;aaKy and G = Z,@ej bgKg be two ele-
ments of (S)*. Then we define the Wick product of F' and G by

FoG= Y asbsKerp=> | > aabs|K,. (13.33)
a,BeT veJ \atpB=v
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We list some properties of the Wick product:

) F,Ge (S)* = FoGe(S)".
) FFGe(S)= FoGe(S).

) FoG=GoF.

) Fo(GoH)=(FoG)oH.

)F<>(G+H) FoG+FoH.

) Ln(fn) © In(gm) = Lntm (fn@)gm)

The proofs of these statements are similar to the Brownian motion case and
therefore omitted.

In view of the properties (1) and (4) we can define the Wick powers X°"
(n01,2,...) of X € (S)* as

(1
(2
(3
(4
(5
(6

X":=XoXo---0X (n times).

We put X°0 := 1. Similarly, we define the Wick exponential exp® X of X €
(8)" by

=1
< o on
exp’ X =) =X (13.34)
n=0
if the series converges in (S)*. In view of the aforementioned properties, we
have that
(X +Y)?=X2 42X oY +Y?

and also
exp®(X +Y) =exp® X ¢ exp®?, (13.35)

for X,Y € (S)*.
Let E[-] denote the generalized expectation (see Definition 13.6 (3)), then

we can see that
E[X oY] = E[X]E[Y], (13.36)

for X,Y € (S§)*. Note that independence is not required for this identity to
hold.
By induction, it follows that
Elexp® X| = exp{ F[X]}, (13.37)
for X € (S)*.

Ezample 13.11. (1) Choose h € L?([0,T]) and define F = fo dn(t). Then

(
FoF = I(h(t)2) o I (h(t)z)
= Ig(h tl) (tQ 2122

T
2/ / / / tl t2 2122N(dt1, dzl) N(dtg, dZQ)
0 Ro RO

2/OT< [ hiean(ene )) h(ta)dn(ts).
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By the It6 formula, if we put X (t) := fg h(s)dn(s),

d(X(t)? =2X()dX (t) + h*(t) | 2*N(dt,dz).

Ro

Hence

F<>F—2/ X (s)dX (s) / / h%(s)22N(ds,dz).  (13.38)

Ro
In particular, choosing h = 1 we get
n(T) on(T) / / N(ds,dz). (13.39)
Ro

(2) Tt follows from the above that
Koa o Ko = hie()p;(2)) o Li(ei(t)p; (2)) (13.40)

Ix(ei(t1)ei(t2 p](zl)Pg( 2))

*2//RO (/ /RO ei(t1)pj(z1) dtl,dzl)) 61(t2)pj(2’2)N(dt2,d2’2)

= K_a.j K_a —// e; (s)p7 (2)N (ds, dz).
R JR

Ezample 13.12. Wick/Doléans—Dade exponential. Choose v > —1 deter-
ministic such that

/R [ {l1og(1 +9(t )]+ (8 2) pd)it < .

F = exp® (/R /R 7(t,z)]\7(dt,dz)> .

To find an expression for F' not involving the Wick product, we proceed as

follows:
/t /RO (s, z)ﬁ(ds,dz))

Define
o
</ | /R (s N z)v(dz)ds> .

and put

Then we have
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4y (1) = Y (t-) / S (t, )N (dt, d2).

Using It6 calculus the solution of this equation is

Y(t) = Y(0)exp (/0 A {log(1 +~(s,2)) —v(s,2)} v(dz)ds

+/Ot /RU log(l-i-’y(saz))]v(dsvdz))'

Comparing the two expressions for Y (¢), we conclude that

exp® (/R /R ’y(az)ﬁ(ds,dz)) (13.41)

= exp </R s {log(1 +~(s,2)) — (s, 2)} v(dz)ds

jL/R/]R0 log(l—i—’Y(S’Z))ﬁ(dsvdz))'

In particular, choosing
v(s,2) = h(s)z with h € L*(R)

we get
exp® </R h(s)dn(s)) (13.42)
— exp ( /R {log(1 + h(s)2) — h(s)z) v(dz)ds

Ro
Jr/R/RO og(1+ h(s)z)ﬁ(ds,dz)> .

13.3.2 Wick Product and Skorohod Integral

One of the reasons for the importance of the Wick product is the following
result.

Theorem 13.13. (1) Let Y (t) be Skorohod integrable with respect to n. Then
Y (t) o n(t) is dt-integrable in the space (S)* and

/RY(t)dn(t) :/RY(t)oﬁ(t)dt. (13.43)

(2) Let X(t,z) be Skorohod-integrable with respect to N(-,-). Then X(t,z) o

N(t,z) is v(dz)dt-integrable in (S)* and
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/ X(t,z)N(6t,dz) = / X(t,z)oﬁ(t,z)y(dz)dt. (13.44)
Ro Ro

The proof is similar to the Brownian motion case and therefore omitted.

Ezxample 13.14. In Example 11.4 we proved that

AZ@M)szMM)

/ / N(dt,dz).
Ro

Using Theorem 13.13 and (13.39) we can also get the following:

T T .
/n@wo /m><Mnm>wm
0

/ / N(dt,dz).
Ro

The following result corresponds to Theorem 4.1 in [171], presented here
in the setting of Poisson random measures; see, for example, [64].

Theorem 13.15. The Lévy—Skorohod isometry. Let X € L?(P x \ x v)
and DX € L*(P x (A x v)?). Then the following isometry holds

< /O h . X(t,z)N(dt, dz)ﬂ (13.45)

_B [ /0 h [ x. z)y(dz)dt}
B { / N /IRO / h N Dt7ZX(s,y)Ds,yX(t,z)y(dy)dsu(dz)dt}.

Proof Consider
X(t,z) = Z Ca(t,2)Ky.

acJd
Define
S1= alcalizpn:  Sa= D ayapallcasse)
s aeJ i jeN
and
S3 = Z (Oéy(iyj) + 1)a!(caa iji)(cﬁa f;&/ﬁ) X{a4-er (i) =ev(D Y,

a,B€T i,j,k,l€EIN
(1.5) A (kD)
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where (-,-) = (-,-)r2(axv). Note that by the assumption and Lemma 3.12 in
[OP], the aforementioned sums are convergent. First it follows that

) (/ - X(t,z)N(6t, dz) :| |:</ - X(t, z)oN(t z2)v (dz)dt>2]
=F (/ /IRO (aej calt,z Ka) ( (Z)Ké—y(i‘j)> V(dZ)dt) 2]

=K < Z (Cmflﬂ a+ew(1y)):|
b,

L \a€J,i,j

=Y (@),

@,BET i,j k,l€IN
(&,5)7# (k1)

)(cs, Exthy) X{ater(i)=evihny = S1+ S2 + S,

since (o + €7 = (a(; j) + 1)al. Next, we have

E h X2(t, 2)v(dz)dt catz)K 2u(dz)dt
0 JIrg Ro \ pes

= Z/ /IJR (t, z)alv(dz)dt = Sy.

acl

Finally, we get
o o
E [/ / / D, . X(s,y)DsyX(t, z)u(dy)dsv(dz)dt}
0 IRg JO IR,

_F / /,RO / /IR a5, eV 60 Ko_erin)

0 a,k,l

(Y calt: 2)Ei()1(Y)aercn K g i Jv(dy)dsv(dz)dt
Byi,3

- Z (Ca’gjwi)(cﬁ éhkwl)ﬁ (4,7) Oé X{aJreW(l N=er(k,D} = SQ + S3
a,B€eT 1,4,k leIN

Combining the three steps of the proof the desired result follows. O

Remark 13.16. Formula (13.45) can also be obtained as a consequence of
the Poisson interpretation of Fock space. See Proposition 17 in [34] and
Proposition 1 in [200]. For an isometry of this type, which is not based on
Fock space, see Proposition 3.3 in [197].
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13.3.3 Wick Product vs. Ordinary Product

We conclude this section with a result on the relationship between Wick prod-
ucts and ordinary products in the line of Theorem 6.8. The result reads as
follows.

Theorem 13.17. Relation between Wick products and ordinary
products.
Suppose y(t, z) is deterministic and

/R/RO Y (t, z)v(dz)ds < oo.

Further require that F' € Dy ». Then

Fo /R /R O'y(t,z)]\Nf(dt,dz)qL /R /R Oy(t,z)pt,zFﬁ(at,dz) (13.46)

=F. /R /R Oy(t,z)]\Nl(dt,dz)— /R /R Ov(t,z)Dt,sz(dz)dt.

Proof Let ¢(t,z) > —1 be deterministic and [, [p {|log(1 + ¢(t,2))| +
©2(t, 2)}v(dz)ds < oc. It suffices to prove the result when

F = exp® (/R /R (s, z)ﬁ(ds,dz))

= exp (/R /RO {log(1 4+ ¢(s,2)) — (s, 2)} v(dz)ds

+ /]R /RO log(1 + ¢(s, 2z))N(ds, dz))
(see Example 13.12). For y € R define
Gy =" ([ [ o+ ol (s ) N(as.o) )
= exp (/R/Ro{log(lﬂ(1+w(57Z))V(&Z))—y(1+<P(S’Z))7(8,Z)} v(dz)ds
o[ tos 91+ ol (5,2 N ).
Then

FoG, = exp? (/R /R (s, 2) + y(1+ 0(s, 2)7(s, 2) N (ds, dz))

— exp ( / [ {og1-+ ¢(5,2) + 1+ 96,5 2)
(s, 2) — y(1 + pls. 2))y(s. )} v(dz)ds
[ 081 5 2) (1 + (5, 2))1 (5, 2) V. dz>) .
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On differentiating with respect to y, we get

S(FoG)=For.Gy=FoGyo [ [ (14p(s,2)n(s. 20N (ds.dz),
dy dy R JR,

and using the other expression,

d
a —(FoGy)

- (1+ (s, 2))1(s, 2)
= oGy (//Ro{lwsz )Ty + 905, 2))7(s,2)
—(1+ (s, 2))1(s, 2)} v(dz)ds

/ /Ro { 1L+ o(s z++¢35?1242)ggs, Z;)fy(s, z) } N<d8’ dz).

Putting y = 0 gives the identity

Fo /]R /]R 0(1—&—cp(s,z))w(s,z)ﬁ(ds,dz)
=F- /RAO(—¢(57Z))7(s,z)u(dz)ds+F : /R/RO v(s, z)N(ds, dz).

D, .F = (s, z)F,

Since

this can be written as

Fo /R /R Oy(t,z)ﬁ(dt,dz)—i— /R /]R Ow(t,z)DmFZ\NZ(ét,dz)
_F. /R /R oy(t,z)ﬁ(dt,dz)— /R /R 9t DFu(dz)dt. O

13.3.4 Lévy—Hermite Transform

It is useful to remark that, just as in the Brownian motion case (see Sect. 5.3),
the Hermite transform can be introduced. More precisely, the Lévy—Hermite
transform of an element X =" ¢, K, € (S)* is defined as

HX(z) = X(2) = anz(" eC, (13.47)
where z = (z1,22...) € C" and 2% = 2{" 292 ..

An important property of the Lévy-Hermite transform is that it trans-
forms the Lévy-Wick product into an ordinary product, that is,

H(X o Y)(2) = H(X) - H(Y), (13.48)

of. (5.44).
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We mention that all the results related to the Hermite transform in
Sect. 5.3 carry over to the case of the Lévy—Hermite transform. For exam-
ple, the Lévy—Hermite transform can be used to characterize the Lévy—Hida
distribution space (S)*, cf. Theorem 5.41.

13.4 Spaces of Smooth and Generalized Random
Variables: G and G*

As we saw in Sect. 12.6, the Clark—Ocone formula serves as a useful tool to
compute the closest hedge of contingent claims in the sense of minimal vari-
ance. However, this formula exhibits the deficiency to fail if the claims are not
Malliavin differentiable. To overcome this problem we establish in Sect. 13.6
a generalized Clark—Ocone formula on a space of generalized random vari-
ables. An appropriate candidate for such a space that meets the requirement
to comprise a rich class of claims is given by a Lévy version of the space G*
introduced in Sect. 5.3.3.

The spaces of smooth random variables, G, and G* have been studied in
the Gaussian case by Potthoff and Timpel [193]; see also [95]. Later on the
Poissonian case has been treated in [26] and [105]. The Lévy versions of these
spaces are defined, analogously.

Definition 13.18. (1) Let k € Ng. We say that f =, <o Im(fm) € L*(P)
belongs to the space Gy, if B

1£1lg, == Y M fml 72 aguymy €™ < o0 (13.49)

m>0
We define the space of smooth random variables G as
G= () G
keNy

The space G is endowed with the projective topology.
(2) We say that a formal expansion

G= Z L (gm)

m>0

belongs to the space G_, (q € Ny) if

2 2 —2gm
1Gllg_, = D m llgmlz2(rguymy €2 < oo (13.50)
m>0
The space of generalized random variables G* is defined as

= -

q€Ng



228 13 Lévy White Noise and Stochastic Distributions

We equip G* with the inductive topology. Note that G* is the dual of G,

with action
(G, f)= Z M frn, 9m) L2 (@v)m)

m>0

ifGeg*and f €G.

Also note that using (10.4) and (13.15) the connection between the expan-

sions
F= Z Im(fm)
m>0
and
F= Z oKy
aceJ
is given by -
fm= Y cad®, m >0, (13.51)
|a]=m

with the functions 6 as in (13.17). Since this gives

2 2 2
||Im(fm)||L2(P) = m! ||fm||L2(()\®u)7") = Z c HKa“L?(P) ) (13.52)

lal=m

it follows that we can express the G,-norm of F' as follows:

2 2 T
IFlg, = Y (> AllKalizp)e™™, r € Z. (13.53)

m2>0 |a|l=m

By inspecting Theorem 13.6, we find the following chain of continuous inclu-
sions

(S)c G c L*(P)c G c(S).

Just as in the Gaussian case, it can be seen that G and G* constitute topo-
logical algebras with respect to the Wick product.

In [185] the authors show that a larger class of jump SDEs belong to the space
of smooth random variables G.

13.5 The Malliavin Derivative on G*

Definition 12.2 together with (13.15) and (13.51) motivates the following gen-
eralization of the stochastic derivative D; , to G* . See Remark 13.21.

Definition 13.19. Let ' =) co K, € G*. Then define the stochastic deriv-
ative of F at (t,2) by
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DeoFi=Y caY ailo o8 (t2) (13.54)
« 7
= Z Ca Z an(k,m)Ka—s“Wm) €k (t)pm(Z)
« k,m
= Z(Z Cterthm) (/Bn(k,m) + Dew(t)pm(2)) K,

8 kom
with the map (i, j) in (13.11) and ¢t = €V as in (5.9).
We need the following result.
Lemma 13.20. (1) Let F € G*. Then D, ., F € G* A xv - a.e.
(2) Suppose F, F,, € G* for alln € N and
Then there exists a subsequence {Fy,, }k>1 such that

Dt,ank — Dt,zF

mG* A\ xv - a.e.

Proof It can be shown in same way as in Lemma 6.34 that for all F' € G*
there exists a p < oo such that

//||Dt7ZF||é v(dz)dt < const.- |F|%_ . (13.55)
Ry JRg ' —p+

The result then follows immediately. 0O

Remark 13.21. Definition 13.19 coincides with Definition 12.2, if F €Dy o CG*.
This follows with the help of the closability of the operators and a duality
formula for the operators. A duality or integration by parts formula for D .
in Definition 13.19 can be stated as

/ / <Y (t,2), DinF > v(dz)dt =</ Yt 2) o N(t, 2)u(dz)dt, F >,
Ry JRy Ry JRo

where F € (8) and fRJr e, ||Y(t,z)||éiq v(dz)dt < oo for some g > 0. The
latter can be easily seen from the definitions.

If
P(x) = anxo‘; zeRY ¢y €R

is a polynomial, where z% := z{"x32... and x? := 1, we define its Wick version

at X = (X1,..., Xn) by
Po(X) =) caX®
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In the sequel the differentiability of a process X : Ry — (S)* is understood
in the sense of the topology of (S)*. We denote the derivative of X (t) by
%X (t). Define

= /t/ er(8)pm (2)N (ds, dz), k,m > 1. (13.56)
0o Jro

It follows from Theorem 13.13 that X,itzn = fot e, er(8)pm(2)N(t, 2)v(dz)ds.

We deduce from the proof of Lemma 2.8.4 in [106] that X,itln is differen-

tiable and p
X0, = e Ln(t) € (S)", (13.57)

with

L (t) ;:/R pm(2)N(t, 2)v(dz),

where we use a Bochner integral with respect to v.
We obtain by induction the following Wick chain rule for polynomials.

= E Ccax®
@

be a polynomial in R™. Suppose k;,m; > 1 for alli=1,....;n and let

Lemma 13.22. Let

X(t) _ (X(t) ,X(t) )

k1,m1? kn map /2

with X( ) as in (13.56). Then

d Po(X®) zn:( ) X®) o Loy, () - e, (1)

13.6 A Generalization of the Clark—Ocone Theorem

In this section we aim at deriving a Clark—Ocone formula on the space gen-
eralized random variables G* by employing the Lévy white noise framework
developed in the previous section. The classical Clark—Ocone theorem (see
Theorem 12.16) states that if F' € L?(P) is Fpr-measurable and F € Dy o,
then

T
F = E[F] + / E[D.F |F])dW (t), (13.58)
0

where D; denotes the Malliavin derivative with domain ID; 5. This result and
its generalizations have important applications in finance. As seen in Sect. 4.3,
the conditional expectation E[D.F |F;] can be regarded as the replicating
portfolio of a given T-claim F' (see, e.g., [173]).
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The requirement that F' € D 5 excludes interesting applications. For ex-
ample, the digital option of the form

F' = Xk 00)(B1)

is not in Dy 5 and (13.58) cannot be applied to compute the hedging portfolio
of the T-claim F. Relation (13.58) was generalized to a Clark—Ocone formula
in the setting of white noise analysis in Sect. 6.5. This Clark-Ocone theorem
is valid for all Fp-measurable F' in the space of generalized random variables
as defined in Sect.6.5.The generalization has the form

T L]
F = E[F] + / E[D,F | F,) o Wdt, (13.59)
0

where ¢ denotes a Wick product and W is the white noise of W. Further,
E[F] is the generalized expectation of F' and E[D.F' |F;] is the generalized
conditional expectation. The integral on the right hand side is a Bochner
integral; see Chap.5. In the Wiener space setting another generalization of
(13.58) for Meyer—Watanabe distributions F € D_,, C G* has been obtained
by Ustiinel [222, 223]. Similar results for the Poisson process can be found
in [2].

In the sequel, we prove a corresponding version of (13.59) for Poisson
random measures (see Theorem 13.26 and Theorem 13.27).

Financial markets (with no trading constraints or transition costs) mod-
eled by a Brownian motion or a Poisson process are complete. In this case,
the Clark—Ocone theorem gives an almost direct formula for the replicating
portfolio of a contingent claim in terms of the conditional expectation of its
Malliavin derivative. However, as mentioned, financial markets modeled by
Lévy processes are in general not complete and hence the Clark—Ocone for-
mula does not permit a similar interpretation. On the other hand, it can be
used to obtain an explicit formula for the closest hedge, in the sense of mini-
mal variance. See [25, 69, 180]. As in the Brownian motion case, the extension
from Dy 5 to L?(P) is important for the applications to finance. For example,
the digital option

F= X[K,oo)(nT)7 (13.60)

where 7, is a Lévy process and is not contained in ID; , in general. To see this,
take, for example, a driftless pure jump Lévy process n with Lévy measure
v(dz) = x(0,1)(?) L dz. So 7 is of unbounded variation. We get then for the real

part of its characteristic exponent ¥ that ReW¥ () = [A] [, W — cos z)Zzdz.
This yields lim)y| .« \)\|7% Re¥(\) = oo, so that the semigroup of n has
the strong Feller property. The latter is equivalent to the law of n(7T) being

absolutely continuous with respect to the Lebesgue measure (see [32]), that
is, we have P(n(T) < K) = f(foo K fdt for some integrable f. So there exists

a Ko > 0 such that f(Ky) > 0 and P(n(T) < K) is differentiable in K. Then
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it is not difficult to see that p := inf.c (o, x, /2] P(KO_Z‘SZ‘(TKKO) > 0. This and
the unbounded variation of 7 imply

/ P(Ko—2z<n(T) < Ko)v(dz) > / . plz|v(dz) = .
Ro

(_007421]

Suppose F' € D 5, then Theorem 12.8 gives
T
/ E[(D; .F)?|v(dz)dz
0 JRrg
T
=[] Bl (12() + 2) = X1 ) Pl
0
= T/ w(Ko — 2z <n(T) < Ko)v(dz) < oo,
Ro

but this leads to a contradiction. Thus F' ¢ Dy .
We need the following definition of conditional expectation in the space
G* (see [69] or [180]).

Definition 13.23. Let F = Y~ In(fm) € G *. Then the conditional ex-
pectation of F with respect to F; is defined by

E[F ‘Ft} = Z Im(fm : X[07t]m)~ (1361)

m>0

Note that this notion coincides with the usual conditional expectation if
F € L?(P). Obviously, we get

IEIF[Fe]llg, < IFlg, (13.62)

for all » € Z. Thus
E[F|F]eg" (13.63)

for all ¢.
Lemma 13.24. For F,G € G* we have

Proof The proof follows the same line of the one for the Brownian motion
case, see Lemma 6.20. See also [69]. O

Lemma 13.25. The Clark—Ocone formula for polynomials. Let F' =
Po(X D) for some polynomial P(z) =Y cax® and the variable X(T) as in
Lemma 13.22. Then

FE[F]Jr/OT/R E[D, .F |F,N(dt,dz).
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Proof Without loss of generality, let us assume that F' = K&T) with K,(Xt) =
E[K,|F;] and

o = Oén(kl,ml)eﬁ(khmd) + ...+ an(kmmn)eﬁ(kmmn)

with (k;,m;) # (k;, m;) for i # j. Note that K& = (X(T) )eUnkLm) & Lo

k1 ma

(X x® )%klken mn) - where X( Zn is as in (13.56). We conclude with the help

Ky ,mop

of Definition 13.19, Theorem 13 13, and Lemma 13.22 that

/ E[D,.F|F,|N(dt,dz)
R

/ / O K ety - ex(O)pm(2) | F]) 0 N(t, 2)w(dz)dt

k:m>1

T ~
= /0 /R ( Z aﬁ(k,m)K((ltzem(k’m) .ek(t)\m(z)) ON(t7Z)l/(dz)dt

0 km>1
/ Z an(k,m)ngen(k,m) < Lm(t) . ek(t)dt
0 k,m>1

d
:/O dtth)dt:KéT)—Kém:F—E[F]. O

We can now prove a Clark—Ocone theorem for L?(P). This result was first
proved in [69, 180]. It is an extension to L?(P) of Theorem 12.16 and a Poisson
random measure version of Theorem 3.11 in [2].

Theorem 13.26. Clark—Ocone theorem for L?(P). Let F € L*(P) be
Fr-measurable. Then

E[Dt7ZF|ft]7 tG[OaT]vZEROa

is an element in L*(\ x v x P) and
T ~
F = E[F] —l—/ E[D,,F |F N (dt,dz).
Ro

Proof There exists a sequence of Fp-measurable random variables F;, as in
Lemma 13.25 such that F,, — F in L?(P). Then by Lemma 13.25, we get

T
+ / / E[Dt,an |ft]N(dt, dZ)
0 Ro

for all n. By the representation theorem of It6 there exists a unique predictable
process u(t, z), t € [0,T], z € Ry, such that
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E[/OT /R W2(t, 2)p(dz)dt] < oo
and
F = E[F) +/0T /Rou(t,z)ﬁ(dt,dz).

Further, we have

T
Pl /0 /R (E[DisFy |F1] = u(t, 2)2v(dz)dt]
= E((F, — F — E[F,] + E[F))?)] =0, n — oc.

So
E[D; . F,|Fi] — u, n—oo, inL*(\xvxP).

On the other hand, by taking a subsequence {F,, }r>1, we know from
Lemma 13.20 that

E[D, .F,, |Fi] — E[D,.F|F], k—oo, ingG", Axv—ae.
Taking again a subsequence, we have that
E[D; Fy, |Fi] — u(t,2), k—oo0, in L*(P),Axv—ae.
It follows that
T ~
F = E[F] +/ E[D, F |FN(dt,dz). O
0 JRg

Recall the definition of generalized expectation as given in Definition 13.6.

We say that F' € G* is Fp-measurable if
E|F|Fr]=F. (13.65)

Hereafter we prove a Clark—Ocone formula for G*. This result was first
proved in [69] and [180]. It is a Poisson random measure version of Theorem
3.15 in [2].

Theorem 13.27. Clark—Ocone theorem for G*. Let ' € G* be Frp-
measurable. Then

T °
F = B[F] + / EDy.F|F:] o N(t, 2)u(dz)dt,
0 Ro

where E[F| denotes the generalized expectation of F.

Proof Let F, € L?*(P), n = 1,2,..., be Fr-measurable random variables
such that F,, — F, n — oo, in G*. Then there exists a p such that
| Fy — F||é,p+1 — 0 as n — oco. By Theorem 13.26 we obtain
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T e
F, = E[F,]+ / E[D; . F, |F] o N(t,z)v(dz)dt for all n.
Ro

For going to the limit in the last relation let us proceed as follows. First we
get that

2
- b - 2 e
E[D,.F|F]o N(t,z) < const||EDFIR]| | N2
0, (3p+5) o
for F € G*, with HFH < 00. So it follows that
G pt1

(< BIDyFIFoN(t.2). § >|< const||DeF| I N(6.2) o 1fllospes
for f € (S). Thus this gives

T - 2
|< / E[D; . F|F;]o N(t,z)v(dz)dt, f >
0o Jre
T .
< / / |< E[Dy.F|F;] o N(t,2), f >| v(dz)dt
Ro

< const. - || fllo.3p45 / / HDt ZFH v(dz)dt)'/?

N z 2 viaz 1/2.
X / / | N(t,2) I vld=)de)

Together with (13.55) we get the following inequality
T - b -
< / EDy.F|Fi] o N(t, 2)u(dz)dt, f >|< const. - || fllg a5 HFHg
0 JRe
The last estimate implies that the expression
T >
/ E[D; .(F, — F)|Fi] o N(t,z)v(dz)dt
Ro

converges to 0 in (S)* as n — oo. The result follows. O

For a version of this result under change of measure, see Theorem 12.22.

13.7 A Combination of Gaussian and Pure Jump Lévy
Noises in the White Noise Setting

Let us sketch the framework for the combination of Gaussian noise and pure
jump Lévy noise in the white noise setting (cf. also [2]). For the classical setting
this was done in Sect. 13.5. Denote by Py the Gaussian white noise measure
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on (£29, F}). Recall that 2y = S'(R); see Chap.5. Fix N, R € Ny. Then let
((21,.7:;1),/11),...,(()N7F}N),MN) be N independent copies of (Q,}"QW,PW)
and let

+R)

N N
(QN+1;]::E“ +1)7,U/N-t,-1)a ceey (QN+Ra]:’_§“ 7/’LN+R)

be R independent copies of ((20,.7-'7]1\7 , PN ), where PN is the pure jump Lévy
white noise measure (see Sect. 13.1).
We set

Q=0x..xip, Fr=FP0.@FF P=px.xuyg (13.66)

Set L = N + R. We denote by J% the set of all a = (o), ...,a(F) with
al) e 7, j=1,..., L. Further, we put

Ho(w) = How (w1) - - Hooo (W) - Kgovn (W) - K (wi). (13.67)
Then the family H,, o € J*, constitutes an orthogonal basis for L?(P) with
E[(Ha)2] =al:=aMl. oDl

We can define the corresponding test function spaces G, (S) and the stochastic
distribution spaces G*, (S)* as in the previous sections. The Wick product is
defined by

H,(w) o Hg(w) = Hoqp(w) (13.68)

and extended linearly. For each n, we introduce the stochastic derivatives Dy ,,
Dy . » as mappings G* — G* by
DinF =3 Y coalH, moeilt), n=1,...N (13.69)
acJl i1
and

DipuF =3 3 caadH, 008 (t,2), n=N+1,.,L (13.70)

acJt 121

where ¢;, i = 1,2, ..., denote the Hermite functions and 5®5i, i=1,2,..., are
as in (13.14) and where

6(717’5) = (0, ceny O, Gi,oa ,0)

with €’ on the nth place. Next, let W be the Wiener process and

N(dt,dz) = N(dt,dz) — v(dz)dt

the compensated Poisson random measure on §2. Define the independent
Wiener processes and respectively the compensated Poisson random measures
as follows
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W;(t,w) =W(t,w;), j=1,...,N, and
N;(dt,dz)(w) = N(dt,dz)(w;), j = N +1,..., L.

The Clark—Ocone theorem for the combined Gaussian and pure jump Lévy
stochastic measures (cf. Theorem 12.20) can be extended to hold for all F €
L?(P) in the same way as in Theorem 13.26. The result is the following:

Theorem 13.28. Clark—Ocone theorem for L?(P). Let F € L*(P), Fr-
measurable random variable. Then

F= +Z/ E[D; ;F | F;dW;( Z EDtZJFm] (dt, dz),
Jj=N+1
(13.71)
where E[Dy ;F |Fr] € L*(A x P) and E[D; , ;F |Fr] € L*(A x v x P).

Remark 13.29. Using the result and framework above, one can take appli-
cations to minimal variance hedging into consideration (see Sect.12.6) and
extend the results to all random variables in L?(P).

13.8 Generalized Chain Rules for the Malliavin
Derivative

In this section, which appears at first separated from the main stream of the
chapter, we present some alternative chain rules that will be applied later
on in the book. These results are settled in the frame of the calculus with
respect to Brownian motion and aim at weakening the conditions assumed
in the original result, Theorem 3.5. These are introduced in the sequel and
were first proved in [66]. Recall that the probability space is the same as in
Sect. 13.7.

Definition 13.30. Let F(-,w2) € L*(PY) be Fr-measurable and let v €

L2(R) (deterministic).

(a) For any fixred wa € (25, we say that F has a directional derivative in the
direction ~y if

F —F
D“/F(Wlawz) = lir% (w1 +e7,w2) (wi,w2)
E— e

exists with convergence in probability. Then D~ F is called the directional
derivative of F' in the direction ~y.

(b) For any fixzed wo € 25, we say that F is Malliavin differentiable in proba-
bility if there exists a process ¥(t), t > 0, such that

/ T2 (t,wy,we)dt < 00 P —a.s.
R
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and

D, F(wi,ws) = / U (t,wi,wa)y(t)dt for all v € L*(R).
R

If this is the case, we put W(t) = D:F and call this the Malliavin derivative
in probability of F' with respect to W.

Lemma 13.31. Chain rule. Suppose D.F' ezists for some v € L?(R) and
that g € C1(R). Then g(F) has a directional derivative in the direction v and

D.,g(F) =g (F)D,F.
Proof Consider the equations

9(F(wi+ey,w2)) —g(F(w1,w2)) g(F(wi,w2) + Dy F(wi,w2)) — g(F (w1, w2))

lim = lim
e—0 £ e—0 £
li 9 F(@1,w2))eDy F(w1,w2)
=5 -

=g/ (F(w1,w2)) Dy F(w1,w2),
with convergence in probability. O

Theorem 13.32. Chain rule. Suppose F' is Malliavin differentiable in prob-
ability. Let g € C*(R). Then g(F) is Malliavin differentiable in probability and

Dyg(F) = ¢ (F)D.F (t,w) — a.e.
Proof By Lemma 13.31 we have
D.g(F) =g¢'(F)D\F
—g(F) [ A(0DiFds
R
= / v(t)g' (F)DyFdt for all v € L*(R),
R
and the result follows. O

We now proceed to prove that DF is an extension of DF.

Theorem 13.33. Let wy € §25 be fixed. Suppose F(-,ws) is Malliavin differ-
entiable (with respect to the Brownian motion), that is, F € DK/?’ then F is
Malliavin differentiable in probability and

DtF = DtF

Proof Let e € L*(R) with [, ¢*(¢)dt = 1. Consider the iterated Ito integral

To(e®) = n!/R/_t;-~-/_t;e(t1)~-~e(tn)dW(t1)~-~dW(tn).
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By (1.15), we have that

L(e9™) = ha( / e(t)dW (1)),

R

where h,, is the Hermite polynomial of order n. Hence, by the chain rule and
a basic property of Hermite polynomials, we have

Dy(1,,(e®™)) = h;(/ e(t)dW (t))e(t)

R
:nhn,l(/Re(t)dW(t))e(t)

— n_1 (€2 D) e(t)
= Dt(In(e‘g’")).

It follows that D, coincides with D; on the finite sums of iterated integrals
and, hence, also that D, F exists for all F' € ]D)‘f‘f2 and

DF = D,F  for all F € DY,
And the result follows. 0O

Corollary 13.34. If F is Malliavin differentiable in probability and
Epw [/ (DtF(~,w2))2dt} < 00, (13.72)
R

then F' € ]D)}’E’Q,

Proof Let F'= Y77 I,(f,) be the chaos expansion of F(-,ws) € L*(PV).
By Theorem 13.33 we have

Dy(In(fn)) = Di(In(fn)) for all n.

Hence we have
N T )
Loy, = Jim, 3 o | [ (Dumt) el

= Epw [/R (DuF)*dt] < .

Thus F' € DK/Q. O

In view of this last theorem, in the sequel we denote the Malliavin deriv-
ative and the Malliavin derivative in probability by the same notation D;.
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13.9 Exercises

Problem 13.1. (*) Prove that

Problem 13.2. Let (¢, 2), t € [0,T], z € Ry, be a deterministic function such

that
// (s,2)v(dz)ds < 0.
Ro

Use (13.41) and (13.37) to prove that
E{exp { /R/R log (1 + (s, z))J\N/'(ds,dz)H
:exp{ — /R/R [log (14 7(s,2)) — (s, z)]z/(dz)ds}.
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The Donsker Delta Function of a Lévy Process
and Applications

Similar to the Brownian motion case (see Chap.7), we can introduce the
Donsker delta function of a Lévy process n = n(t), t > 0, that is, a stochastic
concept of delta function that is intimately linked to a remarkable increasing
process L¢(x), t > 0, (z € R) called local time. The local time of a Lévy
process can be considered a nontrivial measure for the amount of time spent
by 1 in the infinitesimal neighborhood of a point. It exhibits the amazing
property that it exactly increases on the closed zero sets of the Lévy process.
Just as in the Brownian case, one can view the Donsker delta function of 7 as
a time derivative of local time.

Let n(t) = f(f fRo 2N(ds,dz), t > 0, be a pure jump Lévy process without
drift on (§2,F, P), where P is the probability law of . The main purpose of
this chapter is to present the Donsker delta function 0,.(n(t)) of n(t) and some
related results. For example, in Theorem 14.4, we show that, for a certain class
of pure jump Lévy processes, d,(n(t)) exists as an element of the Lévy—Hida
stochastic distribution space (S)* and admits the representation

dz(n(t)) = % /Rexpo(/ol/]R (e —1)N(ds, dz)
+t/ (e — 1 —iXz)v(dz) — idx)dA.
Ro

Note that the Donsker delta function for Lévy processes was also defined in
[145], though in a different setting.

As mentioned, we also study the relationship between the Donsker delta
function and the local time of a Lévy process. It is known (see, e.g., [32]) that,
under certain conditions on the characteristic exponent ¥ (see (9.10)) of 7,
the local time L;(x) = Li(x,w) of 1 at the point z € R up to time ¢ exists
and the mapping

(z,w) — Li(z,w)

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 241
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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belongs to L?(P x A) for all . We show that L;(z) is related to d.(n(t)) by
the formula

T
Ly(z) = / 5, (n(t))d,

just as in the Brownian motion case (see Chap. 7). Moreover, we also present
an explicit chaos expansion for L;(-) in terms of iterated integrals with re-
spect to the associated compensated Poisson random measure N (dt,dz). See
Theorem 14.8. Let us mention that the study is inspired by the methods in
[109], where the chaos expansion of local time of fractional Brownian motion
is obtained. We would also like to mention that the first use of a version of
Malliavin calculus for jump processes in the study of local time was initiated
in [19].

The Donsker delta function has applications in finance within the hedging
of portfolios and sensitivity analysis, as presented in the last two sections.

Our presentation is based on [67, 68, 161].

14.1 The Donsker Delta Function of a Pure Jump
Lévy Process

In the following, we require that the Lévy measure v satisfies the following
integrability condition. For every € > 0 there exists a A > 0 such that

/ exp(\|z])v(dz) < oc. (14.1)
R\(—¢,e)

This condition implies that the Lévy measure v has moments fJRo 2"v(dz) < 0o
for all n > 2. Just as in the Gaussian case, we introduce the Donsker delta
function of a Lévy process as follows. For notation and framework we refer to
Chap. 13.

Definition 14.1. Suppose that X : 2 — R is a random variable belonging to
the Lévy-Hida distribution space (S)*. The Donsker delta function of X is a
continuous function §.(X) : R —(8)* such that

/R h(y)3,(X)dy = h(X) (14.2)

for all measurable functions h : R— R such that the integral converges in (S)*.

14.2 An Explicit Formula for the Donsker
Delta Function

The main result of this section is an explicit formula for the Donsker delta
function in the case of a certain class of pure jump Lévy processes. In fact,
from now on we limit ourselves to consider Lévy measures whose characteristic
exponent ¥ satisfies the following condition:
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o There exists € € (0,1) such that

fim A" Rew(N) = oo, (14.3)

where Re ¥ is the real part of V.

Remark 14.2. Condition (14.3) entails the strong Feller property of the semi-
group of our Lévy process 7(t), implying that the probability law of 7(t) is
absolutely continuous with respect to the Lebesgue measure. The assumption
covers, e.g., the following Lévy process n(t) of unbounded variation with Lévy
measure v, given by

v(dz) = X(0,1) (2)27(2+a)d27

where 0 < o < 1. We also emphasize that various other conditions of the type
(14.3) are conceivable as the proof of Theorem 14.5 unveils.

Our main result is based on the following lemma.

Lemma 14.3. Let A € C, t > 0, then

exp(An(t)) = exp® / / N(ds,dz) + t/ (e* — 1 — Az2)v(dz)).
R Ro
’ (14.4)
Proof Define

Y (t) = exp(An(t) — t/ (e — 1 — \2)v(dz)). (14.5)
Ro
Then It6 formula shows that Y satisfies the stochastic differential equation
4y (1) = Y (t_) / (& — )N(dt,dz), Y (0)=1.
Ro

By relation (13.43), the last equation can be rewritten as

d —Y(t) = Y(t_)o/R (e —1)N(t, 2)v(dz); Y(0) = 1.

dt

By means of a version of the Wick chain rule (see Proposition 5.14), we can
see that the solution of the last equation is given by

Y (t) = exp®( / /R (¥ — 1)N(t, 2)v(d=)dt) (14.6)

— exp® /O/R N(ds, d=)).

This solution is unique. Moreover, if we compare (14.5) and (14.6) we receive
the desired formula. O
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The following result is due to [161].

Theorem 14.4. The Donsker delta function 6,(n(t)) of n(t) exists uniquely.
Moreover, §,(n(t)) takes the explicit form

5y(77( ) (14.7)

eXP / / - ds dZ)-i—t/ (€7 =1 —iXz)v(dz) — idy)dA.
Ro Ro

Proof The proof is essentially based on the application of the Lévy—Hermite
transform H (see Sect. 13.3) and the use of the Fourier inversion formula. To

ease the notation we define
/ / A _1)N(ds, dz)
Ro

f(\) = exp(X: + t/R (e —1—iXz)v(dz)), AeER.

and

Further we set
g Q) = (M), (E€C,

where f© is the Lévy-Wick version of f. Because of the properties of the
Lévy-Hermite transform we can write

90 Q) = exp(HX)(Q) +t [ (% — 1= ixs)u(dz)
Ro
— exp((HX,)(C) — t(N).
We subdivide the proof into the following steps.

Step (1). We want to show that g(-,() is an element of the Schwartz space
S(R). To this end we provide some reasonable upper bound for g(-, (). Let
t € [0,7]. By means of (13.44) and (13.28), we have

Xi = / /R (e — 1)N(ds, dz)
/ /R (% — 1) 0 N(s, 2Ju(d2)ds
/ /R > er(s)p;(2) K ncrpy v(dz)ds

= kzd/o /RO (eiAz — 1>ek(8)pj(2)u(dz)d3 K etk

with the basis elements e; and p; as in Sect.13.2. Then we can find the
estimate
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(X)) < / 1ol lex(s)s () (s 2Ry 2

~<Z| o|*(2N)2) %
(14.8)

S|>‘| // | | dZ dS (2N ZH ’J) % Z|ZQ‘ 2N 2c %

<const. - | |

for all z € Ko(R) for some R < oo (see (5.42)), where we used that
> (2N)” 2r(kJ) < 00 (see [106, Proposition 2.3.3]). Therefore, using the
deﬁmtlon of g(X, ¢) we get

|g(/\’ <)| < econst.\)\|€7t Re¥ ()
for all ¢ € Ky(R). By condition (14.3) we require |)\|7(1+€) Re¥(\) > 1 for
[A| > L > 1. This implies
lg(\, )| < econst.u|e—tu|<1+5>|Ar<1+6> Re&D(A)geconst.p\\—t|)\\(1+5>

< e_tcl)\‘(ﬂré)

for ¢ € Ko(R) and |A| > M with positive constants M, C. Next we cast a
glance at the derivatives am g(\, €). Since a similar estimate to (14.8) yields

‘/Ot /Ro(iz)"euz ex(s)pj(z)v(dz)ds - (K(kyj)‘

<[ t [ ey o)ty

for all fixed ¢ € Ko(R) and n € N, we obtain that for all n € N there exists a
constant C,, such that

g,{(,w.)’ e L'(NxN)

v

for all A € R, ¢ € Ko(R). Further, we observe that

]i(t / (%~ 1 - ixpu(d2))| = |1 / i2(e™ — 1)(d2)
dA Ro Ro
<Pt [ s vldz)
Ro
or more generally that

. Az _ < .
d/\n(t/Ro( —1—iXa)u(d))| < Cu A
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Altogether, we conclude that for all k, n € Ny there exists a polynomial py, , ()
with positive coefficients such that

an

w o

CEK2(R)

(L+ A

mo\ < pen(ADe N (14

for all |]A\| > M. This implies that g(-,{) € S(R) for all ¢ € Kz(R). Since the
(inverse) Fourier transform maps S(R) onto itself, we get that

1

— zy/\
’ 271' R

is L' —integrable and that

/R WG(y, C)dy = g(AC) (14.10)

for all ¢ € Ky(R). Using the properties of the Lévy-Hermite transform,
Lemma 14.3, and condition (14.1), we can see that relation (14.10) gives rise
to defining the Donsker delta function of 7(t) as

dy(n(t)) = %/Re‘i“ﬁ(A)dA, (14.11)

1

HEONE) = 3= [ €90 OaA=3(0:0).

To complete the proof, we proceed as follows. We check that the Lévy—Hermite
transform H (0, (n(t)))(¢) = g(y, ¢) in the integrand of (14.10) can be extracted
outside the integral and that all occurring expressions are well-defined. Then
we can apply the inverse Lévy—Hermite transform and Lemma 14.3 to show
that d,(n(t)) in (14.11) fulfils the property (14.1) for h(z) = €**. Finally,
the proof follows from a well-known density argument, using trigonometric
polynomials.
Step (2). Let us verify that d,(n(t)) exists in (S)* for all y. By a Lévy version
of [106, Lemma 2.8.5] it follows that
Vo) = 5= [ e
2

exists in (S)* and that
1
Y00 = 5= [ g0 0)ax
™ —n

for all n € N. Further, the bound (14.9) gives

sup  [HY,(y, Q)] <
neN,CEKa(R)

sup  |g(A, Q)] dX < 0. (14.12)
R (€Ka(R)

M‘H
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Thus, with the help of a Lévy analogue of Theorem 5.12, it follows that
dy(n(t)) € (S)* for all y.
Step (3). We check that the integral

[ e, mtenay (14.13)

converges in (S)*. Because of the estimate (14.12) we also get that

n

X,(\) = / ¢, (n(t))dy

—n

exists in (S)*. By (14.9) and integration by parts we deduce

1
sup  [HXa(y.Q)| < sup / 1+ ) MG, ((8))(C) dy
neN,ceKs(R) CeKa(R) Jr 1+ Y

2

< const. - sup <‘(1 + AQ)igg()\»C)
AER,(EK2(R) oA

L1+ A Q)| )
<M < o0,

where we have used that
2

PG, M) = 150:0) = 5 [ € S50,

Once again by a Lévy version of Theorem 5.12, we see that the integral (14.13)
is well-defined in (S)*. Finally, by using the inverse Lévy—Hermite transform
and Lemma 14.3 we obtain

e,y = 20 = ¥ (14.14)

Thus, we have proved relation (14.1) for h(y) = €Y. Since (14.1) still holds
for linear combinations of such functions, the general case is attained by a
well-known density argument. The continuity of y — d,(1(t)) is also a direct
consequence of a Lévy version of Theorem 5.12. O

14.3 Chaos Expansion of Local Time for Lévy Processes
In this section we investigate the local time Lr(z) (z € R) of a certain class

of pure jump Lévy processes 7(t) = fg fRo zN(ds,dz), t > 0. This local time
can be heuristically described by

T
Lr(z) = /0 S(n(t) — x)dt, (14.15)
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where §(u) is the Dirac delta function, which can be approximated by

1 [ul? 1 : 1,2
P.(u)= ——e 2 = — [ Y72 qy, u € R, 14.16
(1) = = =/ y (14.16)

with ¢ = v/—1. Formally, this implies

1 ,
§(u) = lim P.(u) = —— [ e¥udy. 14.17
(u) = Jim P.(0) = <= [ e™ay (14.17)

A justification for this heuristical reasoning above comes from the Gaussian
case (see [4] and [101]). In the sequel we make the above considerations rig-
orous by showing that the Donsker delta function 6(n(t) — x) of n(t) may be
realized as a generalized Lévy functional. Furthermore, we provide an explicit
formula for 6(n(t) — ). We also prove that the identity (14.15) makes sense
in terms of a Bochner integral. To demonstrate an application, we use the
Donsker delta function to derive a chaos expansion of Ly(x) with explicit
kernels.

First of all, let us recall the definition of a particular version of the density
of an occupation measure, which is referred to as the local time.

Definition 14.5. Let t > 0, © € R. The local time of n(t) at level x and
time t, denoted by Li(x), is defined by

S
Li(w) := Eli%”?/o X{In(s)~a| <c} 45

lim 2%)\({5 € 10,4 : n(s) € (x — 2,2 +)}),

with convergence in L?(P x \). Recall that X is the Lebesque measure.

Here, we recall that the local time of 7(t) exists if the integrability condition

/RRe <1+1u7(>\)> dX\ < 00 (14.18)

holds, where ¥ denotes the characteristic exponent of n(t) (see e.g., [32] for
details). Since we have the inequality

Re (1+1W()\)> =7 +R13W()\)’

condition (14.3) entails (14.18), giving the existence of L;(z). We point out
that (x,w) — Ly(x)(w) belongs to L?(P x \) for all ¢ > 0 and that

/fwmwz/ﬂ@umm (14.19)
0 R



14.3 Chaos Expansion of Local Time for Lévy Processes 249

for all measurable bounded functions f > 0 a.s. The relation (14.19) is
called the occupation density formula. Note that t — L;(z) is an increas-
ing process and that L;(-) has compact support for all ¢ > 0 a.e. Furthermore,
(14.3) implies that @ —— L;(x) is Holder-continuous a.e. for every ¢t > 0
(see [32, p. 151]).

Next, we give a rigorous proof of relation (14.15).

Proposition 14.6. Fiz T > 0. Then

T
Lp(z) = / 5.(1(s))ds

for all x € R a.e.

Proof Let f be a continuous function with compact support in [—r,r] C R.
Define the function Z : [0, 7] x R x [—r,7] — (S)* by

Z(t,\,y) = =y,

*

First, we want to show that Z is Bochner-integrable in (S)* with respect to
the measure A*> = XA x X x \. One observes that (¢, \,y) — (Z(t, \,y),1) is
B([0,T]) ® B(R) ® B([—r,r]), B(R)—measurable for all | € (S§). Further we
consider the exponential process

Y (£) = exp / o(s)dn(s) — / / (5 — 1 — () 2)w(dz)ds)

for deterministic functions ¢ such that e#(*)* —1 € L2([0,T] x R, A x v/). Then
by the Lévy—Ito formula we have

dy (t) = Y(t‘)/R (e?WD* _1)N(dt,dz),

so that

t
Y(t)=1 +/ Y(s;)/ (e _1)N(dsy,dz1).
0 R
If we iterate this process, we get the following chaos expansion for Y (¢) :

Y(t) =Y In(gn) in L*(P)

n>0

with g, (51,21, .y Sn, 20) = 5 H?Zl(e“’(sf)zj = 1)X¢>max(s;)» Where I, denotes
the iterated integral in (10.1). Thus, we obtain for ¢(s) = i\

Z(t,\y) =Y In(gn - h) in L*(P) (14.20)
n>0

with the function h(t, \,y) = exp(fot fRO(e“‘z — 1 —idz)v(dz)ds — idy). We
also get the isometry
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E[(Z(t )\,y Zn' llgn - hHL2(()\><u) ny -
n>0

Now, let us have a look at the weighted sum

1Z &N )2, =D nllgn - BllG2(axpym € 7" < 00
n>0

for ¢ > 0. Then

SRR T Y .

(H| 1/\z1_1| —tReg’()‘)) Xt>max(s;)A51--dspv(dz1)...v(dzy)-e” 1"

Jj=1

]‘nn n_— e —qn
<Zat 2" (ReW(\))"e 2 Re¥ (V) . gman

12t A 9|2

n>0

where we used the fact that

e — 1% v(dz) = 2Re W(N).
Ro

So it follows that

1 o n n q
12N, < S —t52% (Rew (M) et Re¥ ) . c=4n (14.21)
"0 (n!)2

Next, suppose that [A|~" 9 Re®()\) > 1 for [A| > K > 0. Then

T T
/ / / 1Z(t, A\, v)|l_, dtdAdy
= JIAIZK J0

1 _n g o [T
2TZ—256—5"/ (Resp(A))f/ t2 e tRe¥ N gpd)
A=K

B n>0 (Tl' % 0
< 2r2%2%e*%n/ LY F( +1),
n>0 (’I’L')E A>K ReLT/()\)

where I" denotes the Gamma function. Together with (14.3) we obtain

r T
[ ][ iz, dardy
—r JIAZK JO

< const. Z

n>0

< const. Z

n>0

[\]
NE
@
M\»a

1
" ———d\
/|,\|>K ReW¥ ()
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Since )
n n
(g2 _ 28 _
n! 22[*5~]

for all n € N, we conclude that

r T
/ / / HZ(t,)\,y)||7q dtd\dy < oo
—r JINZK JO

for all ¢ > 2. It also follows directly from (14.21) that

r T
/ / / HZ(t,)\,y)H_q dtd\dy < oo
—r JIA<K JO

for all ¢ > 2. Therefore, we have

r T
/ / / 12(t, A, )|, dtdAdy < oo (14.22)
—r JRJO

for all ¢ > 2. Let [ € (S). Then it is not difficult to verify that

(Z(t, A y), D) < const.[|Z(E A )lly (1A y) —ae.

/ // Z(t, A\ y), )| dtd\dy < oo

for all [ € (S). Note that [|Z(t,A,y)[|_, is measurable. Thus we have proved
the Bochner-integrability of Z in (S)*. By using Fubini theorem, Lemma 14.3,
and Theorem 14.4 we get

oo [ wowaar= s

Then we can deduce from relation (14.19) that

/f / 5, ( dtdy—/f VL1 (y)dy (14.23)

for all continuous f : R — R with compact support. Using a density argu-
ment we find

The latter gives

/ 0(n(t))dt for a.a. z € R P — a.e. (14.24)

Let [ € (S) The map T — Oy ( (t)) is continuous by Theorem 14.4. Thus
(0(n(t) = fo Jp (Z(t, X\, x) l> d\dt is continuous too. Then, based on

(14. 21) one shows that © — fo n(t))dt is continuous in (S)*. Since x —
Ly (x) is Holder-continuous, relatlon (14 24) is valid for all z € R P—a.e. O
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Remark 14.7. Relation (3.2.5) in the proof of Proposition 14.6 shows that the
Donsker delta function d,(n(t)) even takes values in the space of generalized
random variables G* C (S)*. See Sect. 13.4.

We are now arriving at one of the main results of this chapter. See [161].

Theorem 14.8. The chaos expansion of the local time L (x) of n(t) is given
by

== Z In(fn)

n>0

t2 —~ ~
*Zn'/ / / fn(slazla ---a5n>Zn)N(dsladzl)"'N(dSn;dZn)
0 Ro

n>0

in L?(P) with the symmetric functions

fn(slazl7“'7sn72n 27{' Tl'/ / H ZAZJ - t A l‘)Xt>de(s )d}\dt

for
h(t,\,z) = eXp(t/ (e — 1 —iX2)v(dz) — idx).

Ro

Proof By Proposition 14.6 we can write Ly (x fo =(n(t))dt. Using the
definition of the function Z(t,\,y) = ()= y) in the proof of Proposition
14.6 and its chaos representation (14.20), we get

Lr( 277/ /RZ:OI (gn - h)dAdt, (14.25)

with g,,(s1, 21, .0, Sn, 2n) = = H?Zl(e”‘zj — 1)X¢>max(s;) and b as in the state-
ment of this theorem. Because of the inequality (14.21) and similar estimates
directly after this relation in the proof of Proposition 14.6, we can take the
sum sign outside the double integral in (14.25). Thus, we obtain

//ZI (gn - h)dAdt = Z// (gn - h)dAdE in (S)*. (14.26)

n>0 n>0

Further, we can interchange the integrals in (14.26), so that we obtain

P S [
= — I, gn - hdAdt) in (S)*.
] )in (8)

Note that this is a consequence of the integrability condition (14.22). Since
Lr(z) is in L?(P), the result follows. 0O
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14.4 Application to Hedging in Incomplete Markets

Let us consider once again a pure jump Lévy process

”(t):/ot/ko N (ds,dz), > 0.

For any Fr-measurable ¢ € L?(P) (where T > 0 is fixed) there exists a unique
Fi-adapted process ¢ € L2(P x A x v), i.e., E[IO?RO 302(t,z)1/(dz)dt] < 00,
such that

c— B+ /0 /R ot )N (dt, dz). (14.27)

In view of financial applications, it is of interest to find ¢ explicitly. This
can be done, for instance, via Malliavin calculus and a Lévy version of the
Clark—Ocone theorem (Sect. 4.1, and Sect. 12.4). Another approach based on
nonanticipating differentiation is, e.g., proposed in [59, 60].

The purpose of this section is to show how the Donsker delta function for
Lévy processes can be used to find an explicit formula for . See the forth-
coming Theorem 14.9. This method does not rely on Malliavin calculus for
Lévy processes nor does it involve conditional expectations, as the previous
methods do.

Theorem 14.9. Let g : R — R be a given function in L'()\) such that its
Fourier transform

glu) == %/Rg(x)e_i“xdx

belongs to L*(N\). Then, for T >0, we have

g(n(T)) = /R §(u) exp {T /R 0 (e —1—iuz) V(dz)} du+ /0 T/R o(t, 2)N(dt, dz),

(14.28)

where
w(t, 2) :/]R g(u) exp {(T - t)/]R (e —1—iuz) V(dz)} etun() (e"* —1) du.
’ (14.29)

Proof Define

Ya(t) = exp® {/;/R (¢ — 1) N(ds,dz)} C weR te[0,T).

First let us assume that ¢ is continuous with compact support. Then, by
(14.1), (14.4), (13.44), and Lévy-Wick calculus we have
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:/}R %g(y) /RYH(T) exp {T/RO (emz -1- iuz) v(dz) — iuy} du) dy
:/JRYM(T) (/R %g(y)eﬂ‘uydy> exp {T/RO (eiuz —1- zuz) I/(dz)} du
(eiuz -1- iuz) u(dz)} (Yu(O) + /OT %Yu(t)dt) du
= Rg(u) exp {T/RO (eiuz —-1- iuz) V(dz)} du
+ /Rﬁ(u) exp {T/]RO (emz —1- zuz) V(dz)} /OT Y. (t)
O/R (emz - 1) ]%f(t, 2)v(dz)dt du
:/RQ(u) exp {T/RD (eiuz -1- iuz) zz(dz)} du
+ /Rﬁ(u) exp {T/mo (emz —1- zuz) I/(dz)} /OT/RO Y. (t) (emz - 1) N(dt,dz)du
= [ gu)exp{ T e — 1 —uz) v(dz)  du+ ’ o(t, z)N(dt, dz),
R Ro ( ) 0 J/Ro

where
o(t, z) = /Rg(u) exp {T/]RO (e — 1 —iuz) V(dz)} Y (t) (€™ — 1) du.

By (14.4) we have

(<)

Y. (t) exp {t/le (ei“z —1—iuz) V(dz)} = exp (iun(t)).
Hence, we get

ot 2) = /R i(u) exp {(T _ 1) /}R O (e~ 1~ iuz) u(dz)} exp (iun(®)) (¢ ~ 1) du.

For the general case, let g be as in Theorem 14.9. Then there exists a sequence
gn < g, n=1,2, ..., of continuous functions with compact support such that
gn — ¢ in LY(X\). Then g, (u) — §(u) pointwise dominatedly. Since (14.28)
holds for all g,, it follows by dominated convergence that it holds for g, as
required. O

As an application of Theorem 14.9, we consider a financial market where
there are two investment possibilities:

e A risk free asset (e.g., bond), where the price Sy(t), t > 0, is constantly
equal to 1.
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e A risky asset (e.g., stock), where the price S(t) at time ¢ is given by
dS(t) = S )dn(t),  S(0) >0,

where 7(t) = fOtfRo 2N (ds, dz) as before. Assume that z > —1 + ¢ for a.a.
z with respect to v, for some € > 0. This guarantees that S(t) > 0 for all
t>0.

As in Sect.9.4 we say that an Fr-measurable random variable ¢ € L?(P)
(called a claim) is hedgeable or replicable in this market if there exists an
Fi-adapted process ¥(t), t € [0,T], in L2(P x \) such that

T T
¢=Elg+ / B()dS(t) = E[¢] + / GOSE)dn(t).  (14.30)

The market is called complete if all claims are replicable and incomplete oth-
erwise. We can write (14.30) as

T ~
E=El¢+ /0 | p0S()2N(dt,dz). (14.31)

Thus, by comparing (14.31) with (14.27), we see that £ is hedgeable if and
only if the process ¢ in (14.27) has the product form
p(t,z) =(t)S(t7)z for almost all ¢, z with respect to A x v.  (14.32)

It is well known that, unless 7 is the centered Poisson process, the market is
incomplete. Hence, there exist claims & that are not hedgeable. It is of interest
to find out which claims are replicable and which claims are not. Our next
result gives information in this direction. See [67]

Theorem 14.10. Let g be as in Theorem 14.9 and define
ft,u) = g(u) exp {(T - t)/ (e — 1 — iuz) V(dz)} exp (tun(t)). (14.33)
Ro

Suppose that & == g(n(T)) is replicable and let ¥(t) be as in (14.30). Then for
almost all t € [0,T], we have

f6.)6) = 5= [ fewe = o [ ftadu= Su0s@): (434

for all z € —suppv, where suppv is the smallest closed set in R in which v
has all its mass.

Proof By Theorem 14.9 and (14.32), we have

p(t,z) = /Rf(t,u) (eiuz — 1) du =¥ (t)S(t7)z,
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for all z € suppr and almost all ¢ € [0, T]. Hence,

1 —tuz _ i 7i - _
—W/Rf(t,u)e du = 27_‘_/Rf(t,u)du 271_1&(15)5(15 )z for all z € —suppv.

By this we end the proof. 0O
See [67] for the next result.

Theorem 14.11. Let g be as in Theorem 14.9 and suppose suppv is un-
bounded. Then g(n(T)) is not replicable unless g = 0.

Proof Suppose & = g(n(T)) is replicable. Since the Fourier transform vanishes
at +oo, we get from (14.34)

. 1 1 _
0= tm fe0@ = tm (5 [ e 5u0se):)
zE—suppv zE—suppv

for almost all ¢ € [0, 7). This is only possible if ¢(t) = 0 almost everywhere.
Hence, £ = E[{], so g is constant and hence g = 0 (since g € L*(\)). O

14.5 A Sensitivity Result for Jump Diffusions

In this section we derive a representation theorem for functions of a class of
jump diffusions, which contains the Brownian motion and the pure jump Lévy
process of Sect. 14.2 as special cases. As an alternative approach to [80, 199]
(see Sects.4.4 and 12.7), we illustrate how this formula can be applied to
the computation of “greeks” in finance. Our presentation is based on [68].
Another application of this theorem is an explicit formula for the Donsker
delta function of a special class of jump diffusions, which can be used as in
Sects. 7.1 and 14.4 to compute hedging strategies of portfolios.

14.5.1 A Representation Theorem for Functions of a Class
of Jump Diffusions

We aim at presenting a representation formula for functions of a special class of
jump diffusions (see Theorem 14.13), which if applied to the sensitivity analy-
sis context, gives a computationally efficient formula for the greek “delta.”
Further, we employ this result to establish an explicit representation of the
Donsker delta function. Our approach rests on the arguments of Sect. 14.2.

On the given probability space (£2, F, P) we consider the It6-Lévy process
&(t), t >0, of the form

&(t) =¢£(0) + /t ds—i—/ﬁ )dW (s // (s,2)N(ds,dz), (14.35)
0

0 Ry
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where a(t), 5(t), and v(t,2), t > 0, z € Ry, are deterministic functions such
that

/ ]+ B2(t) + /72(15, z)u(dz)} dt < 0o (14.36)
0 Ro
holds.
On the other hand, we could consider a representation of the type (14.35)
on the product space introduced in Sect. 12.5. We recall the construction here.
Let (£2,F, P) be a product of two complete probability spaces, i.e.,

Q:(leﬁz, .7::.7:1®f2 P:P1®P2. (1437)

In such a framework, we could consider stochastic processes £(t), ¢ > 0, on
(2, F, P) such that

t
E(tywr,w2) =y + [ af ds+/ﬁ VAW (s, w1)

0

+ / R{ (s, 2)N (ds, dz,ws) (14.38)

for y € R constant and «(t),6(t) and (¢, z), t > 0, z € Ry, deterministic
functions fulfilling (14.36).

We equip the probability space (§21,Fi, P1) with the filtration F}, ¢ > 0,
(FL = F1) generated by W(t), t > 0, augmented by all Pj-null sets and the
space ({22, Fa, P2) with the filtration F7, t > 0, (F2, = F3) generated by the
values of N(dt,dz), t >0, z € Ry, augmented of all Py-null sets. Then on the
product (£2, F, P) we fix the filtration

e |

Fo=FleoF, t>o0.

In the sequel we apply white noise analysis for a combination of Gaussian
and pure jump Lévy noise as introduced in Sect.13.7. Thus, we choose
(1, F1, P1) to be a Gaussian white noise and ({22, F2, P») a Lévy white noise
probability space. Recall that we have assumed (14.1), see Sect. 14.1.

Let £(t) = &Y(t), t € [0,T], be a stochastic process on (£2,F, P) of the
form

de(t) = a(t)dt + B)dW (t) + [ y(t, 2)N(dt,dz), te€0,T],
Ro (14.39)
£(0) =y eR,

where «(t), 5(t), and ~(t,2); t € [0,T], z € R, are deterministic functions
satisfying (14.36). For A € R define

Y (t) = exp(X(t)),  t€[0,T] (14.40)
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Then by the It6 formula (see Theorem 9.4) we have
Ay (1) =Y (1) [(Aa(t) + 1N2B2())dt + AB()dW ()

+ [HexpOn(t,2) — 1= Mt 2)vld=)de
Ro

+ / {exp(\y(t, 2)) — 1} N (dt, dz)] (14.41)
Ro

Using the white noise notation and Wick calculus for a combination of
Gaussian and pure jump Lévy noise (see Sect.12.5), the last equation can
be written as

%it) =Y (t7)o {)\a(t) + NP () + Aﬁ(t)v?/(t)
+ / exp{N(t 2)} — 1= Ay(t, 2)]w(dz)

Ro

+ /{exp{)\”y(t, 2)} — l}ﬁ(t,z)u(dz)}, Y(0) =eM.  (14.42)
Ro

By applying Wick calculus in (S)* as developed in Sect. 14.7 to (14.42), we

obtain .

Y () =Y (0) exp<>{ / {Aa(s)—k%)\ZﬁQ(s)

0

+ / [{eM =) — 1 — Ay(s, z)]u(dz)} ds

Ro
t

¢
+ / M\B(s)dW (s) + / / {eM(2) fl}N(ds,dz)}. (14.43)
0 0 Ro

Comparing (14.43) with (14.40) we get the following formula for the Wick
exponential.

Lemma 14.12. Let £(t) be as in (14.39) and let A € R. Then we have

t
W) Ay expo{/ [)\a(s) + %)\252(5)

0
t

+/R [e»’(s’z) —-1- /\'y(s,z)] I/(dz)]ds +/)\ﬂ(s)dW(s)

0

+ /t/[e*“"s’” — 1N (ds, dz)}. (14.44)

0 R
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Using this we get the following result. See [68].

Theorem 14.13. Representation theorem for functions of a jump
diffusion.
Let g : R — R be a function with Fourier transform

mn=§g/a”@wMa AER,
R

satisfying the Fourier inversion property

g(u) = /e”“@()\)d)\, u e R.
R

Then
9(€v(1) = / GO exp*{XV(OYN, e [0,T], (14.45)
R

where

t

XY(t) = idy + / iAB(s)dW (s)

0
[eM(2) _1)N(ds, dz) ia(s) — NG (s)
" / / + / [
+ / [eir(5:2) —1—i)\*y(s,z)]y(dz)}ds, te0,T].  (14.46)

Ro

Proof Applying (14.44) with i\ instead of A\ we obtain

9(&" (1)) = %/fﬁ“’“”!}(k)dA = 2= | g0 exp?(XJ(1))dA. O
R R

See [68] for the following result.

Corollary 14.14. Let g be a real function as in Theorem 14.13. Then we
have

Blo(@(0)] = [ 90 - exp(ixy + Ga(e)ar (14.47)

where

Ga(t)= / [Ma(s) — N6 (s)+ / (eP(52) 1 i)y (s, 2))v(dz)|ds. (14.48)
0

Ro
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Proof This follows from Theorem 14.13 in connection with the fact that
Elexp® X (t)] = exp(E[X{(¢)]).

Compare with Sect.5.3. O

We conclude this section with an explicit formula for the Donsker delta
function of &(t) = &Y(¢), ¢ > 0. This is derived as an application of
Theorem 14.13. Adopting the white noise framework of Sect. 12.5, we consider
the Donsker delta function of a random variable X € (S)*, see Definition 14.1.

In the following, we retain condition (14.3). Using Theorem 14.13 we can
obtain an explicit formula for the Donsker delta function of {(t). See [68].

Theorem 14.15. Representation of the Donsker delta function. As-
sume that (14.3) holds. Then the Donsker delta function 6,,(£Y(t)), u € R, of
&Y(t), t €10,T), exists in (S)* and is given by

8. (EY(1)) :% / expo{ j / (eM2) _1)N(ds,dz) + j iXG(s)dW (s)
0

R 0 Ro
t
—l—/ [/(e”"’(s’z) —1—=1iMy(s, 2))v(dz)
0 R
+ida(s) — %A%Q(s)} ds + i\y — i)\u}dA. (14.49)

Proof Here, we sketch only the basic ideas. Formally this follows from (14.45)
by using the Fubini theorem in (S)*, as follows. By (14.45) we have

g(€"(1)) = / 3(0) exp? (XY (1))dA
R
1

27

</e_i’\“g(u)du> exp® (X7 (t))dA

R R

g(u) /expO(—i)\u + XY (t))dA du.
R R

1
2T

For justification and more details, we refer to the proof of Theorem 14.4. O

Remark 14.16. Using white noise techniques, an explicit representation of the
Donsker delta function of solutions to a general SDE driven by a Brownian
motion is given in [144] . See also [165] in the case of Lévy processes.



14.5 A Sensitivity Result for Jump Diffusions 261
14.5.2 Application: Computation of the “Greeks”

Let X (t) = X*(t), t € [0,T], be a jump diffusion of the form

{dX(t) = X(t7) | u(t)dt + o(t)dW (&) + [ 6(t, 2)N(dt,dz)|,
Ro (14.50)

X(0)=z>0,

where u(t),o(t), and 0(t, z), t € [0,T], z € R, are deterministic, §(t, z) > —1+¢
for a.a. t, z, for some ¢ > 0, and

T
/ [Iu(t)\ +o?(t) +/92(t,z)u(dz)] dt < .
0

Ro

By the It6 formula for Lévy processes (see Theorem 9.4), the solution of this
equation is given by

X(t) = z exp { / [M(s) — Lo2(s)+ / (log(1+6(s, 2))—0(s, z))u(dz)] ds
0 Ro

+/a(s)dW(s) —I—//log(l+9(s,z))N(ds,dz)} (14.51)

0 Ro

= exp(£(1)),

where

de¥(t) = a(t)dt + B(t)dW (t) + / y(t, z)N(dt, dz)

Ro

with

a(t) = ult) — 30°(t) + /(log(l +0(t, 2)) — 0(t, 2))v(dz),

Fo (14.52)
B(t) = o(t),
~(t, z) = log(1 + 0(t, 2)).

See (14.39). Therefore, if h: R — R then
E[h(X*(T))] = E[h(exp(§*(T)))] = Elg(£*(T))],

where
g(u) == h(exp(u)), u€R.

If this g satisfies the conditions of Theorem 14.13 then
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& ED(X(D))] = L [Eg(€*#"(T))] = & /?/(/\) exp(iXlog z + GA(T))dA
R

= /g()\)%exp(z’)\logx+G,\(T))d)\,
R

where G (T) is given by (14.48). We have proved the following result [68].

Theorem 14.17. Sensitivity formula. Suppose h : R — R is such that
g(u) := h(exp(u)), u € R, and satisfies the conditions of Theorem 14.13 and
that

/ GV exp{Re G (T)} | dA < oo
R

Then

A= £EBCD)] = [90)2 explidloga + GT)d.  (14.53)
R

Ezample 14.18. Choose h(u) = Xy, k) (u), u € R (H, K > 0). Then h(X*(T))
may be regarded as the payoff of a digital option on a stock with price X* (7).
In this case

g(u) = X[H,K](eu)a u€ R,

and
log K ~ ~
) ) . H*Z _ K*Z
2wg(A) = /efuug(u)du = /efmux[mm (e")du = / e Py = —
R R log H
Therefore,

4 H—i)\ _ K—M
-E [X[HJ(](X’”(T))} :/fexp(i)\logm—i—G,\(T))d)\, (14.54)
R

provided that the integral converges. A sufficient condition for this is that, for
some § > 0,

A2 / [5°(5) + / (1~ cos(v (s, 2)))(dz) ] ds > oX? (14.55)
0

Ro

(where 8 and v are given by (14.52)), which is a weak form of nondegeneracy
of the equation (14.50). Thus, in spite of the fact that h is not even continuous,
(14.53) is a computationally efficient formula for = E®[h(X*(T))]. Note that
we may have 3 = o = 0, as long as (14.55) holds.
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14.6 Exercises

Problem 14.1. Consider a path-dependent option given by an Asian option
that has the form

1 T
A(Ty,Ty) == / h(X*(t))dt,
(1) = gy [ 0XF(0)
where X7(¢) is the diffusion of (14.50). Hence, the Asian option is an average
asset value over the period of the life time of the option. Such an option
has proved to be useful for asset classes (e.g., commodities) that are sparsely
traded on a market. Assume that

T>
/T /'g()‘)AeXP{Rer(t)}IdAdt <00,
! R

where g(A) = h(exp(N)) and G (t) is as in (14.48). Calculate the delta of this
option.
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The Forward Integral

The original forward integral (see [208]) was introduced with respect to the
Brownian motion only. See Chap.8. In this chapter we present a form of
forward integration with respect to the Poisson random measure N. We prove
an [to formula for the corresponding forward processes and apply this to
obtain an It6 formula for Skorohod integrals. This presentation is mainly
based on [64].

15.1 Definition of Forward Integral and its Relation with
the Skorohod Integral

Definition 15.1. The forward integral
T ~
J(0) = / / O(t,z)N(d"t,dz)
0 JRrg
with respect to the Poisson random measure N of a stochastic function (or
random field) 0(t,z), t € [0,T], z € Ry (T > 0), with
0(t,z) := 0(w, t, z), w € £,

and caglad with respect to t, is defined as

T
J(0) = lim/ 0(t,z)1y,, N(dt,dz)
0 JRro

m—00

if the limit exists in L>(P). Here, U,,, m = 1,2, ..., is an increasing sequence of
compact sets Up, C Ry := R\{0} with v(U,,) < 0o such that lim,, oo Un, =Ry.

Remark 15.2. Note that if G := {G,, t € [0,T]} is a filtration such that
(1) ft g gt for all ¢

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 265
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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(2) The process 7n(t) = fot e, zN(ds,dz), t € [0,T), is a semimartingale with
respect to G
(3) The stochastic process 0 = 0(t, z), t € [0,T], z € Ry is G-predictable and

(4) The integral fOT fRo 0(t, z)N(dt,dz) exists as a classical Ito integral

then the forward integral of 6 with respect to N also exists and we have

T T
/ 0(t, =) N (d~t, dz) — / 0(t, =) N (dt, d=).
0 RO 0 RO

This follows from the basic construction of the semimartingale integral. See,
e.g., [203]. Thus, the forward integral can be regarded as an extension of the
1t integral to possibly nonsemimartingale contexts.

Remark 15.3. Directly from the definition we can see that if G is a random
variable then

T - T -~
G/O [ o9 t,dz):/o [ cott )N t,dz), (15.1)

a property that does not hold for the Skorohod integrals.

Definition 15.4. In the sequel we let M denote the set of the stochastic func-
tions 0(t, z), t € [0,T], z € Ry, such that

(1)0(w,t,2) = 01(w,t)02(w,t,2), where 01(-,t) € Dy for all t, O1(w,-) is
caglag P-a.s. and 62(w,t, z) is adapted and such that

T
E{/ Hg(t,z)y(dz)dt} < 0.
0 JRr
(2) Dy+ ,0(t, ) == lim, 4+ D, .0(t, 2) exists in L*(P x X\ X v).
(3) 0(t,z) 4+ D+ ,0(t, 2) is Skorohod integrable.

Let M 2 be the closure of the linear span of M with respect to the norm given
by
1013, » = 1101 Z2(puass) + [1De+ 008, 2) T2 (puas)-

We can now show the relation between the forward integral and the Sko-
rohod integral.

Lemma 15.5. If § € M o, then its forward integral exists and
T _ T
/ 0(t, =) N (d~t, dz) = / Dye0(t, 2)v(dz)dt
0 JRg 0

Ro
T ~
Jr/o /Ro (9(75, z) 4+ Dy+ L0(t, Z))N(ét, dz).
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Proof First consider the case when 0(w,t,z) = 01 (w, t)02(w,t, z). Let us take
a sequence of partitions of [0, 7] of the form 0 = tf <7 < ... <t} =T with
|At| := max(t} —t7_;) — 0, for n — oo, into account. By the integration by
parts formula (see Theorem 12.11) we have

t7 - & -
F/ / 0(t,z)N(8t,dz) = / / FO(t, z)N(6t, dz)
ti g Ro ti g Ro

/ 0(t, z)Dy . Fr(dz)dt + / e(m)Dt,ZFN((sudz).
ti Ro

Hence

(t,)N(d t,dz) = 1 01 ( | 6yt 2)N(dt.d
// DN (A1, d2) ltl‘n;ozulf 2(t,2) N (dt, d2)

Ro

~ lim Zal " / 0(t, 2) N (6t, dz)

\At|—>0 Ro

— lim Z/ [ )+ D]t N N (5t dz)

|At|—0

+ lim / Dy ,01(t] 1) - 02(t, 2)v(dz)dt
\At|—>OZ  Je P 1(tiq) - 02(t, 2)v(dz)dt

Yi—

T T
:/ 9(t,z)N(5t,dz)+/ Dyt L0(t, z)v(dz)dt
0 Ro 0 Ro

T
+ / Dys.0(t, 2)N(5t, d2).
0 Ro

The proof is then completed by a limit argument in view of Remark 12.14 and
Definition 15.4. O

Corollary 15.6. If the forward integral exists in L*>(P), then

E[/OT /R o(t,z)ﬁ(d*t,dz)} E[/OT 5 Dﬁ,zo(t,z)y(dz)dt]. (15.2)

Proof This follows from (11.4) and Lemma 15.5. O
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15.2 It6 Formula for Forward and Skorohod Integrals

Definition 15.7. A forward process is a measurable stochastic function
X(t)=X(t,w), t €[0,T], w € 12, that admits the representation

t t
Xt)== —l—/ 0(s,2)N(d~s,dz) + / a(s)ds, (15.3)
0 JRo 0
where x = X(0) is a constant. A shorthand notation for (15.3) is
d-X(t) = / O(t,z)N(d~t,dz) + a(t)dt,  X(0) =z (15.4)
Ro

We call d~ X (t) the forward differential of X (t), t € [0,T].

The next result was first proved in [64].

Theorem 15.8. It6 formula for forward integrals. Let X (), t € [0,T],
be a forward process of the form (15.3), where 0(t,z2), t € [0,T],z € Ry, is
locally bounded in z near z =0 P X A- a.e., such that

T
/ 0(t, 2)Pv(d2)dt < o0 P —aus,
0 Ro

Also suppose that |0(t, z)|, t € [0,T],z € Ry, is forward integrable. For any
function f € C*(R), the forward differential of Y (t) = f(X(¢)), t € [0,T7, is
given by the following formula:

d7Y(t) = f'(X(t)a(t)dt (15.5)
+/R (f(X(t’) +0(t,2)) — f(X(t7)) - f’(X(t*))e(t,z))u(dz)dt

+/ (f(X(t*) +0(t,2)) — f(X(t*)))J\Nf(d*t,dz).
Ro
Proof The proof follows the same line of the one in the classical It6 formula

(see [114] Chap. 2, Sect. 5). For simplicity, we assume x = 0 and o = 0. Then
we can write

Xmn(t) ::/0 A 0(8,2)1Um(z)N(ds,dz)—/O /R 0(s, z)1y,, (z)v(dz)ds.

Let 04, i = 1,2, ..., be the stopping times for which the jumps of the Lévy
process occur. Thus, we obtain

FXn () = f(Xin(0) = D [f(Xm(os A1) = f(Xm(os AL7))]

i
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+Z [(Xom(oi A7) = f(Xm(oics A )] = Ti(t) + Jalt),
with

—\\ f(Xm(O—z_))a o; <t,
f(Xm(Ui At )) - {f(Xm(t))7 ;> t.

By the change of variable formula for finite variation processes, it follows that

== [ | @0 210, (iazis
Moreover, it is

Ji(t) = Z [f(Xin(00) = f(Xin (7)) Los<t.6(1m(00))20}

/ / ) 4005, )1, (2)) — F(Xom ()] N(ds, d)
/ / Y1605, 2o, () — F(Xon(s~ )] N (d" s, d2)
/ / $7) 4 0(s, 2)10,, (2)) — F(Xom(s™))] w(d2)ds.

By letting m — oo, formula (15.5) follows. O

To state an It6 formula for Skorohod integrals we need to combine Lemma
15.5 and Theorem 15.8. To this end we go into the technical step of solving
equations of the following type: given a random variable GG, find the stochastic
function F(t,z2), t € [0,T], z € Ry, such that

F(t,z)+ Dy ,F(t,2) = G, (15.6)

for almost all (¢, 2) € Ry x R. For example, if G = g(n(T)), for some measur-
able function g : R — R and

t)/ot/RO ZN(dt,dz),  tel0,T)

F(t, z) = Q(U(T) - ZX[O,T)(t))
does the job. Indeed, with this choice of F(t,2), t € [0,T], z € Ry, we have

F(t,2)+ Dyt . F(t,2) = Q(U(T) - ZX[o,T)) +g(77(T)) —Q(W(T) - ZX[O,T)) =G.

then

The above observation motivates the following definition.
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Definition 15.9. The linear operator S is defined on the space of all Frp-

measurable random variables G as follows. If G = Hle gi (n(ti)), for some
t; €[0,7],i=1,....k, we define

k k
St,z(Hgi (n(ti))) = [T o (n(t:) = 2x10.0,) (). (15.7)
=1 i=1

Note that via this definition the solution of (15.6) can be written as
F(t, Z) = St7ZG, i.e.,
St,:G + D+ . (5:,.G) = G. (15.8)

Combining the above facts with Lemma 15.5 and Theorem 15.8, we obtain
the following result originally proved in this form in [64].

Theorem 15.10. It6 formula for Skorohod integrals. Let

t t
X(t):/ / ’y(s,z)N(é&dz)Jr/ a(s)ds, te[0,T],
0 JRg 0
or, in shorthand notation,
SX (1) = / ()N (St d2) + a(t)dt,  te0,T].
Ro

Let f € C*(R) and let Y (t) = f(X(t)). Set
0(t,z) == St (t, 2) (15.9)

for allt € [0,T], z € Ry, and assume 8 € My 5. Then

Y (1) = F(X(@adr+ [ {F(X()+0(2) - F(X()  (15.10)

+Dp [ F(X () +0(t,2)) = F(X ()] }N (ot d2)
+/R {f(X(t*) +0(t,2)) — f(X(E)) = f(X(t))0(t, 2)

+Dps 2 [F(X () +0(t,2)) = F(X ()] = F (X)) Dr 00 2) (=)t

Remark 15.11. Note that if 4 and « are adapted, then 6(t,z) = (¢, 2), t €
[0,T7,z € Ry, and

Dy 20(t,2) = Dye 2 [ F(X (1) +6(2,2)) = F(X(7)]

Therefore, Theorem 15.10 reduces to the classical adapted It6 formula.
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Proof For simplicity, we assume « = 0. By (15.8) we have
0(t,z) + Dy+ 0(t, 2) = (1, 2).

Hence by Lemma 15.5 we have

= /Ot /RO 9(s,z)ﬁ(d*s,dz) - /075 s Dy~ ,0(s, z)v(dz)ds.

We can, therefore, apply Theorem 15.8 and get

( ) ( ) /t f,( (8))( E8+,26(S72)V(dz))d$
RO
/ / (s )) J(‘((S ))}N(d Sadz)
R

_/ /R F(X (7)) Dyr 20(s, 2)v(d2)ds

/ / T)+0(s,2)) — f(X(s7)) - f'(X(S_))H(s,z)}y(dz)ds
Ro

/ [ Dur {F(X () 4 005,2) = F(X(57)) (=)

/ A Or6m) 4005, 20) = £OXG) + D (X () 4 005, 2)
ff(X(S’))}}N@S’dZ)
/ / )4 0(s.2)) — F(X(57)) = £/(X(s))b(s,2)
+De 2 [F(X(57) +0(s,2)) = F(X(57))] = 1 (X(57)) Ds 2005, 2) fr(d=)ds

/ /R )+ 6(s,2)) — f(X(s7)) + Der . [F(X(s7) +6(s,2))
—f(x (s*))]}ﬁ((ss,dz).

This completes the proof. O

We would like to mention that an early version of the It6 formula for Skorohod
integrals was proved in [123, 124]. Another anticipative 1t6 formula valid for
polynomials is obtained in [194].

Remark 15.12. Following the same scheme as in Sect. 12.5, the It6 formula can
be extended to cover the mixed case, involving a combination of Gaussian and
compensated Poisson random measures.
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15.3 Exercises

Problem 15.1. (*) Let

n(t) :/o /RO zN(ds,dz), te€][0,T],
and define
X0 = @i = [ [ a)N i, re .1

(a) Use Lemma 15.5 to show that

X(t) =n(t)n(T) —/0 /R 22N (ds,dz), t€][0,T].

(b) Find D+ , X (t).

(c) With ~(t,2) :== n(T)z, t € [0,T], z € Ry, find 0(t,z) := S¢.7(t,2), see
Definition 15.9.

(d) Use It6 formula for Skorohod integrals to find §Y (t), where Y (t) = X?(t),
te[0,T].
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Applications to Stochastic Control: Partial
and Inside Information

16.1 The Importance of Information in Portfolio
Optimization

The purpose of this chapter is to present an overview of recent results on sto-
chastic control, in particular, portfolio optimization, achieved via techniques
of Malliavin calculus and forward integration. Quite surprisingly, a character-
ization of the existence of an optimal portfolio can be given in very general
settings. In particular, we are interested in studying portfolio optimization
problems from the point of view of a trader who may have:

e Less information than the one produced by the market noises, here called
partial information

e More information than the one produced by the market noises. Such a
trader has some form of anticipation of future event, here called inside
information

We will see that the two situations are substantially different, in fact the
formulation of the problems intrinsically requires different settings. However,
in both cases, some techniques of anticipating calculus are going to be applied.

The role of information in portfolio optimization has gained more and
more importance according to the common sense knowledge that the more the
information available, the better the performance in the market. While some
occasional cases of insider trading have been detected and been confirmed
in the recent years proving that the above statement is a fact, mathematics
has started searching for consistent models that are able to describe these
situations. In the same line of research, but opposite direction, is the situation
of traders having less information than the one usually assumed to be in the
market. This is quite a common situation that includes, for example, the case
of delayed information. Moreover, it is also interesting to see how a trader
with partial information can optimize his portfolio in a financial world where
insiders of large capacity are present.

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 273
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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This chapter is an extension of topics treated in Sect. 8.6. A different way
to treat portfolio optimization from the minimal variance point of view has
already been presented in Sect. 12.6. This chapter is mainly based on [63, 65,
66, 181].

16.2 Optimal Portfolio Problem under Partial
Information

We consider the probability space (§2, F, P) as described in Sect. 12.5. We say
that a trader has full information if he can make his decisions relying on the
flow of information generated by the market noises, i.e., the filtration

F .= {F,te[0,T]}.

Here, we put F = Fr. In this section we consider an agent having strictly less
information available during his decision making process. We assume that his
information is represented by a filtration

E:= {Et,te [O,T]}, & CF.

In this setting of partial information, the trader is faced with the problem of
finding a portfolio (within an admissible class of portfolios) that maximizes a
personal given utility of the corresponding terminal wealth. This is a stochastic
control problem.

Traditionally, there have been two approaches to this type of problem:

(a) A dynamic programming or stochastic mazimum principle approach.
These approaches usually require that the system is Markovian. See,
e.g., [182,228], and references therein, for more information about these
methods.

(b) The martingale approach or duality approach. This is an efficient method
if the financial market equations have a special “multiplicative” form (see
(16.1)-(16.2)) and the market is complete. An advantage of the method
is that the system need not be Markovian. However, in the incomplete
market case the duality method transforms the original problem into a dual
problem usually of equal difficulty. We refer to, e.g., [129], and references
therein, for a presentation of the martingale method.

The problem under study, however, cannot be approached easily, if at all, by
any of the two methods (a) and (b) above. In fact the system is, in general,
neither Markovian nor complete. For example, consider the case of delayed
information: in case d > 0 is a fixed time delay, at any time ¢ > §, the actual
information available would be & = F;_s, while it would be & = &y for
0<t<é.

We emphasize the distinction between the partial information control
problem studied in this section and the partial observation control problem,



16.2 Optimal Portfolio Problem under Partial Information 275

where the control is based on noisy observations of the state. The latter prob-
lem has been studied by many authors, but the methods and results of the
partial observation problem do not apply to our situation.

16.2.1 Formalization of the Optimization Problem: General Utility
Function

We consider a market model with finite time horizon T > 0 where two invest-
ments possibilities are available:

e A risk free asset with price dynamics

{dSo(t) = p()So(t)dt,  te(0,T], (16.1)

So(0) = 1.

e A risky asset with price dynamics

dSi(t) = S1(t7) [u(t)dt + o (t)dW (t) +fp0(t, 2)N(dt,dz)], te(0,T],
S1(0) > 0.

(16.2)

The driving noises in the model are the standard Brownian motion W (t),
t € [0,T], and the compensated Poisson random measure N(dt,dz), (t,z) €

[0, T] xRg. These are assumed to be independent. Recall that F []\~/'(dt, dz)?] =
v(dz)dt, where v(dz), z € Ry, is a o-finite Borel measure, which we assume

to satisfy
/ 22v(dz) < oo.
Ro

The parameters p(t), u(t), o(t), and 0(t, z), t € [0,T], z € Ry, are measurable
caglad stochastic processes adapted to the filtration F := {F, C F,¢t € [0,T]}
that is generated by the Brownian motion and the Poisson random measure,
see Sect. 12.5. We also assume that |o(t)] < K, and —1 + ¢y < 0(t,2) < Ky,
v(dz)dt-a.e., for some €y € (0,1) and K,, Ky < oo, and

E[AT{|p(t)| + )] + o3 (t) + eQ(t,z)u(d@}dt} < .

Ro

As mentioned earlier, at any time ¢, the o-algebra & C F; represents the
information at his disposal. We consider the collection of o-algebras E :=
{&,t € 10,7} to be a filtration.

In view of this lack of information, the portfolio 7(¢) that resulted from the
trader’s decisions taken at time ¢ is an &-measurable random variable. Here,
the process 7 represents the fraction of wealth invested in the risky asset.

Taking the point of view of such a trader, we are interested in studying
the optimization problem
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u(zx) = Wseug EU(XZ(T))=FE[UXZ(D)], (16.3)

for a given wutility function
U: [0700) - [700,00)

that is, an increasing, concave, and lower semi-continuous function, which
we assume to be continuously differentiable on (0, 00). The process X, (t) =
XZE(¢t), t €10,T7], given by

AX(t) = X ()] [p(0) + (1) = () (1)

- (16.4)
+ r(t)o()dW (t) + /R W(t)@(t,z)N(dt,dz)},

represents the value process of the admissible portfolio 7. The initial capital
X:(0) = XZ(0) = x > 0 is fixed. By the It6 formula, the unique solution of
the equation earlier is

Xe(t) = exp { [ [o6)+ (1) ~ plo))n(s) ~ o220 s

// log (1-+7()0(s, ) — w(5)0(s, )| w(d=)ds (16.5)
Ro

+/0 (s)o( / /Rolog (1+ ()05, 2)) N(ds, dz) }.

with 7 € Ag. The set of admissible portfolios Ag is defined as follows:
Definition 16.1. The set Ag of admissible portfolios consists of all processes
m=m(t), t €[0,T], such that
> 7 is caglad and adapted to the filtration E. (16.6)
> w(t)0(t,z) > —1+ €x for a.a. (t,z) with respect to dt x v(dz),
for some e, € (0,1) depending on 7.

> E/ {lu(s) = Pl r(s)] + 0%(5)7(s) +/7r2

Ro

(16.7)

(5)0° (s, z)y(dz)}ds < 0.
(16.8)

16.2.2 Characterization of an Optimal Portfolio Under Partial
Information

Our forthcoming discussion aims at giving results on the existence of locally
optimal portfolios for problem (16.3). For given 7 € Ag, we define the sto-
chastic process Y, (1), t € [0,7T), as
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Y, (t) := /Ot{u(s) — p(s) — o(s)m(s) _/ 7(5)0%(s, 2)

kol + 7(5)0(s, 2) ”<dz)}d8

o "’ (16.9)

t t S,Z)
+A 0(8)dW(S)+A/ﬂ{OWN(dS,dZ), te [O,T}

Then our result can be stated as follows, see [66].

Theorem 16.2. Let m € Ag be such that

> The random variable Fr(T) := U' (X (T))X(T) belongs to Dy 5 :=
DY, NDY,, (16.10)
i.e., Malliavin differentiable both with respect to the Brownian motion

and the compensated Poisson random measure.

> For all 5 € Ag, with 8 bounded, there exists a § > 0 such that the family

(16.11)
{U'(Xﬂ_yﬁ(T))Xﬁ+y5(T)Yﬂ+yﬁ(T)} o) is uniformly integrable.
y&(—o,
(Here, U'(2) = U (@)
ere, U'(x) = —U(2)).

Suppose T is a local mazimum point for the problem (16.3). Then 7 satisfies
the equation

B (1(s) = p(s) = 0*(5)7(5)) Fa (T) + 0(s) D (F(T))

&|

0(s,2)Ds, . (Fx(T)) — 7(s)0°(s, 2) Fr (T)
E ’ = Tl.
+ [/R e AT v(d2)|E] =0, se0,T]
(16.12)
Conversely, suppose that (16.12) holds and that
zU"(z) + U'(z) <0, x>0, (16.13)

then 7 is a local maximum for the problem (16.3).
Remark 16.5. (1) Note that the buy—hold-sell portfolios j, i.e.,
B(w,s) := a(w) Ly qn)(s), s€0,T],w € 2,

belong to Ag provided that « is &-measurable and |a| < K, for some suffi-
ciently small K, > 0.

(2) If r, B € Ag with 8 bounded, then there exists § > 0, such that 7+y3 € Ag
for all y € (—4,9).

(3) Condition (16.13) holds if, for example, U(xz) = logz or U(z) = %x”’

(v <0).
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Proof Let us suppose that m gives a local mazimum for the problem (16.3),
in the sense that
E[U(Xr4ys(T))] < E[U(XA(T))]

for all bounded 8 € Ag and all y € (—9,0), where 6 > 0 is such that 7 +yg €
Ag (see Remark 16.3 (2)) and (16.11) holds. For convenience, let us define

g(y) = E[U(Xﬂerﬁ(T))]a Yy e (_67 5)

Since the function g is locally maximal at y = 0, we have

0= oo
T
::EﬁWXATDXATH RECIZORVOREROUD
0(s, z
{9 (s,2) #}V(dz)]ds
_B(s)0(s,2)
/ Bls / Ry, L+ 7(s 1+ m(s)0(s, z) (ds,dz)H.

Let us choose the portfolio § € Ag to be of the form buy—hold—sell, i.e.,

B(s) = algeqn(s), 0<s<T,
for t € [0,T) and h > 0 such that t+h < T — see Remark 16.3 (1). Then from
the above mentioned equations we have

t+h
0= B[V @)X 0 { [ [s) = pls) — o)l

7(s)6%(s, 2) th
‘/]RO 1-|-7r—)0(3z) (dZ):IdS+[ U(S)dW(S)

/t+h/ROl+7rsz )N(ds,dz)},],

which holds for all choices of « in the buy—hold—sell portfolios. Define
Fo(T) =U"(XA(T))XA(T), for ™€ Ag.

Then we have
E[F:(T)(Yz(t+h) = Yz(t)) -a| =0 (16.14)

for the process Y;(t), t € [0,T7], given in (16.9). By our assumption (16.10)
and the duality formulae, see Corollay 4.4 and Theorem 12.10, we have

E[F,,(T) /t o aa(s)dW(s)] - E[ /t " ao(s)D, (F,T(T))ds] (16.15)
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t+h
al(s, 2)
/ /Rol+7r )N(ds7dz)]

/ M/RD a91 T z() ) v(d=)ds .

Thus, substituting these two equations into (16.14) and noting that the o-
algebra generated by all the a’s in the buy—hold-sell portfolios coincides with
&, we obtain

and

(16.16)

()6 (s, ) Fi (T)
1+ 7(s)0(s, 2)

Bl [ T 006) = o) = P (s)m(s)) () - / v(dz)+

o(5)Ds (Fo(T)) + /R 0 e(j’fﬁz;éé fg)) v(dz) fds|€,] =0

Since this holds for all ¢, h such that 0 <t <t + h < T, we conclude that

E[(1(s) = pls) = 02(5)7(5)) e (T) + o () Dy (Fx (1)) |€,]
0(s, z) ( (1)) — ( 02 (s,2)Fr(T) B
—l—E{/}R0 T+ 7(5)0(s.2) v(dz) 55}—0, s€ 0,7
(16.17)
—see (16.12)

On the other side, the argument can be reversed as follows. If we assume
that (16.12) holds, then

E[Fo(T)(Yx(t +h) — Yo(t))[&] =0,

which is equivalent to

1) [ 506 [uts) = pls) = 0% (s)x(s) ~ {%}uuzﬂw

—|—/OTB(S)U(S / / 1+7r2 o s,z) (ds,dz)] =0
5),

for all buy-hold-sell portfolios 5(s) = al 14n)(s), 0 < s <T. By (16.11) the

function g(y) = E[U(Xr4y5(T))], y € (—6,0), satisfies
§10) = -0)y0 = B[/ C0a(T) 2 Xyl =0

for all bounded € Ag. We want to conclude that y = 0 gives a local max-
imum for g and hence m € Ag is locally optimal for the problem (16.3). To
this end, fix
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v= {p<s>+<u<s>—p(s))(w(s)ﬂﬂ(s))—%a% )(n(s) + yB(s)? s

/ [ {(r(s) + yB(s))0(s. 2) — loB(1 + (n(s) + )05, 2)) Jo(d=)ds

+/0 (m(s) + uB(s)) // log(1+((s) + yB)8(s, 2)) N (ds, dz).
Then J
() = B|U' (Xrsyn(T) g X sgs (T)]
and

") = B[U" (X0 (5 Xrip(D)) + U (Ko1)o X7,

where

d? d

ay Xrrs(T) = o (X (D ()

ety (TR(y) + Xrpys(T) (W ().
Note that
92 (s z)
h”Oz—/ ds—/ / 5 N(ds,dz) <0.
(0) ; o + o SIE ( )

Therefore,

9"(0) = E[U"(X(D) X2T)W (0))? + U (XA (D) X (1) (H(0) + (W(0))?)]
and we see that ¢”(0) < 0 for all bounded 3 € A if
2U"(z) +U'(z) <0, x>0, O

Remark 16.4. Condition (16.10) depends on the choice of utility function.
Here, we give some examples:

(1) By the chain rule (see Theorem 3.5 and Theorem 12.8), condition (16.10)
holds if X(T) € Dy := DY, N DY, (for the optimal 7) and, if o # 0,

de( x)x, x € (0,00),

is bounded. In particular, this is the case for
U(z) =logz, x>0

and
U(z) = —exp{—-Az}, >0 (A>0).
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(2) Suppose
1
U(J?) = ;J{ya x>0 (7 € (—OO, 1) \ {0})
Then the classical chain rule for Brownian motion cannot be applied and

we need a similar result under weaker conditions, see Sect. 16.2.1. Then by
Theorem 13.32, we have

Dy Fr(T) = Di(X3(T)) = 7 X7(T) Dy (log X#(T)),
and, by Theorem 12.8, we have
Dy Fo(T) = (Xo(T) + Dy . Xo(T))" — X2(T)
= X)(T)]exp {yDy,.log X, (T)} — 1],

provided that logX,(T) is Malliavin differentiable in probability

with respect to W and belongs to D{AV:Q. For this it suffices that
p(s),1(s),0(s),0(s,z), and m(s) are Malliavin differentiable for each s
and (s, z). Note that by Corollary 13.34 we then get that F' € D}, if

E{Xfﬂ(T) /OT (Dt(logXﬂ(T)))th] < 00.

Remark 16.5. Using the white noise framework, condition (16.10) on F,(T)
could be relaxed and replaced by

E[(Fr(T))?] < oc.
The result still holds in the same form.

Remark 16.6. Condition (16.11) depends on the choice of utility function and
may be difficult to verify. Here, we give some examples under which it holds:

(1) First consider the case in which U’(x)z is uniformly bounded for z €
(0,00). In particular, it holds for the logarithmic utility U(z) = logz
and the exponential utility U(z) = —exp{—Az} (A > 0). The condition
(16.11) holds if Y (y) := Yryys(T), y € (—9,9), is uniformly integrable.
The uniform integrability of {Y (y)},e(—s,5) is assured by

sup E[|[Y(y)[’] <oo for some p > 1.
ye(—9,0)

Since 7, 3 € Ag (see (16.7)), we have that 1+ (7(s)+y3(s))0(s,z) > €z —8
dt x v(dz)-a.e. for some ¢ small enough. Thus

T (s, z) ~ 2
B(( /0 /Rol+ (5 + yBE)0(s.2) (ds,d2)) |

1

< (QT—WE[/OT ROGQ(s,z)V(dz)ds} < 0.

Therefore, we have that E[Y2 (y)] is uniformly bounded in y € (=4, 9).
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(2) In the case of power utility function
Ulx)=-2", >0 for some «y € (0,1),

we can see that U'(Xriys(T))Xntys(T)Y (y)| = X, 5(T)|Y ()| and
condition (16.11) would be satisfied if

sup  E[(X]

7Terﬁ(T)|Y(y)|)”] < oo for some p > 1.
y€(—4,0)

We can write
X7T+yB(T> = X7T (T)Z(y>7

where

2(a) =exp { [ [(6)=pls)wBle) = o ((s)(s) ~ 5o ()8 (5) ] s
+ [ wets)s)aws)

— yB(s)0(s. 2w (d2)ds

T
+ /0 /R Tlog(1+ (x(s) +y3()05,2)

— log(1 + 7(s)0(s, )] N(ds, dz)}.
From the repeated application of the Holder inequality we have
E[(X],,s(DIY ®)])"]

< (B[(X(1))™" " )55 (B[(2(5)™""™]) 7%= (E[()Y (5)])"*]) ™,

1

where a1, as: ™

+ % = 1 and by, bs: % + % = 1. Then we can choose
2—p
2—p—vp

a, = ﬁ, as = % and also by = %, by = for some p € (1, %)

Hence

E[(X7 (DY ())]

< (B[(x-@)") ¥ (B(2) 7)) (BlIYW))
If the value X, (T) in (16.5) satisfies

E[(XA(T))?] < o, (16.18)
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then the condition (16.11) holds if

sup E[(Z(y)T77}] < . (16.19)
y€(—0,9)

Condition (16.19) holds if, e.g.,

E{exp {K(/OT [|u(s) = p(s)| + |7r(s)\ds) H < oo for all K > 0.

Note that condition (16.18) is verified, for example, if for all K > 0

E[exp{K(/o [16(5) = p(s)] + I (s) ds+|/ )
—l—‘/OT/Rlog(l+7r(s)9(s,z))]\7(ds,dz)DH < 00.

By similar arguments we can also treat the case of a utility function with
U’ (z) uniformly bounded for z € (0,00). We omit the details.

16.2.3 Examples
Ezample 16.7. Let us consider problem (16.3) with logarithmic utility, i.e.,
U(z) =logz, x>0.

In this case we have

and (16.12) simplifies to

ﬂ(s)fp(s)752(5)77(5)4(5)1;[/]1% %u(d@ &]=0, sep)
’ (16.20)
where, for convenience in notation, we have put fi(s) := E[u(s)|&s], p(s) =

Elp(s)|Es], 02(s) := E[02(s)|&], s € [0, T). Compare this result with Corollary
16.16 and Theorem 16.20 in the forthcoming section dedicated to the study of
a portfolio optimization problem under partial observation in the logarithmic
utility case when in the market there is presence of insiders. In particular,

(1)If 6 =0 and o > 0 in the price dynamics, then the process
W*(S):M7 SE[O,T],

belongs to Ag and is an optimal portfolio.
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(2) If the price dynamics (16.2) are driven by a Brownian motion and a cen-
tered Poisson process, i.e., 0 > 0, v(dz) = 01(dz), and 0(t,z) = z, then
(16.20) can be written as

~ m

O —0
W—p—o°m Tin
Thus the processes
1 - A
w*z—Q{(A—A )= o2 =144/ [(7- —02—1}2+4a2(ﬂ—p)}
20

are optimal for the problem (16.3) if 7 > —1 + e for some e, > 0 (this
depends on the choices of the coefficients in the price dynamics). If, in this
setting, the price dynamics of the risky asset is driven by only the centered
Poisson process, i.e., 0 = 0, then (16.20) leads to

™

- 0.
1+7

Hence

3
I

—_— (u—p<1—e¢, for some e € (0,1))
1= (f=p)

belongs to Ag and is optimal for (16.3).

Ezxample 16.8. Next let us consider the case with power utility, i.e.,

1
Ux) = ;$77 x>0,

where v € (0,1) is a constant. In this case we get F(T) = X(T), thus, by
the chain rules (see Theorem 12.8 and Theorem 13.32),
DyFr(T) = 4 X2 (T) Dy log X (T)
and
Dy Fr(T) = (Xa(T) + D1,. X< (T))" = X2(T)
= XJ(T)[exp {7 Dy,- log X(T)} — 1,
if log X(T) € D', N ]D)1 's — see Remark 16.4. Then (16.12) becomes
B X3(T) (u(t) - pt) = 0*(@®)m (1)
+/ M(e){p {¥Dy . log XA (T)} — w(t)0(t, 2) — 1)v(dz)
R, L+ 7(8)0(t 2) e ’
+yo(t) Dy log Xx (T))

&} —0.
(16.21)
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In particular, if the coefficients u(t), p(t), o (t), and 0(t, 2), t € [0,T], z € Ry,
are all deterministic and we would like to have a 7 (t), ¢ € [0, 7], deterministic
also, then m must satisfy the equation

1) = pt) + (= Do2@)r) + [ 0t 2)[(1+ =)0, 2) " = 1]v(dz) = 0.

Ro
(16.22)
Conversely, any solution 7 of the equation above is an optimal deterministic
portfolio.

Remark 16.9. The main feature of (16.12) is that it gives an explicit rela-
tion between the optimal portfolio 7 and the corresponding optimal terminal
wealth X (T) = X, (T). The following examples illustrate this:

Ezample 16.10. In the price dynamics, let us assume that 6 = 0, o(t) # 0,

t €10,7] and ,
1 s) —p(s)\2
E{exp{i/o (u()a(s)p()) dsH < 00.

Moreover, we set & = F; for all t. In this context thfz market model is com-
plete. It is known that the optimal terminal wealth X, (T) is given by

X (1) = I(Y(x) Ho(T)), (16.23)

where I := (U’)~! is the inverse of U’(u) = -LU(u), and Y(z) = X~(z) is
the inverse of the function X' that is defined by

X(y) = BE[Ho(T)I(yHo(T))], (16.24)
with
T — (s T s) — p(s)\2
Hy(T) = exp{ —/0 M(S)U(S)p()dW(s) _/0 [p(s) + ;(M()U(s)p()) ]ds}
(16.25)

— see, e.g., [129], Chap. 3. Hence
Fr(T) = U'(Xx(T) X (T) = V() Ho(T)I(Y(x)Ho(T))

(cf. (16.10)) is known in this case and, since Ho(T') € D}", (see assumptions on
the coefficients in the price dynamics), we can solve (16.12) for 7 as follows:

p(s) — p(s) n E[DsFr(T)|F]
o2(s) U(S)E[FW(T”]:S} ’

m(s) = € [0,77]. (16.26)
Thus, any solution 7 of (16.26) is optimal for the problem (16.3). Note that if
the utility function is logarithmic, then F(T) =1 and hence we find directly
the classical solution to the optimization problem under full information, cf.
also Example 16.7.
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Ezxample 16.11. Here we consider an extension of Example 16.10 to the general
case of (16.1) and (16.2), where o(t) # 0, 0(t,z) # 0, t € [0,T], z € Ry, and
hence the market is possibly incomplete. As in the previous case we assume
& = Fy, for all t.

Let u(x) be as in (16.3) and consider the associated dual problem

v(y) = inf E[V(yj—g)], y >0, (16.27)
where
V(A) :==sup {U(&) — XY, A >0, (16.28)

£ER

is the Legendre transform of U and M, is the set of measures @) absolutely
continuous with respect to P. .
Then — under certain conditions — the optimal terminal wealth X (T) is
given by
; dQ(y(ﬂf)))
)

X(T) = I(y(l’)T

where I := (U’)~! (as in Example 16.10). Here z > 0 is related to y = y(z) > 0
via u/(z) = y or, equivalently, z = —v/(y), and the measure Q = Q(y) € M,
is the optimal measure for the dual problem (16.27). We refer to, e.g., [135]
and the survey [213] and the references therein for more details. Therefore, in
terms of Q we get

(16.29)

dQ(y(x)) dQ(y(x))
1

dP (v dP )
— cf. (16.10). With this expression for F(T) in hands, we can see that if

F.(T) e D%, N ]]])52, then a portfolio 7 is optimal if and only if it satisfies the
following equation:

Fr(T) = U'(X+ (1)) X(T) = y(2)

(1(5) = p(s) = 0> () (5)) E[Fx(T)|Fs] + 0 () E[Ds (Fe(T)) | ]

+/ 0(s, 2) E[Ds,. (Fx(T))|Fs] — w(s)0° (s, 2) E[Fr (T)| Fs]
o 1+ 7w(s)0(s, 2)

v(dz) =0, s€l0,T].
(16.30)

16.3 Optimal Portfolio under Partial Information
in an Anticipating Environment

On the probability space (£2,F,P), (see Sect.12.5) we consider filtrations
E={&.te0,T]},F={F,tec0,T]} and G = {G,,t € [0,T]} such that

ECFHRCGCF  forall te[0,T] (16.31)

This represents the structure of the flow of information considered in this
section.
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The market model considered has two investment possibilities:

e Price of a risk free asset with price dynamics

{dSo(t) = p(t)So(t)dt,  te(0,T], (16.32)
So(0) =1

e A risky asset with price dynamics

dSi(t) = Si(t7)[p)dt + o(t)d-W(t) + ng(t,z)N(d*t,dz)}, t € (0,77,
S (0) > 0.
(16.33)

The driving noises in the model are a standard Brownian motion W(t), ¢t €

[0,77], and an independent compensated Poisson random measure N (dt, dz),
(t,z) € [0,T] x Ry. Recall once again that we assumed

/ 2?v(dz) < oc.
Ro

In this section, we assume that the coefficients p, i1, o, and 8 may be influenced
by other noises than the two driving the price dynamics. Thus we assume that
they are in general G-measurable. This leads to a different situation from the
one considered in (16.1) and (16.2). In fact, It6 nonanticipating calculus can-
not be applied any more and we have to enter the domain of anticipating
integration. We choose to interpret these integrals as forward integrals, be-
cause this is what the integrals would be identical to if we happen to be in a
semimartingale context, i.e., if the integrators would be semimartingales with
respect to the filtration G — see Lemma 8.9 and Remark 15.2. Moreover, in
the Brownian motion case the forward integrals can be regarded as limits of
Riemann sums, which makes the forward integrals natural for modeling gain
processes of insiders in finance. See Lemma 8.4.

Remark 16.12. Note that in the wide literature of the so-called enlargement
of filtrations, some conditions (often difficult to verify) have to be given to
ensure that the integrator is a semimartingale with respect to the enlarged
filtration. This is an unavoidable point if one does not want to leave the do-
main of semimartingale integration. The approach presented here does not
need these assumptions of semimartingality, and hence provides a consistent
framework for the study of these problems with respect to a general larger
filtration. For example, in Sect. 16.4 we prove a general insider optimal con-
sumption result, valid without any semimartingale assumptions about the
filtration/information available to the insider. This illustrates that in some sit-
uations the assumption of semimartingality may be irrelevant. On the other
side, we prove that if an optimal portfolio exists, then the integrators are
actually semimartingales with respect to the general enlarged filtration. See
Theorem 8.26 and the forthcoming Theorem 16.34.



288 16 Applications to Stochastic Control: Partial and Inside Information

The literature with respect to enlargement of filtrations is wide indeed.
Without being able to or aiming at being complete, we can here refer to, e.g.,
[203] and references therein. Related works with respect to the application
to insider trading are, e.g., [6, 49, 76, 77, 90, 91, 92, 93, 116, 130, 131, 146,
191].

Remark 16.13. Market models of type (16.32) and (16.33) may appear also in
a different context, such as stochastic volatility models. In fact, in general, the
coefficients o and # need not be F-adapted, but can possibly be influenced by
other noises as well. The same can be said about p and also p. See [181].

An example of a situation in which the price dynamics are of type (16.32)
and (16.33) is the case when there are “large” investors in the market (i.e., in-
vestors with influential capacity) and these investors have inside information;
this means that they have access to a larger filtration G; D F; when making
their decisions.

In this context a trader with only a partial information E at disposal will
be able to optimize his portfolio relying only on his own knowledge, thus
producing an E-measurable portfolio 7. At any time ¢, m(¢) represents the
fraction of the total wealth X (t) = XZ(¢) of the agent invested in the risky
asset. The value of such a portfolio is given by

dXx(t) = Xx(t7) [(ﬂ(t) + (u(t) = p(0)(8))dt + 7 (t)o (t)d” W (t)

1u(t)
4 w(t)/&(t, IN@ L)) XO) =2 >0,
Ro

(16.34)

Note that this equation is substantially different from (16.4), in fact the for-
ward integrals are coming in.
In this section, we are dealing with the optimal portfolio problem

u(w) = sup EU(XI(T))] = B[U(XZ (D). (16.35)

for a given wtility function U : [0,00) — [—00,00). Here Ag is the set of all
admissible portfolios for an agent with partial information [E at disposal.
In particular, we focus on the case of logarithmic utility function, i.e.,

U(z) =logz, x>0.
For simplicity, we split the discussion into two cases:

(1) The continuous case: o # 0,60 = 0.
(2) The pure jump case: 0 = 0,6 # 0.
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16.3.1 The Continuous Case: Logarithmic Utility
Here we study the market model given by
(Bond price) dSo(t) = p(t)So(t)dt; So(0) =1 (16.36)

(Stock price) dSy(t) = S1(6)[p(t)dt + o(t)d~W(t)], S1(0) >0,
(16.37)

where we assume that p(t), u(t), and o(t) satisfy the following conditions:

p(t), u(t),o(t) are Gi-adapted. (16.38)

T
DE[/{ O] + ()] + % (t)ht| < oo. (16.39)

0
o(t) is Malliavin differentiable and D+ o(t) = 1im+ Dgo(t) exists
s—t
(16.40)

for a.a. t € [0, 7.

> Equation (16.37) has a unique Gi-adapted solution Si(t), ¢ € [0,T].
(16.41)

As before, E = {&,t €[0,T]} and G = {G;,t € [0,T]} are given filtrations
such that
ECF CG CF for all t € [O,T] (1642)

Definition 16.14. The set Ag of admissible portfolios consists of all
processes m = w(t), t € [0,T], satisfying the following conditions:

> 7 is E-adapted. (16.43)

> 7w(t)o(t), t € [0,T], is Skorohod integrable and caglad. (16.44)
T

> B| / n(t) Dy (1) dt] < co. (16.45)
0
T

> E[/w) — ()] - |7r(t)|dt] < . (16.46)

0

In this framework, problem (16.35) can be formulated as follows. Find
u(z), r > 0, and 7* € Ag such that

u(x) = sup Bllog(X:(T))] = Ellog(X7- (1)) (16.47)
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where X, (t) = XZ(t), ¢t € [0,T], is given by

dX(t) = Xx()[(p(t) + (u(t) = p(8))7(t))dt + 7 (t)o (t)d" W (t)]  (16.48)

and X, (0) = XZ(0) =« > 0. We now proceed to solve our problem (16.47).
Applying Theorem 8.12 to the forward differential equation (16.48), we get
the (unique) solution

T
Xr(T) = zexp — p(t))m(t)
([ iwo-
T
— %wQ(t)cr?(t))dtJr/w(t)a(t)d*W(t)}. (16.49)
0

Hence, using Corollary 8.19,
Ellog X (T)] — logx =

Since 7(t) is &-measurable and & C F;, we have
Dr(t) =0 for all s > t.
Therefore, by the chain rule for the Malliavin derivative
D+ (n(t)o(t)) = o(t)Dy+7(t) + 7(t)Dy+ o(t) = w(t) Dyv o (2),

when substituted into (16.50) gives

E[log X(T)] —logx = E[/{p(s) + B(s)m(s) — 30°(s)m*(s)}ds|, (16.51)
0

where
B(s) == p(s) — p(s) + D+ o(s). (16.52)
Equation (16.51) can also be written as

T

E[log X,(T)] —logz = E / m(s) — %UAQ(S)WQ(S)}CZS , (16.53)
0
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where
p(s) = Elp(s)[Es],

and similarly we obtain for &, A, 02. We can now maximize pointwise for each
s with respect to m under the integral sign. We obtain

7 (s)0(s) = B(s)-
Summarizing the above we get the following result. See [181].

Theorem 16.15. (a) Suppose that o(t) # 0 for a.a. (w,t) and

Q

(S)

o2 (s)

E[O

where [(s) is defined in (16.52). Then the value function u of problem
(16.47) s

s} <, (16.54)

r ()3(s) _ o%(s) ( Bls) 2
=logz E — - ds|.
u@) Ex+ 0/ (s) 2 (02(5 ) } }
It is also equal to
[, 26
w(z) =logz + E O/ + o )}ds} < 0. (16.55)
(b) Suppose that o(t) # 0 for a.a. (w,t) and that

7(s) := i(( )) € Ag. (16.56)

Then m*(s) := 7(s) is an optimal control for problem (16.47).
(¢) Suppose there exists an optimal portfolio 7 € Ag for problem (16.47).
Then

7*(s)02(s) = B(s). (16.57)
Corollary 16.16. (a) Suppose
o(s) is Fs-measurable for all s € [0,T).
Then
Dgyo(s)=0  foralls€[0,T)

and hence
B(s) = u(s) — p(s). (16.58)
This gives, under the conditions of Theorem 16.15,

IR0

- 16.59
7(s) (16.59)
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(b) In particular, if we assume that
Et = ft = gt fO’I‘ allt € [O,T]
then we get the well-known result

() = ) = pls)

a?(s)

3

(16.60)

and

=

(M)Q}ds}, (16.61)

u(z) = logz + E[/ {P(S) + o(s)
0

provided that
T

o ] (Ao <o

Remark 16.17. This result earlier should be compared with the ones in
Example 16.7.

Ezxample 16.18. Delayed noise effect. Suppose we have a market where the
stock price dynamics (16.37) is given by

d=S1(t) = Si(t) | p(t)dt + o(t)d" W (t — 5)} . (16.62)

We assume that u(t) and o(t) are F-adapted. However, in this model we allow
for a delay 6 > 0 in the effect on S;(-) of the noise coming from W (-).
Integrating (16.62) we get

Si(t) = 51(0) + / Si(s)u(s)ds + /Sl(s)a(s)d_W(s —9)
0 0
t—5

t—6
= 51(0) + / S1(r+ 6 u(r+ d)dr + / S1(r+0)o(r+8)d~W(r).
—5 -0
(16.63)
Define
Si(t)=Si(t+06); —6<t. (16.64)

Then (16.63) can be written as
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Or, equivalently,

dSy(t) = S,(t) |a(t)dt + 5 (t)d"W(t)|;  S1(0) = S1(), (16.65)

where i(t) = p(t 4 6), 6(t) = o(t + 9).
Note that this is a price equation of the same type as in (16.33), where
the coefficients [i(t),5(t) are adapted to the filtration

Gt = ft+5.

Suppose & = F;. Let u(s) and p(s) be bounded Fy,s-measurable and
choose
o(s) =exp(W(s +6)); € 0,7)

Then D,+0(s) = o(s) and hence the corresponding optimal portfolio is, by
Theorem 16.15,

Elu(s) — p(s) + o (s)| ]

5(s) = Flo?(s) | 7] for 6 > 0. (16.66)
On the other hand, if & = F; = G; (corresponding to § = 0) then D,+0(s) =0
and we know by Corollary 16.16 that the optimal portfolio is
A p(s) — p(s)
= . 1 .
m5(8) o2(s) (16.67)

Comparing (16.66) and (16.67) we see that, perhaps surprisingly,
li % 5(5). 16.68
Jim 73(5) # () (16.68)

Similarly, if the corresponding value functions are denoted by us(s) and ug(z),
respectively, we get

(s) = p(s)
oo(s)

wb—‘

+1)2}ds} # ug(x). (16.69)

T

li =1 E

i, us(z) = logz+ /
0

We conclude that any positive delay ¢ in the information, no matter how
small, has a substantial effect on the optimal control and the value function.

16.3.2 The Pure Jump Case: Logarithmic Utility
We now consider the market given by
(Bond price) dSo(t) = p(t)So(t)dt, So(0) = 1. (16.70)

(Stock price)  dSy (t)=S1(t™)[u(t)dt + / O(t, 2)N(d~t,dz)], S1(0) >0
- (16.71)
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where we assume that p(t), u(t), and (¢, z) satisfy the following conditions:

> p(t), u(t), and (¢, z) are G-measurable, for all t € [0,7T], z € R. (16.72)
> 0(t, z) is bounded and Malliavin differentiable and D+ _0(t, 2) :=
lim+ D, .o(t, z) (16.73)
s—t

exists for a.a. t, z and is bounded.
T
> E[f {lo(s) + lu(s)| + [ (16(s, 2)| + | D+ .0(s, 2)])v(dz) }ds] < oo. (16.74)
0 Ro
> The equation (16.71) has a unique G-adapted solution Si(¢), t € [0,T]. (16.75)

As before, {E = & ,t € [0,T]} and {G = G, ,t € [0,T]} are given filtrations
such that
ECF,CG CF fOI‘aHtG[O,T].

Definition 16.19. The set Ag of admissible portfolios consists of all processes
7 =m(t), t € [0,T], satisfying the following conditions:

> 7 is E-adapted. (16.76)
> w(t)0(t,z), t € [0,T), 2z € Ry, is Skorohod integrable with respect to N.
(16.77)
> w(t)0(t,z) > —1 + € for a.a. t,z (where € > 0 may depend on w), and
(16.78)
T
E[// |log (1 4 7(s)0(s, 2))|v(dz)dt] < oo
0 Ro
> w(t)(0(t,2)+ D+ 0(t,2))>—14+€ for a.a. t,z (where e > 0 may depend
(16.79)
on ), and
T
E[//|log(1+7r(t)(0(t,z) + Do 0(1,2)))w(dz)dt] < o0
0 Ro

In this framework, problem (16.35) can be formulated as follows. Find
u(z), > 0, and 7* € Ag such that

u(z) = sup Bllog X3(1)] = Bllog(X;(T))], (16.80)

where X, (t) = XZ(t), t € [0,T], is given by

dX(t) = Xa((t7) | (p(t) + (p(t) — P(t))ﬂ(t))dﬂrﬁ(t)/9(t,Z)N(d7t7dZ)}
b (16.81)
and X,(0) = XZ(0) =z > 0.
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We now proceed with the study of the solution of the above problem. First
note that if we apply the It6 formula for forward integrals (Theorem 15.8),
we get that the solution of (16.81) is given by

t

X(t) = wexp | / {0(5) + (u(s) — p(s))(s)

0

+ /[log(l + 7(s)0(s,2)) — w(s)0(s, z)v(dz)}ds

Ro

4 / / log(1+ 7(3)0(s, 2))N(d—s, d2)].. (16.82)

0 Ro

Hence, using Corollary 15.6 we get
B10g 2 < B[ [ {65)+ (uls) - pls)yms) (16.83)
0

+ /[log(l + 7(s)0(s,2)) — m(s)d(s, z)]u(dz)}ds

Ro

+//log(l+W(8)9(8,2))N(d_87d2)]

0 Ro
=g / {p(s) + (u(s) — p(s))m(s)
0

+ /[log(l + 7(5)0(s, 2)) — m(s)0(s, 2)

Ro
+ Dy log(1 +7r(s)0(s,z))]v(dz)}ds} = F,.  (16.84)
By the chain rule (Theorem 12.8) we get
Dy~ . log(1 +m(s)0(s, 2))
= log(1 +m(s)0(s, 2) + Dy+ - (7(5)0(s, 2))) — log(1 + 7(s)0(s, z))
=log(1 4+ 7(s)(0(s,2) + Dg+ ,0(s,2)) — log(1 + m(s)8(s, 2))

7(s)Dg+ ,0(s, z))

=log (1+7 (5)0(s, 2)
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When substituted into (16.84) this gives
T
Foi= B[ [ {os) + (u(s) ~ p(s))m(s)
0

+ / llog(1 + (s)((s, ) + Dys 20(s, 2))) = w(s)0(s, )}v(ds) | ds|.
- (16.85)

We want to maximize the function
T — Fy, m € Ag.

Suppose that an optimal 7* € Ag exists. Then for all bounded 1 € Ag, there
exists 0 > 0 such that 7* + rn € Ag for r € (—4,9) and the function

f(r) == Freqrm, r € (=4,9),

is maximal for » = 0. Therefore,
T
0=1(0) = B[ [ {(u(s) - pls)ncs)
0

#1047 (60005215, 2n(s) — (s, () ],

Ro

where we have put

0(s,2) = 0(s,2) + Dg+ .0(s,2).

Hence

T
/E Hu(s) —(s) +/[(1 F o (s)0(s, 2)) " 10(s, 2) — O(s, z)]u(dz)}n(s)} ds = 0.
0 Ro

Since for each s the random variables 7n(s), n € Ag, generate the whole o-
algebra &, we conclude that, for all s € [0, 7],

E[{u(s) - ols) + / (1 7 ()8(s,2)) "85, 2) = B(s, 2) w(d2) } €] = 0.
Ro
This proves part (a) of the following result — see [181].

Theorem 16.20. (a) Suppose there exists an optimal portfolio 7 € Ag for
problem (16.80). Then y = 7*(s) satisfies the equation
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0(s,2) + Dy+ .0(s, 2)
E[/ 1+ y(0(87z) + DS+720(8’2)>V(CZZ)|53:|

0

- E[{p(s) — u(s) +/9(s,z)u(dz)}|5s}, se[0,T). (16.86)
Ro

(b) Suppose
0(s,2) + Dg+ ,0(s,2) >0 for a.a. s,z (16.87)

and that for all s there exists a solution
y =:7(s)

of (16.86). Suppose
Then 7 is an optimal portfolio for problem (16.80).

Proof Part (a) of the theorem is already discussed. As for Part (b) it is
enough to observe that if (16.87) holds, then the function Fy given by (16.85)
is concave. O

Remark 16.21. This earlier result should be compared with those in Example
16.7.

Ezample 16.22. The Poisson process. Suppose 7(t) = fot fRo zN(ds,dz),
t €[0,T], is a compensated Poisson process. Then the Lévy measure v(dz) is
the point mass at z = 1 and (16.86) gets the form

(s) B e .
E{mﬁs} = Elp(s) — pu(s) +0(s,1)|E], (16.88)

where

0(s) = 0(s,1) + Dg+ 10(s,1).
Assume in addition that
6(s) is E-measurable.
Then (16.88) has the solution
y = #(s) = 7°(s) = Elp(s) — u(s) + 0(s, DIEJ " — (B(s)"",  (16.89)
provided that

Elp(s) — u(s) +0(s,1)|E] #0  and  0(s) #0; se0,7T].
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Corollary 16.23. Full information case. Suppose
E=F=G  foralltel0,T]

and that there exists an optimal portfolio 7 € Ag for problem (16.80). Then
y = 7(s) solves the equation

[ 25 staz) = pls) = )+ [ s, 2. (16.90)

1+ yb(s,2)
Ro

In the special case of Markovian coefficients, this result could have been
obtained by dynamic programming.

16.4 A Universal Optimal Consumption Rate
for an Insider

Suppose the cash flow at time ¢ is modeled by a geometric Brownian motion
given by

dX(t) = X(O)pdt + odW(®)];  X(O0)=z>0, t>0. (16.91)

Here p,0, and = are known constants. Suppose that at any time t we are
free to take out consumption (or dividends) at a rate ¢(t) = ¢(w,t) > 0. The
corresponding cash flow equation is then

dX©(t) = X©O[udt + cdW (t)] — c(t)dt;  X©0)=x>0.  (16.92)

In the classical setup it is assumed that ¢(t) is adapted with respect to the
filtration F; generated by W(s); s < t. This ensures that (16.92) still makes
sense as an [to stochastic differential equation. Moreover, this is a natural as-
sumption from a modeling point of view. The decision about the consumption
¢(t) rate at time ¢ should only depend upon the information obtained from
observing the market up to time ¢ and not upon any future event.

Now assume that the consumer has a logarithmic utility of his consumption
rate. The expected total discounted utility of a chosen consumption rate c(+)
is then

[e.e]
/ e tlog e(t)dt|, (16.93)
0

where § > 0 (constant) is a given discounting exponent. Let the set Ap of
admissible controls (consumption rates) be the set of non-negative F-adapted
processes ¢ = c(t), t > 0, such that X(©)(t) > 0 for all ¢.
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Consider the following problem:

e Find ¢* € Ay such that

J(c*) = Cs;li) J(c). (16.94)

Such a control ¢* (if it exists) is called an optimal control for problem (16.94).
It is well-known, and easy to prove by using stochastic control theory, that
the optimal control ¢* for (16.94) is given by (in feedback form)

() =6XC(t). (16.95)

In other words, it is optimal to consume at a rate proportional to current cash
amount, with a constant of proportionality equal to the discounting exponent.

This is a remarkably simple result. Note in particular that ¢* does not
depend on the parameters p and o. It is natural to ask if this result remains
valid in a more general setting. More precisely, we ask what happens if we
allow the following generalizations:

(i) We add a jump term (represented by a Poissonian random measure) in
(16.92).

(ii) We replace the constant coefficients by measurable stochastic processes:
0 =0(w,t), p = p(w,t) ete.

(iii) We do not assume that these coefficient processes are F-adapted, but
we allow them to be arbitrary measurable processes.

(iv) We introduce a stochastic terminal time (or default time) 7, with values
in [0, 0o]. This random time is not necessarily a stopping time with respect
to I, but just assumed to be measurable.

(v) We assume that the consumption rate c¢(t) is adapted to some filtra-
tion H = {H;, t > 0}, without any prior assumption about the relation
between F; and H;.

Two special cases in (v) are the following:
(v1) H, C Fy for all t> 0.

In this case the consumer has less information than what is represented by
the filtration of the underlying driving process(es). This is often reduced to
a partial observation control problem. We refer to [22] for more information
about this topic.

(v2) Fi CHy forall t>0.

In this case the consumer has more information than what can be obtained
by observing the driving processes. This is the case of inside information and
in our terminology the consumer is an insider. For example, in the original
model (16.92) the extra information available could be the future value W (T)
of the underlying Brownian motion at some time 7" > 0.
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In the cases (i), (iii), (iv) and (v2) it is clear that the corresponding equa-
tion for the cash flow X(¢)(t) is no longer an It6 stochastic differential equa-
tion, because of the anticipating coefficients, the default time, and the control.
We choose to model the integral

t

/go(s)dW(s) (16.96)

0

when ¢(s) = X (s)o(s), s € [0,T], is not F-adapted, by using forward
integrals, which are defined and motivated in Sect. 8.2.

Similarly, in order to deal with (i) we use forward integrals with respect to
Poisson random measures when modeling strategies in such markets. These in-
tegrals and their properties were discussed in Chap. 15. We now apply this for-
ward stochastic calculus machinery to study the extension of problem (16.94)
given in (1)—(5) above. This presentation is based on [179].

16.4.1 Formalization of a General Optimal Consumption Problem

We now consider a cash flow that after being subject to a consump-
tion/dividend rate ¢(t) > 0, is modeled by the equation

dx© (t) = x(© (t) [u(t)dt +o(t)d W(t) + /9(t7z)1\7(d_t,dz)

—c(t)dt, t>0 (16.97)
X© =z >0.

Let H = {H,, t > 0} be another filtration, with no a priori relation to
F = {F;, t > 0}. The o-algebra H, represents the information available to the
agent at time ¢t. We make no a priori adaptedness conditions on the given
processes u(t),o(t), and 0(¢,2), t € [0,T], z € Rg, except that they are mea-
surable. This allows us to model the situation where the cash flow may be
influenced by the actions of other traders who are insiders.

The corresponding stochastic differential equation (16.97) is interpreted as
the forward stochastic integral equation

XOW) =a+ / X (s)u(s)ds + / X (s)o(s)d"W(s)
0

0
t t
+ / / X©(s7)0(s, 2)N(d"s,dz) — / c(s)ds;  t>0, (16.98)
0 R 0

where d~W (s) and N(d~ s, dz) indicate that forward integral interpretation is

being used. See Sect. 12.5 for the probability space description and Chaps. 8
and 15 for definition and properties of the forward integrals.
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Let 6(t) > 0 be a given measurable process, modeling a discounting expo-
nent, and let 7 : {2 — [0,00] be a given measurable random variable, repre-
senting a terminal or default time for the cash flow. We consider the problem
to maximize the sum of the expected total discounted logarithmic utility of
the consumption rate ¢(¢) up to the default time 7 and the logarithmic utility
of the terminal cash amount X (¢)(7), given by

J(c) = E[/e‘é(t) log c(t)dt + ve ) log X(C)(T>], (16.99)
0

subject to the condition that X(©)(¢) > 0 for all t+ < 7. Here v > 0 is a

constant. We assume that the choice of ¢(-) has no influence on 9, u, 0,6, or 7.
In Sect. 16.4.2 we show that, under some conditions, the optimal consump-

tion/dividend rate ¢*(t) for (16.99) has the simple feedback form

() = X)X (1), (16.100)
where
E[X[O,‘r] (t)e_é(t)“_{t]
E[Xo () ([, e70®ds + ye=0M)[H,]

See Theorem 16.25. Note that A* () does not depend on any of the coefficients
p(-);o(), and 6(-).

The problem discussed in this section is related to the optimal consumption
and portfolio problems associated with a random time horizon studied in [40],
[41]. However, our approach is different.

A (t) = (16.101)

16.4.2 Characterization of an Optimal Consumption Rate

We assume the following about the market:

> u(t),o(t),0(t, 2),0(t) and 7:62 — 0,00 (16.102)
are measurable for all t, z.

> 0(t,z) > —1 for a.a. t,z with respect to dt x v(dz). (16.103)

> o(s) and (s, z) are caglad (with respect to s) (16.104)

and the forward integrals

/J(S)d7W($) and // log(1 + 0(s, 2))N(d~ s, dz)
0 0 Ro
exist and belong to L!(P).

T

> E{/e‘é(t)k(t)dt—&—e_‘S(T)k’(T)} < 00, where (16.105)
0
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/ s)| + o*( —|—/|1og (140(s,z2)) — 9(s,z)|u(dz)}ds
0

+‘/0 YA~ W (s +M//bg +esz)(dsd@‘

0 0 Ro

We now represent the consumption rate ¢ by its fraction A of the total wealth,

i.e., we put
c(t)

Alt) = t>0. 16.106
0 =g 12 (16.106)

We call A = A(t), t > 0, the relative consumption rate. If X(9)(7) = 0, we put
A(r) =0.

t
If [A(s)ds < oo a.s., for all + < 7, then the solution X (t) = XM (¢) of
0

the corresponding wealth equation is, by the Ito formula for forward integrals,
given by

X0 (0) =exp | [ {uls) = M) - 30%(5)
0

+ / (log(1 + (s, 2)) — 0(s, =))w(d=)}ds

Ro
¢
+/ //log (14 6(s,2))N(d"s,dz)|. (16.107)
0 0 Ro

Definition 16.24. The set Ay of admissible controls or admissible relative
consumption rate is the set of non-negative H-adapted processes A = A(t),
t > 0, such that

T

/)\(s)ds <oo P—as (16.108)
0
and .
<ﬂ/fmm%MMﬁ+fwm%XWM|<m. (16.109)

0

To each A € Ay, we associate the consumption/dividend rate

ex(t) = AOXN(t), ¢ > 0.
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The problem we study can now be formulated as follows:
Find \* € Ap such that

J(ca+) = sup J(cy), (16.110)
AeAn

where
-

J(ey) = E[/e*‘s(t) log ex(t)dt + ve %) log XM (T)}
0
Such A" — if it exists — is called an optimal control for problem (16.110).

We can now state and prove our main result.

Theorem 16.25. Define

) —8(t)
At) = E[)ﬁoﬂ (e 0 1H:] . t>0. (16.111)
E[Xp.(#)([ €72 ds +ye?O)[H]

If X € Ay then A = \* is the optimal control for problem (16.110). If X & Ay
then an optimal control does not exist.

Proof Choose A € Ay and put ¢(t) = A\(t)X*)(t). Then

J(c) = E[/e_5(t) log c(t)dt + ve°( log X(’\)(T)]
0

=F Te_‘s(t) o — | s)ds ) dt — e~ %™ [ ,
{0/ (1 g A(1) 0//\( )d )dt v O/A(t)dt] +K
(16.112)
where
/e‘é(t)h t)dt +ve 2 (log z + h(T))} )
with 0
:/ (s )+/(log(1+0(s 2)) fﬂ(s,z))u(dz)}ds
0
o log(1 + 0(s, 2))N(d™ s, dz). (16.113)
" 0/ 0/ R/ o1 +

Note that K does not depend on . Now, by the Fubini theorem,
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T t T T
/ —3(t) / A(s)ds dt = / ( / e"s(s)ds)/\(t)dt.
0 t

Substituting this into (16.112) we get

T

J(e)— K = E[/{ =3 Jog A(t) — )\(t)/e"s(s)ds —ve’é(T)A(t)}dt
0

t
00 T

= E{/X[O’T] (t){e“s(t) log \(t) — /\(t)/e_‘s(s)ds —’ye_é(T)A(t)}dt}

0 t

T

:E[ E{X[O7T](t){ =3(0) Jog A(t) — /\(t)/e"s(s)dsf SMA(1) }|Ht}dt}

OB X 0)( / e=*ds +7e~00) 1, bat].

t
We can maximize this pointwise, for each ¢,w: The concave function

FA) :=log A - E[Xp (e *@|H,]

—A\E [X[O,T] (t) ( / e ) ds + ’76_6(7—)) |Ht}
t
is maximal when

0=f'(A\) = A""E[Xj(t)e "D |H,]

—-F [X[o,r] (t) ( /T e ) ds + ’}/676(7—)> |Ht} .
i

This gives the only possible optimal dividend candidate

. E[Xjo - (t)e°®
A(t) — [ T[O,T]( )e |Ht} . |:|

E[Xjo7()([ e=°ds + ye=°()[Hy]
t

In particular, we get the following extension of the result (16.95).

Corollary 16.26. Suppose 7 = oo, v = 0, and §(t) = ot for some constant
09 > 0. Then the optimal relative consumption rate is

X*(t) = 6.
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16.4.3 Optimal Consumption and Portfolio

In this section we apply the result from Sect.16.4.2 to study the problem
of joint optimal consumption and portfolio for a trader (possibly with inside
information) in a market possibly influenced by other traders with inside
information.
Suppose we have a financial market with the following two investment
possibilities:
(1) A bond, with price Sy(¢) at time ¢ given by
dSo(t) = p(t)So(t)dt,  Sp(0) = 1. (16.114)

(2) A stock, with price S;(t) at time t given by

S, (t) = Sl(t_)[ (t)dt + B(t) /5 (t,2)N(d"t,dz)|, (16.115)
81(0) >0

In addition, we assume as before that we are given a discounting exponent
process §(t) > 0 and a default (or bankruptcy) time 7 : 2 — [0, o0].
We make the similar assumptions as we did for the cash flow in Sect. 16.4.2,
i.e., we assume the following:
> p(t), a(t), B(t),&(t, 2),8(t) and 7 are measurable for all t,z.  (16.116)
> &(t, z) > —1 for a.a. ¢,z with respect to dt x v(dz). (16.117)
> ((s) and &(s, z) are caglad (with respect to s) for all z (16.118)
and the forward integrals

/ (s)d"W(s) and //10g1+§sz) (d”s,dz)

0 0 Ro

exist and belong to L (P).
Now suppose that a trader is free to choose at any time ¢ both the relative
consumption rate \(t) = ¢(t)/X(t) > 0 and the fraction 7(t) of the current

total wealth X () to be invested in the stocks. The wealth process X (t) =
XX () corresponding to the consumption—portfolio pair (\,7) is given by

dX () = p(t)(1 — (£) X ()t — \() X (t)dt

()X () a(t)de + (1) /gtz (d-t,dz)
X(E7) [{p(t) + (alt) = p(1)7(t) = A(t)}at
+ () B(t)d" W (t) +/7r(t)§(t,z)1\~/'(d_t,dz)}, (16.119)

X(0)=xz>0.
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As in Sect. 16.4.2 we assume that the information available to the trader at
time ¢ is represented by a filtration H = {H;, t > 0}, with no a priori relation
tOF:{]:t,tZO}

Note that for each given portfolio choice m(t), (16.119) has the same form
as the cash flow equation (16.98), with

(s) = pls) + (als) — p(s))m(s), (16.120)
o(s) =m(s)B(s), (16.121)
0(s,z) = m(s)&(s, 2). (16.122)

In view of this, the following definition is natural:

Definition 16.27. We say that a consumption—portfolio pair (\,m) is admis-
sible if

> A(s) and 7(s) are Hs-measurable, s > 0. (16.123)
> The processes ju(-),o(-), and 0(-,-) defined by (4.7)-(4.9) (16.124)
satisfy conditions (3.2), (3.3), and (3.4).
> A(s) >0 and /)\(s)ds < 00 a.s. (16.125)
0

> E[/e_‘s(t)|1og(>\(t)X(’\’”)(t)|dt+*ye_5(7)|logX(/\’”)(7')\] < 0. (16.126)
0

The set of all admissible pairs (A, 7) is denoted by Apy.

We now consider the following problem:
Find (A", 7*) € Ay such that

J\, 7)) = sup  J(\ ), (16.127)
(A, ) EAn

where

JO\7) = E[ / =3O log (M) X A (£))dt + ye~5(T) logXO"”)(T)}? (16.128)
0

with v > 0 a constant.

By applying Theorem 16.25 to the case when the coefficients p, o, and 0
are given by (16.120), (16.121), and (16.122) for each given 7, we obtain the
following result:

Theorem 16.28. Define A(t) as in (16.111). Then A(t) is an optimal relative
consumption rate independent of the portfolio chosen, in the sense that

J(S\,ﬂ') > J(\, )
for all X\, such that (A7) € Ag and (\.7) € Ag.
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Corollary 16.29. Suppose there exists an optimal pair (\*,7*) € Ay for
problem (16.127). Then

A (t) = \(t)  for allt >0,
where \(t) is given by (16.111).

Thus we see that the optimal consumption—portfolio problem splits into
an optimal consumption problem (with solution A* = ;\) and then — by substi-
tuting A = A" into (16.119) — an optimal portfolio problem. For the solution
of optimal portfolio problems for an insider see the following sections.

16.5 Optimal Portfolio Problem under Inside
Information

In this section, we take the point of view of a trader who has some larger
information at his disposal during his portfolio selection process and would
like to take advantage of it.

16.5.1 Formalization of the Optimization Problem: General Utility
Function

Let us consider the following market model with two investment possibilities:

e A bond with price dynamics

{dSo(t) = p()So(t)dt,  t e (0,T], (16.129)

So(0) = 1.
e A stock with price dynamics

dSi(t) = Su(t7) [ut, w(1))dt + o ()™ W (t)+ [, 0(t, 2)N(d~t,dz)],t € (0,T],
S1(0) >0
(16.130)

on the complete probability space (2, F, P) (see Sect.12.5). The stochastic
coefficients p(t), u(t,7), o(t), and 6(¢, 2), t € [0,T], z € Ry, are measurable,
caglad processes with respect to the parameter ¢, adapted to some given fil-
tration G, for each constant value of w. Here G := {G; C F,t € [0,T]} is a
filtration with

Gt D F, te]0,T].

We recall that F := {F; C F,t € [0,T]} is the filtration generated by the
development of the noise events, i.e., the driving processes W (t) and N(t, z),
t €[0,T],z € Rg. We also assume that 6(t, z) > —1, dt x v(dz)-a.e., and that
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E/O L) +1u(e)] +0%(0) + | 63(t, 2)u(dz) bt < oo

Ro

In this model the coefficient u(t), t € [0, T], depends on the portfolio choice
m(t), t € [0,T], of an insider who has access to the information represented
by the filtration H := {H; C F,t € [0,T]} with

H: DGy D Fy, tE[O,T].

Accordingly, the insider’s portfolio 7 = 7 (t), ¢t € [0,T], is a stochastic process
adapted to H. With the above conditions on p, we intend to model a possible
situation in which an insider is so influential in the market to affect the prices
with his choices. In this sense we talk about a “large” insider.

This exogenous model for the price dynamics (16.129) and (16.130) is in
line with [51]. In [51] a dependence of the coefficient » on the portfolio 7 is
also considered. In our paper, this can also be mathematically carried through
without substantial change; however, the assumption that the return of the
bond depends on the agent’s portfolio could be considered unrealistic.

We consider the insider’s wealth process X, (t) = XZ(t), t € [0,T], to be
given by

AX(t) = X ()] [p(0) + ((t, w(6)) — p(t)) ()]
B (16.131)
+r(t)o(O)dW(t) + m(t) / o(t, z)N(d’t,dz)},

Ro

with initial capital X, (0) = XZ(0) = = > 0. By the It6 formula for forward in-
tegrals, see Theorem 8.12 and Theorem 15.8, the final wealth of the admissible
portfolio 7 is the unique solution of (16.131):

Xo(0) = se { | [0 + (s, 7(5)) — p(s))(s)
_ %(72(5)772(5)} ds — /Ot /RO [71-(5)9(5, z) —log (1 +7(s)6(s, z))] v(dz)ds

+/0 W(s)a(s)d_W(s)—i—/O /R log (1+7r(s)9(s,z))N(d_s,dz)}.
(16.132)

Taking the point of view of an insider, with the only purpose of under-
standing his opportunities in the market, we are interested in solving the
optimization problem

u(z) = swp B[UCXF(T)) = B [UXE(T)], (16.133)
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for the given utility function
U: [0,00) — [—00,00)

that is a nondecreasing, concave, and lower semi-continuous function that we
assume to be continuously differentiable on (0, c0). Here the controls belonging
to the set Ay of admissible portfolios are characterized as follows:

Definition 16.30. The set Ay of admissible portfolios consists of all
processes m = w(t), t € [0,T], such that
> 7 is caglad and adapted to the filtration H. (16.134)

> 7w(t)o(t), t € [0,T], is forward integrable with respect to d~ W (t).
(16.135)

> w(t)0(t,z), t €[0,T],z € Ry, is forward integrable with respect to
N(d~t,dz). (16.136)
> w(t)0(t,z) > —1+ e for a.a. (t,z) with respect to dt x v(dz), for some

ex € (0,1) depending on 7.
(16.137)

> B[ {luto. ()= p(a) Im(s) +(1+0* ()2 (514 726 (5, 2)w(dz) s <0

and E[exp {K/OT |7T(s)|dsH < oo for all K > 0.

(16.138)
> log (1 + w(t)6(t,2)) is forward integrable with respect to N(d~t,dz).

(16.139)
> E[U(XA(T))] < oo and 0 < E[U'(XA(T))XA(T)] < oo,

(16.140)

d
!/
= — > 0.
where U’ (w) dwU(w), w>0

> For all m,3 € A, with 8 bounded, there exists a ( > 0 such that the family
(16.141)

{U' (Xnt58(T)) X5 (T) | Mryos(T) | 5 o)

1is uniformly integrable.
Note that, for m € Ay and 8 € Ay bounded, w4 03 € Ay for any 6 € (—(, ()
with ¢ small enough. Here the stochastic process M(t), t € [0,T], is defined
as
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Mo(t) 1= [ {ito7() = ) + (5, 7(5)) ()

m(5)0% (s, 2)
—o?(s)m(s) — /ROH_F—SZ)I/(dz)}dS (16.142)

t S,z
d”s,dz),
—1—/0 //Rolersf) )(sz)

where (' (s, 7) = 2 p(s, ).

Remark 16.31. Condition (16.141) may be difficult to verify. Here we give
some examples of conditions under which it holds.

First, consider M(0) := M;1s3(T). The uniformly integrability of
{M(6)}se(—c,c) is assured by

sup E[|M[P(0)] < oo for some p > 1.
56(7C7C)

Observe that, since T, 3 € Ay (see (16.137)), we have 1+ (7(s)+3(s))0(s, 2) >
— ¢ dt x v(dz)-a.e. for some ¢ € (0, e,). Moreover, for € > 0,

) i
/ /| e +fw<s>>e< V@ d2)

0(s, z) ~
-/ / o T T () A0,z 2

Thus we have

(s,2) ~ 2
//||>51+ +55( )0(s, 2) N(d S’dz)> }

< —(e,r — CPE{/O /|Z|>692(5,z)u(dz)ds} < 0.

So, if

E[(/OTU(S)d_W(S))T < o0 and EK/OT/Z<€|9(s,z)|ﬁ(d_s,dz))2] < 00,

we have E[M?(§)] < oo uniformly in § € (—(,() if, for example, the coef-

ficients p, ', 7,0 are bounded. This shows that (16.141) holds if U'(z)z is

uniformly bounded for € (0, 00). This is the case, for example, logarithmic

utility of U(x) = log x and exponential utility U(z) = —exp{—Az} (A > 0).
Similarly, in the case of power utility function

1
U(x)=-2", >0 for some « € (0, 1),
Y
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we see that U'(Xr155(T)) Xrts5(T)|M(0)| = X 55(T)|M(5)| and condition
(16.141) would be satisfied if

?up )E[(X;+5ﬁ(T)|M(5)|)p] < oo for some p > 1.
6e(—¢,¢C

Note that we can write

T T
—|—/O do(s)B(s)d"W(s) + /0 /Ro [log(1 + (m(s) + 63(s))0(s, 2))

—log(1 + 7(5)8(s, 2)) — 66()6(5, 2)]v(d=)ds
/ / log(1 + (w(s) + 8(s))8(s, 2))

— log(1+ 7(s)8(s, )] N(d"s, dz)}.
From the iterated application of the Holder inequality, we have
B[(X] 4 55(T)M(8)])7]
< (B(XA(1)) """ )57 (B{(N() ")) 5% (B[(M@)]) ™.

where al,ag l+i = 1 and by, bs: lerbl = 1. Then we can choose a; = 2%1),
as = 1—7 and also by = ;pp, by = 2217—7p for some p € (1, %) Hence
E[(X] 4 55(D) M (8)])7]
ap 29p 2-p—qp 4
< (E[(X-(D)*])* (BIWE) 7)) (B[(ME)T])*
If the value X, (T') in (16.132) satisfies
E[(XA(T))*] < o0, (16.143)

then the condition (16.141) holds if

sup E[(N(é)) =577 }] < 00.
d3e(—¢,¢)
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Since (16.138) holds, it is enough, e.g., that u,u’,r, o0 are bounded to have

2
E[(N(5)) =07 }] < oo uniformly in § € (—¢, ¢). Note that condition (16.143)
is verified, for example, if for all K > 0

B[ exp {K( ] Ins)lds +| J; w(s)o(s)d W (s)
+| foT fRo log(1 +W(s)@(s,z))ﬁ(d’s,dz)})” < 0.

By similar arguments, we can also treat the case of a utility function such
with U’ (z) is uniformly bounded for z € (0, 00). We omit the details. O

16.5.2 Characterization of an Optimal Portfolio under Inside
Information

The forward stochastic calculus gives an adequate mathematical framework
in which we can proceed to solve the optimization problem (16.133). This ap-
proach was first used in [33], for the Brownian motion case only. See Sect. 9.6.
The following is an extension to Lévy processes. Define

J(m):=E[U(X:(T))], m¢€An.

First, let us suppose that 7 is locally optimal for the insider, in the sense that
J(m) > J(m 4 ) for all B € A bounded, and 7w + 63 € Ay for all § small
enough. Since the function J(mw+§3) is maximal at 7, by (16.141) and (15.1),
we have

= %J(W +60)15=0

T
:E[U%Xﬁ(T»XAT) | Bt m(s) = ots)

+ 4 (s,m(s))m(s) — o> (s)m(s) (16.144)
z)

— {G(S,z) -

o [ o [, e )]

Now let us fix t € [0,T") and h > 0 such that ¢t +h < T. We can choose § € A
of the form

ﬁ(s) = aX(t,t—i-h](S)v 0<s<T,

where « is an arbitrary bounded H;-measurable random variable. Then
(16.144) gives



16.5 Optimal Portfolio Problem under Inside Information 313

t+h
0= B0 ()X [ [us.w(s) = ()
11 (5, 7(3))(5) — o2(s)m(s)

B 7(5)0%(s, 2) o) ds (16.145)
[ Tt

t+h t+h 5,2 ~
A CCE e ol o +f£5)925’z)N(d s.d2)} -al.

Since this holds for all such «, we can conclude that

E[Fr(T)(Mx(t 4+ h) — M (t))|H:] =0, (16.146)
where
_ U(XH(T)XA(T)
Fr(T) = B0 (X (1)) X (7)) (16.147)
and

Mo(t) 1= [ {ito7() = ) + (5, 7(5)) ()

(s)0°(s, 2)
— o2(s)n(s) — /ROH_F—(SZ)I/(dz)}ds (16.148)

t S,z
d-s,dz), tel0,T],
+/0 //Rolersf) )(sz) 0,77

cf. (16.142). Define the probability measure @, on ({2, Hr) by
Qr(dw) == Fy(T)P(dw) (16.149)

and denote the expectation with respect to the measure @, by E¢_ . Then,
by (16.147), we have

E[Fo(T)(Mq(t + h) — Mq(t))[Hy]

CIEAGITA =0.

Eq, [M:(t+h) — M (t)[H,] =

Hence the process M, (t), t € [0,T], is a (H, Qr)-martingale (i.e., a martingale
with respect to the filtration H and under the probability measure Q).

On the other hand, the argument can be reversed as follows. If M, (t), t €
[0,T7, is a (H, Q»)-martingale, then

E[Fr(T)(Mx(t+ h) — Mx(1))|H:] =0,
for all h > 0 such that 0 <t <t+ h < T, which is (16.146). Or equivalently,

Ela Fo(T)(Mx(t+ h) — M(t))] =0
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for all bounded H;-measurable o € Ag. Hence (16.145) holds for all such «.
Taking linear combinations we see that (16.144) holds for all caglad step
processes 5 € Ay. By our assumptions (16.135) and (16.136) on Ay we get,
by an approximation argument, that (16.144) holds for all 8 € Ay. If the
function g(8) := E[U(Xr455(T))], 6 € (=¢,(), is concave for each 3 € Ay,
we conclude that its maximum is achieved at 6 = 0. Hence we have proved
the following result — see [63].

Theorem 16.32. (1) If the stochastic process m € Ay is locally optimal
for the problem (16.133), then the stochastic process M (t), t € [0,T], is
a (H, Qr)-martingale.

(2) Conversely, if the function g(6) := E[U(Xx4ss(T))], 6 € (—(,(), is con-
cave for each B € Ay and M(t), t € [0,T], is a (H, Q,)-martingale, then
m € Ay is optimal for the problem (16.133).

Remark 16.33. Since the composition of a concave increasing function with
a concave function is concave, we can see that a sufficient condition for the
function ¢(0), d € (—¢, (), to be concave is that the function

A(s) :m — p(8) + (u(s,m) — p(s))m — %0'2<S>7T2 (16.150)

is concave for all s € [0,7]. For this it is sufficient that u(s,-) are C? for all s
and that
W (s, m)m 4 24 (s,m) — 0% < 0 (16.151)

2
for all s, . Here we have set p/ = g% and p/’ = g—%.

us

Moreover, we also obtain the following result — see [63].

Theorem 16.34. (1) A stochastic process m € Ay is optimal for the problem
(16.133) only if the process

My (t) := My(t) — /Ot WZ’:—Z’;](S), teo,7], (16.152)

is a (H, P)-martingale (i.e., a martingale with respect to the filtration H and
under the probability measure P). Here

dP
dQx
(2) Conversely, if g(6) := E[U(Xpt58(T))], 6 € (=¢,(), is concave and

(16.152) is a (H, P)-martingale, then m € Ay is optimal for the problem
(16.133).

Zo(t) == EQW{ |Ht} = (B[F.(D)H])", telo,T].  (16.153)

Proof If m € Ay is an optimal portfolio for an insider, then by Theorem 16.32
we know that M (¢t),t € [0,T], is a (H, @, )-martingale. Applying the Girsanov
theorem (see e.g., [203] Theorem II1.35) we obtain that
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M, (t) ::Mﬂ(t)—/o W, t€[0,7],

is a (H, P)-martingale with

dP

Z+(t)=Fa.| 35~

] = E[m) "

F, -1
WP’Q} - (E [FW(T”Ht]) :

Conversely, if ]\;[,r(t), t €10,7], is (H, P)-martingale, then M, (t), t € [0,T], is
a (H, @, )-martingale. Hence 7 is optimal by Theorem 16.32.

16.5.3 Examples: General Utility and Enlargement of Filtration
We now give some examples to illustrate the contents of the main results:
Ezample 16.35. Suppose that

o(t)#0, 0=0 and H,=F; V o(W(Tp)), for all t € [0,T] (for some Ty > T),
(16.154)

i.e., we consider a market driven by the Brownian motion only and where the
insider’s filtration is a classical example of enlargement of the filtration F by
the knowledge derived from the value of the Brownian motion at some future
time Ty > T.

Then we obtain the following result — see [63].

Theorem 16.36. Suppose that the function A in (16.150) is concave for all
s €10,T). A portfolio m € Ay is optimal for the problem (16.133) if and only
if d[My, Z:|(t) is absolutely continuous with respect to the Lebesque measure
dt and

p (@) (t) + p(t, (1)) — p(t)

W(L) - W) 1 d

—ﬁwﬂw+dw[ -

(16.155)
To —t Z: (1) prt

W, Z:](1)] =o.

Proof By Theorem 16.34, the portfolio m € Ay is optimal for the problem
(16.133) if and only if the process

N (1) = / {4 (s, 7(s))m(s)

s m(s) = pls) = A ()r)ds + [ ot wis) - [ A

(16.156)

is a (H, P)-martingale. Since M (t) is continuous and has quadratic variation
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o ¢
[My, M](t) = / o?(s)ds,
0

we conclude that M, (t) can be written

N (f) = /O () (s) (16.157)

for some (H, P)-Brownian motion W.
On the other hand, by a result of 1t6 [121] we know that W (t), ¢ € [0,T],
is a semimartingale with respect to (H, P) with decomposition

T )
— <t< .
W (t / To S ds, 0<t<T, (16.158)

for some (H, P)-Brownian motion W (t). Combining (16.156), (16.157), and
(16.158), we get

o(t)dW (t) = dM(t) = {4/ (t, 7 (t))m(t)
+u(t,w(t) — p(t) — o ()m(t) ydt + o(t)dW (t) (16.159)
o) W(T%z - :V(t) g d[MZw;(ZtT)r](t)

By uniqueness of the semimartingale decomposition of Mﬂ(t) with respect to
(H, P), we conclude that W (t) = W(¢) and

[/ 7 (O)7(8) + ult.7(1)) — p(t) — o> () (t)
g(t)W(T;s - ZV t) Vit — d[Mg;(Zt;](t) o (16.160)

From this we deduce that d[M, Z:](t) = o(t)d[W, Z;](t) is absolutely contin-
uous with respect to dt and (16.155) follows. O

Corollary 16.37. Assume that (16.154) holds and, in addition, that

wu(t,m) = p(t) + a(t)m (16.161)

for some F-adapted processes p, and a with 0 < a(t) < 1o*(t), t € [0,T],

which do not depend on 7. Then m € Ay is optimal if and only if d[My, Z:](t)
18 absolutely continuous with respect to dt and

(02 (t)— 2a(t))7r(t) = 1o(t) = p(t) + o () [W(T;}z : };V(t) B Zﬂl(t) d[Wéw](t)}

(16.162)
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Proof 1In this case we have that p/(t,m(t)) = a(t). Therefore, the function
A defined in (16.150) is concave (by (16.151)) and the result follows from
Theorem 16.36. O

Next we give an example for a pure jump financial market.

Ezample 16.38. Suppose that

o(t)=0 and 0(t,z2) =Pz (16.163)
where 8z > —1 v(dz)-a.e. (§ > 0) and that
H: = Fi Vo(n(Ty)) for some Ty > T, (16.164)

where

= /Ot /RO zN(ds, dz)

(i.e., the insider’s filtration is the enlargement of F by the knowledge derived
from some future value n(Tp) of the market driving process). Then by a result
of Ito, as extended by Kurtz (see [203] p. 256), the process

i(t) = n(t)—/o st (16.165)

is a (H, P)-martingale. By Proposition 5.2 in [65] the H-compensating measure
vy of the jump measure NV is given by

1

To _
via(ds, dz) = vi(dz)ds + E[T N(dr, dz)\Hs} ds (16.166)

1 To
T()*S

N(dr, dz) ]HS} ds,

where vp = v. This implies that the H-compensated random measure NH is
related to Np = N by

To _
N(dr, dz) |H5} ds.

(16.167)
(Note that, in general, the random measure ]\~TH(ds, dz) is not a compensated
Poisson random measure and its compensator vy (ds, dz) is stochastic. We can
refer to [122] for a short introduction to random measures with integer values
and their compensators.)
Directly from the definition of the forward integral, we have

//Rol"‘W s N(d~s,dz) //]Rol"‘W Nul(ds, dz)

1 -
//R()H?T [TO_S Ndrdz|H}ds

Nu(ds, dz) = N(ds, dz)—vu(ds, dz) = N (ds, dz)—E { = !
0—S s

(16.168)
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By Theorem 16.34, a portfolio m € Ay is optimal if and only if the process

) = / [, m(5)) — p(s) + ! (5. 7(5))m(s)

v(dz)}ds (16.169)

is a (H, P)-martingale. Therefore, if we put

Gr(s) = p(s,m(s)) — p(s) + 1/ (s, 7(s))m(s)
— ﬁQZQﬂ-(S) l/( Z)
R, 1 +7(s)Bz (16.170)

Bz 1 To _
+/R°1+7T(5)52E[T05 . ]\/v((lr,dz)|’}—(s}7

and combining (16.168) and (16.169), we obtain that the process

0= [ Gutoyis - [ L Zl0) //ROHW Ne(ds. d2)

is a (H, P)-martingale. This is possible if and only if

¢ [t d[My, Z5)(s) e
/0 Gr(s)ds /0 7.0 =0, forall tel0,7].

This implies that d[M,, Z,](t) is absolutely continuous with respect to the
Lebesgue measure dt. We have thus proved the following statement — see [63].

Theorem 16.39. Assume that (16.163) and (16.164) hold. Then © € Ay is
optimal if and only if d{M, Z;](t) is absolutely continuous with respect to the
Lebesgue measure dt and

1 d

— My, Z:)(t)  for almost all t € [0,T] (16.171)

where G is given by (16.170).

In analogy with Corollary 16.37, we get the following result in the special
case when the influence of the trader on the market is given by (16.161).

Corollary 16.40. Assume that (16.163) and (16.164) hold and, in addition,
that also (16.161) holds. Then m € Ag is optimal if and only if d[My, Z:](t)
18 absolutely continuous with respect to the Lebesgue measure dt and
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(222 Bz 1 To
w(s)/RO 1+W(S)/Bzu(dz)—/Ro 1+7r(3)ﬂzE{To—s s N(dr,dz)]Hs}

— 2a(s)m(5) = 1o(s) — pl5) — o [Mor, Zs)(5).

Z(s) ds

(16.172)

Corollary 16.41. Suppose that (16.161), (16.163), and (16.164) hold and
that
U(z) =logz, x>0. (16.173)

Then m € Ay is optimal if and only if

(s) /RO %u(dz)—/ﬂ% Hfé)ﬁzE[TiS/STO N(dr, d2)|H.] ~2a(s)m(s)

— 1(5) — p(s).
Proof IfU(x) =logx then Fr.(T) = 1= Z.(t),t € [0,T]. Hence [M,, Z,] = 0.
O

16.6 Optimal Portfolio Problem under Inside
Information: Logarithmic Utility

In this sequel, we illustrate the study of the previous section to the case of
logarithmic utility. We proceed discussing the pure jump case alone first and
then add the Brownian component later.

16.6.1 The Pure Jump Case

Suppose now that our financial market is of the form (16.129) and (16.130)
with the coefficient ¢ = 0. In addition, we assume 0(w,t,z), w € 2, t €
[0,T], z € Ry, to be F-adapted and caglad.
The optimization problem (16.133) we study is
u(z) := sup Elog XZ(T)] = E [log X*(x*)(T)], (16.174)
TEAn

where, as usual, the wealth X (t) = XX(t), ¢ € [0,T], of the insider is described
by the equation

dX7(t) = Xz (t7) [{p(t)(1 = m(t)) + m()u(t)) } dt +/ m(£)0(t,z)N(d"t, dz)
Ro

and X,(0) = X2(0) = z.

In the logarithmic case, we can describe the set of admissible portfolios as

follows:
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Definition 16.42. The set Awg of admissible portfolios consists of all
processes 7(t), t € [0,T], such that

> 7 is H-adapted. (16.175)
> w(t)0(t,2), t €[0,T],z € Ry, is caglad and forward integrable with

respect to N. (16.176)
> w(t)0(t,z) > —1+ e, for v(dz)dt-a.a. (t,z) for some e > 0. (16.177)
> F / / ,2) V}-(dz)dtl < 0. (16.178)

0o JRr
> m is Malliavin differentiable and Dy+ ,m(t) = lim Dy w(t) exists
s—tt

for a.a. (t,z). (16.179)
> O(t, 2)(m(t) + Dy+ ,7(t)) > =1+ ex for a.a. (1,2) for some ex > 0.

(16.180)
T
> B / 10(¢, 2) Dy ()| r(d=)dt | < oo. (16.181)
0 JRr

Recall that D;+ ,F = 0 whenever F' is Fi-measurable. Then we have

Dyt log (1+m(1)0(t, 2)) =log (1 + 0(t, 2)(w(t) + Dy+ . 7(t)))—log (1 + w(t)6(t, 2)) .

The expression above together with conditions (16.176) and (16.180) yield

> log (14 7 (t)6(t, 2)) is caglad and forward integrable.
> log (1 +m(t)0(t, 2)) € D12 and Dy+ ,log (14 7(t)0(t,2)) exists
for a.a. (t,2).

T
> F / |Dy+ . log (1 +7(t)0(t, 2)) |1/f(dz)dt‘| < 0.
0o Jrg

Compare with Definition 16.30.
Following the same lines of the proof of Theorem 16.32, we obtain the following
result.

Theorem 16.43. Suppose ©(s) = w*(t), t € [0,T], is optimal for problem
(16.174). Then M(t), t € [0,T], given by

w0 = [ t {ms) st = [ W f<dz>} s

//ROHNSZSZ)N(d 5,d2),

18 a martingale with respect to the filtration H.

(16.182)
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Remark 16.44. Note that the process

fi 7/0 /R T ()02 & sdz) te0T],

is a special H-semimartingale with decomposition given by (16.182) (for the
definition of a special semimartingale see, e.g., [203] p. 129).

We recall that the integer valued random measure N (dt, dz) has a unique pre-
dictable compensator v (dt, dz) with respect to H (see [122], p.66). Note, how-
ever, that this alone would not imply that Ry, ¢ € [0, T], is a H-semimartingale,
because the integrals with respect to vy (dt, dz) need not be processes of finite
variation. In any case, we may write

0=/ | et O — ves a2
4 /Ot /RO %(V}H — vp)(ds, dz)
+ /Ot {M(S) —pls) - /R %W(d@} ds,

where vp(ds,dz) = v(dz)dt. Hence by uniqueness of the semimartingale
decomposition of the H-semimartingale M (t), t € [0,7] (see, e.g., [203],
Theorem 30, Chap. 7) we conclude that the finite variation part above must
be 0. Therefore, we get the following result — see [65].

Theorem 16.45. Suppose 7 € Ay is optimal for problem (16.174). Then w
solves the equation

o =pto- [ v as

97( (16.183)
/ /Ro 1+ 7(s) g )<V]F_VH)(dS,dz).

In particular, we get

Corollary 16.46. Suppose H = F. Then a mecessary condition for w to be
optimal is that for a.a. s

u(s) —p(s) — /R %u}-(d@ =0. (16.184)

Note that this could also be seen by direct computation.

The following result may be regarded as a variant (in the Malliavin calculus
setting) of the result of [56], stating that if Sy (¢), t € [0,T7, is a given locally
bounded, adapted cadlag price process with respect to the filtration H and
there is no arbitrage by simple strategies on Sy (t), ¢t € [0,T], then S(t),
t €[0,7], is a H-semimartingale. The result reads as follows — see [65].
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Theorem 16.47. Suppose there exists an optimal portfolio for problem
(16.174). Then the process

/Ot /R 0(s,z)N(ds,dz),  te[0,T),

1s a H-semimartingale.

Proof We only need to show that fot fRo 0(s, 2)(vr — vm)(ds,dz), t € [0,T],
exists and is of finite variation. In this case, in fact, the H-martingale

/Ot /IRO 0(s,2)(N — vy)(ds,dz) = /Ot /RO 0(s, 2)(N — ve)(ds, dz)

_|_/O s 0(s, z) (v — vm)(ds, dz)

exists and fRo 0(t,z)N(dt,dz), t € [0,T], is a H-semimartingale. By
Theorem 16.32 we know that

t 0(s, 2) . s da

is of finite variation. So by our assumption (16.177) it follows that

t
/ 0(s,2)(vr — vm)(ds,dz),t € [0,T],
0 JRo
is of finite variation also. 0O

16.6.2 A Mixed Market Case

We consider once again our market model of form (16.129) and (16.130) where,
in addition, we assume 0(w,t,z), w € 2, t € [0,T], z € Ry, to be F-adapted
and continuous in z around zero for a.a. (w,t). The flow of information avail-
able is the same as before with H being the inside information and F being
the one generated by the noise events. The optimization portfolio studied is
again

u(z) := sup E[log XZ(T)] = E[log X5.(T)], (16.185)

TEAR

where the wealth X (t) = XZ(t), t € [0,T], of the insider is described by the
equation

dX(t) = Xx(t7) [{p(t)(1 = 7(8)) + m(t)u(t))} dt + 7 (t)o (t)d W ()

+/ m(t)0(t,z)N(d"t,dz)| , (16.186)
Ro
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and X;(0) = XZ(0) = 0. The set of admissible portfolios Apyg is given in
Definition 16.42 with the addition of the requirement =« (t)o(¢), t € [0,T], to
be forward integrable with respect to W.

Proceeding in the same line and arguments as for Theorem 16.34 and
Theorem 16.43 we have the corresponding following result — see [65].

Theorem 16.48. Define

w0 = | t {9 = ot = (om0 - [ 0 %wwz)} ds

¢ t 0(s, 2) _
+/0 o(s)dW(s)—l—/o /JRO WN(d s,dz). (16.187)

Suppose m = is optimal for problem (16.185). Then M (t), t € [0,T], is a
martingale with respect to the filtration H.

Further, we see that the orthogonal decomposition of M, (t), ¢t € [0,T], into a
continuous part M¢(t) and a discontinuous part M2(¢), t € [0,T], is given by

ME(t) = /0 o (s)dW (s) + /0 o(s)a(s)ds, (16.188)
B t 0(s, z) ~ ¢
Ma(t) = i /R WN((Z s7dz)+/0 v(s)ds, (16.189)

where a(s) and v(s) are unique H-adapted processes such that

/Oto(s)oz(s)der/Ot y(s)ds/ot{u —p—o’n /]RO ml/}-(dz)} ds.

So the proof of Theorem 16.47, together with the fact that fot ﬁder(s) =

W(t) + fot a(s)ds also is a H-martingale, gives the following result — [65].

Theorem 16.49. Suppose there exists an optimal portfolio for problem
(16.185). Then the underlying processes

/t 0(s,z)N(ds,dz) and W(t), t e 0,77,
0 JRe

are H-semimartingales.

Finally, we get as an analog to Theorem 16.45 — see [65].

Theorem 16.50. Suppose © € Ay is optimal for problem (16.185). Then w
solves the equation
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t 2
2 7(5)0°(s, 2) }
w(s) —p(s)—o sws—/ ———————"—v(dz) p ds
[ {0 =0t = ttomte) - [ I )

_ [ Y0 s de
_/0 g(s)a(s)ds—i—/o /Ro 1+7r(s)0(s,z)( r — vm)(ds,dz), (16.190)

where « is the process from (16.188) and vy is the H compensator of N and,
as usual, we have set vp(dt,dz) = v(dz)dt.

Corollary 16.51. Suppose H = F. Then a mecessary condition for w to be
optimal is that, for a.a. s,

m(s)0%(s, 2)

0 WV(dZ) =0. (16.191)

(s) — p(s) — 2(s)m(s) — /

16.6.3 Examples: Enlargement of Filtration

Let us consider a financial market (16.129) and (16.130) where the underlying
driving jump process of the risky asset is a pure jump Lévy process 7(t),
te0,T], ie

/Ot 5 G(t,z)ﬁ(dt,dz):/ot /R 2N (dt, dz) =: n(t).

In this series of examples we want to analyze the optimization problem
(16.185) in which the insider has at most knowledge about the value of
the underlying driving processes W(Tp) and n(7p) at some time Ty > T.
This means that the insider filtration H is such that F;, C H; C K;, where
K = {K; == F Vo (W(Ty),n(Ty)) : t € [0,T]}. We refer to [65] for the
following result.

Proposition 16.52. Let H be an insider filtration such that Fy C Hy C Ks.

Then | ] ()
E TOH S

16.192

/ " — s ds (6 9)

and

‘Bl Tl = 9(5) n(t)_/:E{.ZTOATOiSN(dr,dz)

are H-martingales.

7‘{&} ds
(16.193)

Proof We know by an extension of a result of It6 [121] (see also [203] p. 356)
that for a general Lévy process A(t), t € [0, 7], with respect to some filtration

Fy, t € [0,T), the process
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s~ [ A=A oy

is a {ﬁt Vo (A(To))}—martingale for 0 <t < Ty. Using this result and the
fact that W (t), t € [0,T], and 7(t), t € [0,T], are independent we obtain that

/W Ty s )ds and n(t)—/o st, t€0,T],

are K-martingales. So we have

L

To-s
—E{ - [ B
/ swmp-vis,
:E{E{ /W — )dsM ’HT]+W<7~)
E[W To M- W),
L {W(T) . /E [;Vmg =),

For n(t) — [} Mds t € [0,T], the reasoning is analogous. O

0 S
Proposition 16.52 tells us that in the present situation of enlargement of filtra-
tion the process « from (16.188) is of the form w te[0,T].

Moreover, we can easily deduce the H compensator vy of N from Proposition
16.52. In fact, we have the following result — see [65].

Proposition 16.53. The compensating measure vy of the jump measure N
with respect to H is given by

To

N(dr,dz)

vu(ds,dz) =v(dz)ds + E
0o— S

HS] ds (16.194)

1 To

=F
To—S

N(dr,dz)

HS] ds. (16.195)

Proof We know (see [122] p. 80) that it is sufficient to show that if Ty is the
right-hand side of (16.194) then
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/ f(2)(N —vg)(ds,dz)
0 JRe

is a H-martingale for all f, which are bounded deterministic functions on R,
zero around zero, and that determine a measure on R with weight zero in zero.
The same argument holds for f invertible functions that are integrable with
respect to Uy (note that this implies also integrability with respect to v). Let
f(2), w € £2, be such a function. Then 7(t), ¢ € [0,T], given by

/ Rf N(ds,dz)

is a pure jump Lévy process (see, e.g., Sect.2.3.2 in [8]). Consider the Lévy
process
W (t) +a(t),t € [0,T],
whose filtration is denoted by :7:}, t e [0,T]. Since f is invertible, we have
Fi = F and Ky = Ky, where Ky = F; Vo (W(Ty),7(Tp)). From Proposition
16.52 we then get that
To
dr,d
|| £ N

o pomss [ 3

is a H-martingale. (16.195) is then a straight forward algebraic transformation.

O

Using the measure given by (16.194) (note that here 6(t,z) = z), we

see that the necessary condition for an optimal portfolio given by equation
(16.190) in our present context becomes

gsl ds

2

/ot {“(5) —p(s) — o> (s)m(s) — /}R0 %V(dz)} ds
_ / t {_J(S)E W (T)IGs] = W (s)

To—S

/TO/ T (s Tofs) (dr,dz)

When 7(t), t € [0,T], is of finite variation this can be rewritten as

A {u) =0 = o*0pmt0) = [ svtan s
_ /O t {—U(S)E [W(Tgvﬂ —W(s)

/TO/ T (s TO_S)N(dT,dz)

-F

gsl }ds. (16.196)

-

HS] } ds. (16.197)
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Given some additional assumptions, this is also a sufficient condition for a
portfolio m € Ag to be optimal. In fact, we have the following result — see [65].

Theorem 16.54. Assume that n(t), t € [0,T], is of finite variation. The port-
folio m = m(w, s), w e 2, s €[0,T], is optimal for the insider if and only if
m € Ay and for a.a. (w,s) m solves the equation

(s) — pls) — o*(s)(s) — / 2(d2)

_U(S)E [W(TO)jl“Z—[j]; - {/TO/ T To = 5) N (dr,dz)

where the notation E[...]” denotes the left limit in s.

n]

(16.198)

Proof By Proposition 16.52 and Proposition 16.53, the solution to equation
(16.186) becomes

T T
E[logXT(T)}:E [ {p<s>+(u<s)—p<s»w<s>—écr(s)?w?(s)

T
—/ (s )zu(dz)}ds—i—/ o(s)m(s)d(W(s) + a(s)ds)
Ro

—/ o(s)m ds—i—//Rolog +7(s)2)(N — ) (ds, dz)

/ / log(1 + 7(s)z)vm(ds, dz)] (16.199)
Ro

_ / (s )zu(dz)}ds + /OT {U(S)TF(S)E [W(To)|[Hs] — W(s)

To — s
To
+E / / Log( ””(5 log(L+ 7(5)2) (4. 42 HS} }ds .
Ro To — s)

We can maximize this pointwise for each fixed (w, s). Define

H(m) = p(s) + (uls) — p(s))m — 5o (s)°n” — / mzv(dz)

7TE [W(T0)|'HS] — /To/ log 1+ 7TZ (d?" dz)
g, (To—5) ’

To — s

—|—E

Hs] |
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Then a stationary point 7w of H is given by
0= H'(r) =a(s) ~ pls) ~ o*(5)m(s) — [ avld2)
Ro

EW(To)[Hs] = W(s)

0—8

/TO/ 1+ 7(s)2)(To — ) (dr,dZ)Hs].

Since H is concave, a stationary point of H is a maximum point of H. But,
since for a given w the set of discontinuities has Lebesgue measure zero, the
equation

+a(s)

+ K

EW(To)[Hs] ™~

- 70-(3) TO — S

/To/ g s )N(dr,dz)

also describes an optimal portfolio. O

a

Ezxample 16.55. In order to get explicit expressions for 7w, we now apply this
to the case when 7(t) is a compensated Poisson process of intensity A > 0. In
this case the corresponding Lévy measure is

v(dz)ds = \o1(dz)ds
where d1(dz) is the unit point mass at 1, and we can write
0t) = Qt)— M, te 0,7
Q@ being a Poisson process of intensity A. Since in this case

E[Q(T)|H,] — Q(s)
TO — S

I(m) :=log(1 + )

is concave in 7, we get by Theorem 16.54 that a necessary and sufficient con-
dition for an optimal insider portfolio 7 for a.a (w, s) is given by the equation
EW(Ty)[Hs] —W(s)

TO — S

0= u(s) - pls) = A — o> (s)7(s) + o (s)
E[Q(Ty) — Q(s)[H,)~
(L+ ()T - 5)

If we deal with the market (16.129) and (16.130), with the Lévy measure given
above and o = 0, then we have the following result — see [65].

(16.200)
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Theorem 16.56. Assume that p(s) and u(s) are bounded and A + p(s) —
wu(s) > 0 and bounded away from 0. Then

(1) There exists an optimal insider portfolio if and only if
E[Q(To)Hs] = Q(s) >0
for a.a (w,s). In this case
E[Q(Ty) — Q(s)|Hs]
(To — s)(A+ p(s) — pu(s))

is the optimal portfolio for the insider.
(2) Assume there exists an optimal insider portfolio w. Then the value function
u(z), x € R, for the insider is finite for all Ty > T.

T™(s) = ~1 (16.201)

Proof Part (1) follows from equation (16.200) setting o = 0. It remains to
prove (2). We substitute the value (16.201) for 7* into the expression (16.199)
and get

e 0] 5
[Q(To)[Hs]

+log ((TOE— O+ p(S;E?;(j()s))> (E [Q(T(()Y)ﬂyfl)_ Q(8)> } ds] '
(16.202)

[ {20061~ a4 (E12TIL Q1))

By means of the value of the moments of the Poisson distribution and of the
Jensen inequality in its conditional form, we obtain

E QTo)[7s] — ] / ElQ ()]ds—)\T<oo
0—8

O—S

(16.203)
and

E

! - S
[ s iamm - i) KT =) ds]

To—s

T (E[Qn|Hs] — Q(s))°
<F /0 To s ds]
T E[E[(Q(To) — Q(s))?|H,]]
< / ;o — ds

- Q(s))%]
To — ds

/ E
— / ()\2( 0—8)+A)ds < 00 (16.204)
0
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and also

/T o (TOI_ s) E [Q(T();J?jgl— Q(S)dS] :)\/T log <T01— S) ds < oo0.
i i (16.205)

E

Using (16.203)—(16.205), we see that (16.202) is finite. O

Remark 16.57. In the pure Poisson jump case, Theorem 16.56 shows that if
the insider filtration is Kt = F: Vo (Q(Ty)), t € [0,T], then there is no optimal
portfolio since F [Q(Ty)|Hs] — Q(s) = 0 for all w such that Q(7Tp) = 0. This is
contrary to the pure Brownian motion case with the enlargement of filtration
K = F VvV o(W(Tp)), t € [0,T], where we have an optimal portfolio (see
[190]). The reason is that the insider has an arbitrage opportunity as soon as
he knows where Q(t), t € [0,T], does not jump. On the other hand, as soon
as there exists an optimal portfolio in the Poisson pure jump market for an
insider filtration F; C H; C K, the value function u(x), = > 0, for the insider
is finite also for T, = T', which again is contrary to the pure Brownian motion
case.

Ezample 16.58. If again we deal with market (16.129) and (16.130), with the
Lévy measure given by the Poisson process, then we have the following result
- [65].

Theorem 16.59. Set

EW(To) — W(s)[Hs]

EQ(To) — Qs)[Hs]
T[) — S '

OZ(S):* T()—S

and ~(s) = —

Then

(1) For allinsider filtrations Fy C Hy C Ky and Ty > T there exists an optimal
insider portfolio given by

1

™ (s) = 502(3) (u(s) = p(s) = A = a(s)a(s) = o*(s)

V)~ 7 A~ a(s)a(s) + o2([)7 o2 (&() . (16.206)
(2) The value function u(x), x > 0, for the insider is finite for all To > T.

Proof Part (1) follows by solving (16.200) for w. Here, the condition m(s) > —1
is not fulfilled v(dz)dt a.e., but N(dz,dt) a.e., which is sufficient in the our
situation of the Poisson process. Concerning part (2), it is sufficient to consider
the largest insider filtration K; = F; V o (W (1), Q(Tv)), t € [0,T]. Then

Q(To) — Q(s)
TO — S '

W(To) — W(s)

04(5):_ T()*S

and ~v(s) = —
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Using the fact that

E[/TaQ(s)ds]—/T ! ds-lo( To )
o s To—s S\ T, =T

in addition to (16.203)—(16.205) and Jensen inequality, one can show the finite-
ness of u(x), x > 0, with the same techniques as in the proof of Theorem 16.56.
O

Remark 16.60. Contrary to the pure Poisson jump case, the mixed case gives
rise to an optimal insider portfolio for all insider filtrations H such that F; C
H: C K, t € [0,T]. The reason is that while it is possible to introduce
arbitrage possibilities for the insider through an enlargement of filtration in
the pure jump case (see e.g., [90]), this is no longer the case in the mixed
market. But in contrast to the pure jump case, the finiteness of the value
function u(z), x > 0, is only ensured for Ty strictly bigger than T. However,
choosing the filtration “small enough with respect to the information W (7p),”
one can generate a finite value function also for Ty = 7. The most obvious
example would be H; = F; Vo (Q(Tp)), in which case a(s) = 0. This example
is treated in [77].

16.7 Exercises

Problem 16.1. (*) Suppose U(z) = —1, 2 > 0. Let
1
Xx(T)
as in (16.10), where X, (T) is given in (16.4) and (16.5). Assume that the
coefficients p, 4, 0,0 and the control 7 are deterministic.

(a) Find D, F(T) and D, ,F(T);
(b) Find, among the deterministic portfolios, the portfolio 7 that maximizes

Fr(T) = U'(Xx(T)) XA(T) =

1
E { a XW(T)]
in the market (16.1) and (16.2).

Problem 16.2. Consider a market that is a combination of the markets
(16.36)—(16.37) and (16.70)—(16.71), i.e.,

(Bond price) dSo(t) = p(t)So(t)dt, So(0) =1
(Stock price) dS,(t) = S1(t) {,u(t)dt +o(t)d”W(t)
+/6’(t, Z)N(d*t,dz)}, S1(0) >0

Ro
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(with the described appropriate conditions for the coefficients). Define AIEV N
to be the set of portfolios 7 satisfying the conditions in both Definition 16.14

and Definition 16.19. Suppose 7 € Ag/’N is optimal, in the sense that
sup E{log XW(T)} = E[logX;r(T)},
WEAJ‘—:V’N

where X (T) is the final value of the wealth process corresponding to portfo-
lio 7. Prove that 7 satisfies the equation

0(t,z) + Dy ,0(1, 2)
1+ 7(t)(0(t, z) + D+ L0(t, 2))

Elu(t) — p(t) + Dy o(t) — o> (t)7(t) + /R (

o, z))y(dz)‘gt} —0.

[Hint. Combine the proofs of Theorem 16.15 and Theorem 16.20.]
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Regularity of Solutions of SDEs Driven
by Lévy Processes

In this chapter, we consider strong solutions of It6 diffusions driven by Lévy
noise and we study their smoothness related to Malliavin differentiability. The
next chapter will be devoted to the study of the smoothness of the probability
distributions associated to the solutions. This application of the Malliavin
calculus gave origin to its introduction [157]. Within the study of It6 diffusions
driven by Brownian noise, we can refer to the recent monographies, e.g., [53,
159, 168, 211] and the references there in. As for the study within the Lévy
type of noise, we can refer to, e.g., [35, 117, 220] and references therein. In
this short chapter, we present only some fundamental results.

17.1 The Pure Jump Case

As before, consider a compensated Poisson random measure N(dt,dz) =
N(dt,dz) — v(dz)dt defined on the complete probability space equipped with
filtration

(2,F,P), F:={F:0<t<T},

where 7, 0 <t < T, is the P-augmented filtration generated by the values
of the compensated Poisson random measure N (dt, dz) associated to a pure
jump Lévy process and F = Fp. We require that the Lévy measure v fulfills
the integrability condition

/zzu(dz) < 0.
Ro

We are interested in studying the regularity of solutions of the pure jump
Lévy stochastic differential equation (SDE)

X(t):x+/Ot/v(s,X(s_Lz)J\Nf(ds,dzL 0<t<T, (17.1)
Ro

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 333
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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for x € R, where v : [0,7] xR x Ry — R satisfies the linear growth condition
/w(t,x,z)ﬁ Wdz) < C(L+|ef?), 0<t<T,zeR, (17.2)
Ro

for a constant C' < oo as well as the Lipschitz condition

/|’Y(t,$,2) - 7(t7y7Z)|2 V(dz) S K |$ - y|2a 0 S t S Ta T,y € Ra (173)
Ro

for a constant K < oo.

Under the assumptions (17.2) and (17.3), one can employ Picard iteration
(just as in the Brownian motion case, see, e.g., [178]) to construct a unique
(global) strong solution X (t), t € [0,T7], of (17.1), that is, there exists a unique
cadlag adapted solution X (t), t € [0,T], such that

E[ sup | X()° | < 0. (17.4)

0<t<T
We aim at showing that X (t), ¢ € [0, 7], is regular in the sense that
X(t) S Dl,g (175)

forall0 <t <T.
Before proceeding to the main result, we need the following useful auxiliary
lemma.

Lemma 17.1. Let F,,,n > 1, be a sequence in Dy o such that
F, — F, n— oo,

in L?(P). Further, we require that

n>1

T
supE[/ /\Ds7an|2u(dz)ds < 00.
0
Ro

Then F € D5 and D. .F,,n > 1 converges to D. I in the sense of the weak
topology of L*(P x A X v).

Proof By the boundedness assumption there exists a subsequence D..F,,
such that
D. F,, —a, k-— o0,

weakly in L?(P x A x v). Using the duality relation we conclude that
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El(0, )20 = B[Fo(w)]

for all w in the domain Dom(d) of the Skorohod integral 4. So we see that
a(t,z) =D, F. 0O

The next result shows the Malliavin differentiability of solutions to the
SDE (17.1). It was first proved in [35]. Our presentation is different from the
original in the sense that we use different operators: our Malliavin derivative
is in fact a difference operator (see, e.g., Theorem 12.8).

Theorem 17.2. Suppose that the conditions (17.2) and (17.8) hold. Then
there exists a unique strong solution X (t) to the SDE (17.1) such that X (t)
belongs to Dy o for all0 <t <T.

Proof The idea of the proof is first to show that the Picard approximations
Xn(t), n >0, to X(t) given by
t ~
Xp1(t) =z +/ /V(S,Xn(si),Z)N(dS,dZ), Xo(t) ==z (17.6)
0
Ro

are in Dy 5 and then to perform the limit n — oo (See, e.g., [168] for the
Brownian motion case). Let us first prove by induction on n that

Xn(t) €Dy (17.7)
and that .
boir(t) < ky + Ey /0 b (s)ds (178)
forall 0 <t < T, n >0, where ky, ks are constants and
¢, (t) ;== sup E[/ sup (Dy. X, (s))? v(dz)| < . (17.9)
0<r<t Ry r<s<t

One can check that (17.7) and (17.8) are fulfilled for n = 0, since
T ~
Dt,z/ /7(5317C)N(d‘93d<~) :’7(1571.32)
0
Ro

by Theorem 12.15. We assume that (17.7) and (17.8) hold n. Then, the clos-
ability of the Malliavin derivative D, , (see Theorem 12.6) and Theorem 12.8
imply that

Dy oy(t, Xn(t7),2) = y(t, Xn(t7) + Dy . X, (t7), 2) — y(t, Xn(t7),2) (17.10)
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for r <t a.e. and v—a.e. Hence, Theorem 12.15 gives that X,,11(¢) € Dy 2 and

t o~
Dy Xns1(t) = / / Dr (5, Xn(s™ ), Q)N (ds, dC) + 5 (r, Xn(r™), 2)

/ / (5, Xn(57) + DreXn(s7), Q) =25, Xn(57),0) ) N(ds, o)

T X"( ),Z)

/ / (5, Xn(7) + D Xn(7), Q) =25, Xn(57),0) ) N(ds, )

+'Y(T7 X"(T_)v Z)v

for r < t a.e. and v—a.e. So it follows from (17.2), (17.3), Doob maximal
inequality, Fubini theorem, and the It6 isometry that

E[/}R sup (D, Xpi1(s))? u(dz)]

o r<s<t

SSK/tE[/]DTZX ) wtdz)|dut20 (14 B[ [Xa(r)])

< 8K/tE{/ yDT,ZXn(u—)\%(dz)}dqu20(1+A), (17.11)
Y

for all 0 < r <t, where

A= supE[ sup \Xn(s)|2} < 0.

n>0 0<s<T
Note that
E[ sup |X,(s) — X(s)|2} — 0. n— o0,
0<s<T
by the Picard iteration scheme. Thus (17.11) shows that (17.7) and (17.8) are
valid for n + 1.

Finally, a discrete version of Gronwall inequality (see, e.g., [20, Lemma
4.1] or Problem 17.1) applied to (17.11) yields

n>0

supE[/OTR/|D37ZXn(t)21/(dz)ds

for all 0 <t <T. Then it follows from Lemma 17.1 that X (¢) € Dy,. O
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Remark 17.3. In [35] it is shown that the solution in Theorem 17.2 even sat-
isfies
X(t) €Dy oo (17.12)

for all 0 < ¢ < T, where the space D; o, C L*(P) is introduced as

Dl,oo = m DLP'

p>1

Here, the space Dy, is defined by completion on a class of smooth random
variables (e.g., finite linear combinations of I,,(f,),n > 0) with respect to the
seminorm |[[-[|, , that is given by

2
IFI, = E[IFP ]| + E[ID.FI5200 |, 221 (17.13)

17.2 The General Case

Similar arguments in the proof of Theorem 17.2 can be employed to extend the
latter result to the case of solutions X(t), t € [0,T], to stochastic differential
equations of the type

X(t) :er/O a(s,X(s))ds—i—/o o(s, X (s))dW (s)
—I—/O /’y(s,X(s‘),z)N(dS,dz),

Ro
0<t<T, zeR", (17.14)

where a: [0, T] x R" — R" 0 : [0,T] x R — R™*™ and 7 : [0,T] x R™ x
Ry — R™*! are Borel measurable functions. Here

W(t) = (Wi(t), ..., Win(t)) (17.15)
is an m-dimensional Brownian motion and

N(dt,dz)T = (Ny(dt,dz), ..., Ny(dt, dz))
= (Ny1(dt,dz1) — vi(dz1), ..., N (dt, dz;) — vi(dzp)), (17.16)

where N;,j = 1,...,1 are independent Poisson random measures with Lévy
measures v;,j = 1,...,0 coming from [ independent one-dimensional Lévy
processes. Let a(t,z) = (oi(t,x))i<i<n, o(t,x) = (0i;(t,))1<i<n,1<j<m.
and y(t,,2) = (7;;(t,,2;))1<i<n,1<j<i be the coefficients of (17.14) in the
component form. Then X (t) = (X;(t))i1<i<n in (17.14) can be equivalently
written as
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Xi(t)fxﬂr/ (s, X (s) ds+Z/ i (5, X (5))dW;(s)
+Z/ /%J 5, X(s7),2)N;(ds,dz), 0<t<T, z;€R, (17.17)

for & = (;)1<i<n. Let us assume that W (t) and N(dt,dz), t € [0,T], z €
Ry, are constructed on the probability space (£2,F, P) given by (13.66) in
Sect. 12.5. To guarantee a unique strong solution to (17.14), we assume that
the coefficients of (17.14) satisfy linear growth and Lipschitz continuity, i.e.,

l

lo(t. )|+ lat, ) +ZZ/ o 2) | vidz) < CQL+1af’) (17.18)

Jj=11i=1
for all z € R™ and

lo(t, ) — a(t,y)|I* + |alt, z) — alt,y)]”
l
2
+ZZ ”yij(t,x,zj) — 'yij(t,y,zj)’ vi(dz;) < K|z — y|2 (17.19)
i=li=lg,

for all z,y € R",0 <t < T, where C, K < oo are constants and || - || is a
matrix norm.

Recall that a random variable F' is Malliavin differentiable if and only if
F € Dy 5, where the space Dy o C L?(P) is defined by completion with respect
to the seminorms ||-[|; , that are given by (I,m =1,2,...)

IIFIIf,QZE[IFIQ}+iE[HD<,¢FHQLQ(A)} + XI:E[ 1D 57 e asy |- (17:20)
=1 j

Jj=1

Here D, ; and D, . ; denote the Malliavin derivatives with respect to the W;(t)

and vaj(ds, dz), respectively. See Sect. 12.5. The next result is a generalization
of Theorem 17.2.

Theorem 17.4. Under the conditions of (17.18) and (17.19), the values X (t)
of the solution to (17.14) are Malliavin differentiable for all 0 <t <T.

Proof The proof is similar to the one of Theorem 17.2. For details see [35,
Chap. 10], where the Peano approximation scheme is used (instead of Picard
iteration). O

Remark 17.5. As already indicated in Remark 17.3, the regularity of the so-
lutions to (17.14) can be improved in various ways. For example, it is proved
in [114] for m =n =1 and [ =0 in (17.14) that if o, o are time-independent
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and in Cp°(R) (space of infinitely differentiable functions with bounded deriv-
atives of all orders) then X (¢) belongs to the Meyer—Watanabe test function
space Dy, that is,

X(t) € Do

for all 0 <t < T, where

Dy = ﬂ D -
keNg,p>1

Here the spaces Dy, ,, are defined by completion with respect to the seminorms
[[l > that is given by

k
2 .
1712, = B[IFP] + 3" E[|DIF|. | keNopz1, (721
j=1
where D’ F means ‘
D, 4 F=DyDy,..DyF (17.22)

for a j-times Malliavin differentiable random variable F' (see Definition 3.1).

17.3 Exercises

Problem 17.1. Let m € N. Assume that there exist constants C', D and
numbers «g, ..., @, such that
Qp S C

and

p k-l
ap <C+ EZO@', k=1,..,m.
§=0

Then
D\ Fk
ay < 0(1 n 7) . forallk=0,1,..,m.
m

Problem 17.2. Consider the SDE (17.18) under conditions (17.19) and
(17.20) for m = | = n = 1. Suppose that a(t,-),o(t,-), and (¢, z) are
continuously differentiable for all ¢ € [0,T], z € Rg. Use the It6 formula to
represent DsX; explicitly.
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Absolute Continuity of Probability Laws

One of the original applications of the Malliavin calculus or the stochastic
calculus of variations pertains to the analysis of the existence and smoothness
of densities of random vectors on the Wiener space. In this short chapter
we want to provide some useful criteria based on Malliavin calculus for Lévy
processes to ensure the absolute continuity of probability laws with respect to
Lebesgue measure. Finally, we discuss the smoothness of densities of strong
solutions to stochastic differential equations driven by Lévy processes. See
[35, 38] for further details. See also recent related developments in, e.g., [13,
14, 57, 81, 82, 136].

18.1 Existence of Densities

In this section we consider a one-dimensional Brownian motion W(t), t €
[0, 7], and a compensated Poisson random measure N (dt,dz) = N(dt,dz) —
v(dz)dt, t € [0,T], z € Ry, on the probability space ({2, F, P) that is given by
(13.66) in Sect.12.5 for N = 1 and R = 1. Recall that this space was called
the Wiener—Poisson space. We denote Dy, respectively, by D, . the Malliavin
derivative with respect to W, respectively, N.

The main idea of the study of the absolute continuity of laws of random
vectors F' is based on integration by parts, that is, on the duality relation
between D; and §. To develop some intuition for this principle let us first
analyze the real-valued case.

Theorem 18.1. Let the random variable F : 2 — R be Malliavin differen-
tiable with respect to W. Assume that the process
DF
u(t) : !

=—>—, t¢€ [0, 77,
I D.F 72

s Skorohod integrable. Then the law of F' is absolutely continuous with respect
to Lebesgue measure. Furthermore, its density f is continuous and bounded

G.D. Nunno et al., Malliavin Calculus for Lévy Processes with Applications 341
to Finance,
(© Springer-Verlag Berlin Heidelberg 2009
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and can be explicitly represented as

Fla) = E[X{M}é(%)} reR. (18.1)

Proof Let x1 < zo. Define

Y) = Xz, 00 (V)

and

Using the chain rule for Dy, one can show that S(F') is Malliavin differentiable
with respect to W and that

- - 2
(Dﬂ(F)’ D'F) L2\ (a(F)D.F, D'F> L2 a(F) ”D'F”LQW ’
So DF
( ID.FI?, >L2<A>

Then the duality relation between D; and the Skorohod integral ¢ (on the
Wiener—Poisson space) and the Fubini theorem give

Pz < F <) = EO‘(F)} = E[(D/B(F) i)p()\)}

DR,
- (25|

DI,
_ P
D.F
:E/ a(u)du § | ————
et

L2(N)

@2 D.F
:/x E[X{F>u} 5(m)}du,

1

which completes the proof. 0O

We wish to derive a multidimensional version of Theorem 18.1. To this end,
we need the following auxiliary result from finite dimensional real analysis.

Lemma 18.2. Let m be a finite measure on the Borel sets of R™. Suppose
that

| gstamidn)| <ol (18.2)
R™ )

for all test functions ¢ € C°(R™) (space of infinitely differentiable functions
with bounded partial derivatives of all orders), where C' < oo is a constant
not dependent of ¢ and |-||,, is the supremum-norm. Then m is absolutely
continuous with respect to the Lebsegue measure.
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Proof A proof of this result can be found, e.g., in [157], where techniques
from harmonic analysis are invoked. 0O

Let us consider a random vector F = (Fi, ..., F},), whose components are
Malliavin differentiable with respect to W. We introduce the Malliavin matrix
of F' as the random symmetric nonnegative definite matrix

— (ag)mm (18.3)

with entries given by

O'g = (.DF‘27 D.Fj)LQ()\).

The next result is essentially due to [157].

Theorem 18.3. Let F' = (F4, ..., F,) be a random vector such that

(1) F belongs to Dy 4, where the space Ds 4 is defined as in (17.21) on the
Wiener—Poisson space.

(2) The Malliavin matriz op in (18.3) has an inverse a.e.

Then the probability law of F' is absolutely continuous with respect to Lebesgque
measure.

Proof Let ¢ € Cp°(R™). Then by the chain rule (on the Wiener-Poisson
space) we see that ¢(F') € Dq 4 and that

"9
Dip(F) = axl¢(F)DtFi.
i=1
The latter implies
(DoF).DE) L =305 o(F)oi
i=1 "t

So using the invertibility of the Malliavin matrix of F' we have

j=1
Let us introduce the function @ : R™*"™ — R™*™ given by

B(z) = x~texp ( - (det(x)) ), det(z) # 0,

0, det(z) =0,

where det(z) denotes the determinant of z € R™*™. One can see that ¢ €
C°(R™ ™). Then using (18.4) gives
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el (~ (aetor) ) o)

: D.¢(F), DFJ')LZ(A) P ( B (det(UF)> _2> (U?yq

2l
:(D'¢(F)’ D'Fj> L2()) (Q(Uﬂ)ij}
(

[
NE

<.
Il
Ja

[
NE
!

<.
Il
—

E

: D.6(F), (@(UF))ijD,Fj)

I

LZ(AJ. (18.5)

<
I
—

We want to apply the duality relation between D; and the Skorohod integral ¢

ij
to the last expression in (18.5). Thus, we have to verify that (@(a F)) D.F;

belongs to the domain of §. To justify this, let us recall from Chap.3 the
integration by parts formula (which can be extended to the Wiener—Poisson
space setting by the same proof). For Skorohod integrable processes u(t),

t € [0, 7], and random variables X € Dy 5 with E{X2 Hu||ig(>\):| < oo we have

5(Xu) = Xo(u) — (D.X, u) (18.6)

L2\’

provided that the right-hand side belongs to L?(P) (see Theorem 3.15 and the
remark that follows). Because of condition (1) and ¢ € Cp°(R"*™), we observe

that (@(o—p))” € Dy 5 is bounded and that (D. (@(UF))”,D.FJ)LQ(A) is in

L%(P). So if we choose u(t) = DiF; and X = (@(O’F))Zj, we conclude that

the right-hand side of (18.6) is square integrable. Thus Xwu is in the domain
of §. Hence, by applying the duality relation to (18.5) we obtain

Efexp ( - (demgFg)2)6gi¢<p>}::;ﬁ;E{¢(F>a((¢(0F>)”1)fg)}

< 3" &[|o( (eto) 0.5 ] 1ol

So it follows from Lemma 18.2 that the measure m defined by
-2
m(B) = / exp (— (det(or)) ) Plde). B e BR™)
r(z)

is absolutely continuous with respect to Lebesgue measure A". So if A" (B) = 0
then m(B) = 0. Thus we get
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P(F € B)=0,
which gives the desired result. O

Remark 18.4. We mention that the regularity assumption on the random vec-
tor F'in Theorem 18.3 can be considerably relaxed. See [42], where the authors
use a different approach based on a criterion for absolute continuity in finite
dimesional spaces.

18.2 Smooth Densities of Solutions to SDE’s Driven
by Lévy Processes

The density result for random vectors in Theorem 18.3 in concert with
Theorem 17.2 (or Remark 17.3) can be actually used to establish criteria for
the existence of densities of laws of (strong) solutions to SDEs of the type

X(t) :er/O a(s,X(s))der/O o(s, X (s))dW (s)
+/O R{W(S,X(s_),z)N(ds,dz),

0<t<T,zcR", (18.7)

where a: [0,7] x R” — R" 0 : [0,7] x R" — R™ ™ and ~ : [0, 7] x R™ x
Ry — R™*! are Borel measurable functions.

An important problem in view of applications refers to the existence of
smooth densities of distributions of solutions of SDEs. We want to state a
useful result that provides a criterion for the existence of C'°-densities of
solutions to (18.7). The latter criterion ensures that for each fixed ¢ > 0 there
exists a function f € C°°(R™) such that

P(X(t) € B) = /B fz)dz, B e BR™M.

The statement of this result, which goes back to [38], requires the fol-
lowing conditions and notation. In the sequel we confine ourselves to the
case | = 1 in (18.7). Further, we assume that the Brownian motion W (t) =
(W1 (t), ..., W (t)) and the compensated Poisson random measure N (dt, dz) =
N(dt,dz) — v(dz)dt are defined on the Wiener—Poisson space (13.66).

Let us denote by L™ the space given by

L7 = L%, (18.8)

q>p
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where

LY ={f:Ro—[0,00): feLi(v)}.
We impose the following conditions on the coefficients of (18.7):
(C.1) a0, and v are time-independent.

(C2) a,01,...,0m € Cp°(R™), where 0 = (01, ..., 0m).
(C.3) There exists some function p € Li’oo such that

1
sup —— [|[D7y(z, 2)]| < oo
e 1Dy (x, 2)|

for all m € N. Here, Dy is the derivative with respect to z € R™.
(C.4)

sup
z€Rp,x€R™

< 00,

(I + Dyy(x, z)) o

where I € R™"*™ is the unit matrix.

Under these conditions one shows (see, e.g., [167]) that there exist unique
predictable processes Y (t), Z(t) € R™*™, such that

sup [[Y(s)ll, sup [|Z(s)l| € LP(P) (18.9)
0<s<t 0<s<t

for all t > 0 and p < oo as well as

Yt)=1+ ; Da(X(s’))Y(s’)ds+/0 Do(X(s7))Y (s )dW (s)

+ / Diry(X(s7), 2)Y (s~ )N (ds, d=) (18.10)
0 Ro
and
+ m
20)=1- [ 267)(Dalx(s7) -3 Dou(x(s7)?
0 i=1

_/R (I+ Dly(X(s_),z))_1D17(X(s_),z)21/(dz)>ds
— /Ot Do(X (s ))Z(s™)dW (s)

t -1 ~
—/ / Z(s_)(l + ley(X(s_),z)> Div(X(s7), 2)N(ds,dz). (18.11)
0 JRrg
Using It6 formula one verifies that

Z(t) =Y ¢) for all t > 0 a.e.
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If, e.g., (18.7) has no jump part then
DX (1) = Y ()Y (5)o(Xs)x(0,4(s) a-e.

Finally, define the reduced Malliavin covariance matrix C; by

Cy = /ot > Z(sT)oi(X(s7))Z(s7)oi(X (s7))ds.
i=1
The next result gives a sufficient condition for the existence of a smooth
density of X (¢) in terms of a moment condition of the inverse of C;.
Theorem 18.5. Let t > 0 and require that
|Cot| e LP(P)
for all p > 2. Then X (t) has a C*-density with respect to Lebesgue measure.

Proof See [35]. O

18.3 Exercises

Problem 18.1. Use Theorem 18.1 to derive a formula for the density of the
(risk neutral) log-prices X (t), t € [0,T], in the Barndorff-Nielsen and Shep-
hard model (12.47), (12.48).



Appendix A: Malliavin Calculus on the Wiener
Space

In this book we have, for several reasons, chosen to present the Malliavin
Calculus in the setting of the Hida white noise probability space (£2, F,P),
where 2 = S'(R) is the Schwartz space of tempered distributions. In the
Brownian case there is an alternative setting, namely the Wiener space 2 =
Cy[0,T) of continuous functions w : [0,7] — R with w(0) = 0. We now present
this approach.

Malliavin calculus was originally introduced to study the regularity of the
law of functionals of the Brownian motion, in particular, of the solution of
stochastic differential equations driven by the Brownian noise [157].

Shortly, the idea is as follows. Let f be a smooth function on R%. The
crucial idea for proving the regularity of the law of an R%valued functional
X of the Wiener process is to express the partial derivative of f at X as
a derivative of the functional f(X) with respect to a new derivation on the
Wiener space. Based on some integration by parts formula, this derivation
should exhibit the property of fulfilling the following relation:

olal f
E { ox™

<X>] — Bf(X)La(X)].

where L, (X) is a functional of the Wiener process not depending on f and

where g‘:‘l is the partial derivative of order |a| = a1 +... + g, @ = (a1, ..., @g).

Provided L, (X) is sufficiently integrable, the law of X should be smooth.
Hereafter we outline the classical presentation of the Malliavin derivative on

the Wiener space. For further reading, we refer to, for example, [53, 168, 211].

A.1 Preliminary Basic Concepts

Let us first recall some basic concepts from classical analysis, see, for example,
[78].

349



350 Appendix A: Malliavin Calculus on the Wiener Space

Definition A.1. Let U be an open subset of R™ and let f : U — R™.

(1) We say that f has a directional derivative at the point © € U in the
direction y € R™ if

flatey) —flx) _d
Dy f(z) := lim = —[f(z+ey)lie=0 (A1)
e—0 £ de
exists. If this is the case we call the vector D, f(x) € R™ the directional
derivative at x in the direction y. In particular, if we choose y to be the
Jth unit vector e; = (0,...,1,...,0), with 1 on jth place, we get

_or

Dsjf(Z) - ax
J

(),

the jth partial derivative of f.
(2) We say that f is differentiable at x € U if there exists a matrizx A € R™*"

such that L m
L L) = f() — AR
o 7

heER™

0. (A.2)

If this is the case we call A the derivative of f at x and we write

A= fl(z).
Proposition A.2. The following relations between the two concepts hold true.
(1)If f is differentiable at x € U, then f has a directional derivative in all

directions y € R™ and

Dy f(z) = f'(z)y = Ay. (A.3)

(2) Conversely, if [ has a directional derivative at all x € U in all the direc-
tions y =e;, j = 1,...,n, and all the partial derivatives

_or

D, (@)= 5, (@)

are continuous functions of x, then f is differentiable at all x € U and

f(z) = {gg{] (x)} = AeR™™", (A.4)

1<i<m
1<j<n

where f; is component number i of f, that is, f = (f1, .., fm)?.

We define similar operations in a more general context. First let us recall
some basic concepts from functional analysis.
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Definition A.3. Let X be a Banach space, that is, a complete, normed vector
space over R, and let ||x|| denote the norm of the element x € X. A linear
functional on X is a linear map

T:X —R.

Recall that T is called linear if T(ax + y) = aT(x) + T(y) for all a € R,
x,y € X. A linear functional T is called bounded (or continuous) if

Tl == sup [T(x)] < oo
Iz <1

Sometimes we write (T, x) or Tx instead of T'(x) and call (T, x) “the action of
T on x”.The set of all bounded linear functionals is called the dual of X and
is denoted by X*. Equipped with the norm ||| - |||, the space X* is a Banach
space.

Ezample A.4. X = R"™ with the Euclidean norm |z| = /2% + - 4+ 22 is a
Banach space. In this case it is easy to see that we can identify X* with R™.

Ezample A.5. Let X = Cy(]0,T]) be the space of continuous real functions w
on [0, 7] such that w(0) = 0. Then

[wlloo == sup |w(t)]
t€[0,T]

is a norm on X called the uniform norm. With this norm, X is a Banach
space and its dual X* can be identified with the space M ([0,T]) of all signed
measures v on [0, 7], with norm

[vll] = sup /f(t)dV(t) = [v([0, T1).
0

[fl1<1

T
Ezample A.6. Let X = LP([0,T]) = {f : [0,T] — R; [|f(¢)|Pdt < oo} be
0
equipped with the norm

I = [ [1sora] ™ a<p<so.

0

Then X is a Banach space and its dual can be identified with L4([0, T]), where

In particular, if p = 2, then ¢ = 2, so L?([0,T]) is its own dual.



352 Appendix A: Malliavin Calculus on the Wiener Space

We now extend the definitions of derivative and differentiability we had
for R™ to arbitrary Banach spaces.

Definition A.7. Let U be an open subset of a Banach space X and let f be
a function from U into R™.

(1) We say that f has a directional derivative (or Gateaux derivative) D, f(z)
at x € U in the direction y € X if

d
Dyf(z) := —[f(z +ey)le=o € R™ (A.5)
ex1sts.
(2) We say that f is Fréchet-differentiable at x € U, if there exists a bounded
linear map
A: X —-R™,

that is, A = (Ay, ..., AT, with A; € X* fori=1,...,m, such that

o W@ h) = f(@) = AR

o 2 =0. (A.6)
We write
f'(@)
f(x) : =A eXmH)" (A7)
f'(@)m

for the Fréchet derivative of f at x.

Similar to the Euclidean case (see Proposition A.2) we have the following
result.

Proposition A.8.

(1) If f is Fréchet-differentiable at © € U C X, then [ has a directional
derivative at x in all directions y € X and

Dy f(z) = (f'(x),y) € R™, (A.8)
where
(f'(@),9) = (f' @)1 9), - A (@)mo )T

is the m-vector whose ith component is the action of the ith component
f'(@)i of f'(x) ony.

(2) Conversely, if [ has a directional derivative at all x € U in all directions
y € X and the linear map

y— Dyf(x), yeX
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is continuous for all x € U, then there exists an element V f(x) € (X*)™
such that

Dyf(x) = (Vf(z),y).
If this map x — V f(x) € (X*)™ is continuous on U, then f is Fréchet
differentiable and
fl(@) =Vf(). (A.9)

A.2 Wiener Space, Cameron—Martin Space,
and Stochastic Derivative

We now apply these operations to the Banach space 2 = Cy([0,T]) considered
in Example A.5 above. This space is called the Wiener space, because we can
regard each path

t— W(t,w)
of the Wiener process starting at 0 as an element w of Cy([0, 7). Thus we may
identify W (¢,w) with the value w(t) at time ¢ of an element w € Cy([0,T7):

W(t,w) = w(t).

The space 2 = Cy([0,T]) is naturally equipped with the Borel o-algebra
generated by the topology of the uniform norm. One can prove that this o-
algebra coincides with the o-algebra generated by the cylinder sets (see, e.g.,
[36]). This measurable space is equipped with the probability measure P,
which is given by the probability law of the Wiener process:

P{W(tl) S F17...,W(tk) S Fk}

= / p(tlw%.uxl)p(tQ_t17m7$2)“'p(tk_tk)*l7xk717xk)dwlv"'dmk7
Fy XX Fy

where F; CR, 0 <ty <ty <---<tp <T, and
1
pt,z,y) = (2mt)~1/2 exp(—§|x —y?), tel0, 7], =z,yeR.

The measure P is called the Wiener measure on (2.
Just as for Banach spaces, we now give the following definition.

Definition A.9. Let F': 2 — R be a random variable, choose g € L*([0,T)),

and consider
t

~(t) :/g(s)ds € n. (A.10)
0
Then we define the directional derivative of F' at the point w € (2 in direction
v e by
d
D, F(w) = [P +2)]ezo (A.11)
if the derivative exists in some sense (to be made precise later).
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Note that we consider the derivative only in special directions, namely in
the directions of elements v of the form (A.10). The set of v € {2, which can
be written on the form (A.10) for some g € L?([0,T)), is called the Cameron—
Martin space and it is hearafter denoted by H. It turns out that it is difficult
to obtain a tractable theory involving derivatives in all directions. However,
the derivatives in the directions v € H are sufficient for our purposes.

Definition A.10. Assume that F' : 2 — R has a directional derivative in all
directions v of the form v € H in the strong sense, that is,

D, () e lim P&+ €1) = F@)

lim - (A.12)

exists in L2(P). Assume in addition that there exists 1(t,w) € L?>(P x \) such
that

T
D,F(w) = /w(t,w)g(t)dt, forally e H. (A.13)
0

Then we say that F is differentiable and we set
D:F(w) :=9(t,w). (A.14)

We call D.F € L?(P x \) the stochastic derivative of F. The set of all
differentiable random variables is denoted by Dy 2.

Ezample A.11. Suppose F = ff(s)dW(s) = ff(s)dw(s), where f(s) €
0 0

L3([0,T]). Then if v € H, we have

Fw+ey) = [ f(s)(dw(s) + edy(s))

Ot —y T

T
F(s)duw(s) + ¢ / £()9(s)ds,
0

and hence
Flw+ey) - Flw)
€

T
/ F(s)g(s)ds
0

for all € > 0. Comparing with (A.13), we see that F' € Dy 5 and
D, F(w) = f(¥), te[0,T], we . (A.15)

In particular, choosing
f(t) = X (1)



A.2 Wiener Space, Cameron—Martin Space, and Stochastic Derivative 355
we get
T
F= [ Hou()aW(s) = W(n)

0
and hence

Dy(W(t1)) = Xjo,) (1) (A.16)

Let P denote the family of all random variables F': 2 — R of the form
F = (,0(01, e ,97,,),

where o(z1,...,2,) = > agx®, with 2% = 27" ... 28 and a = (a1, ..., o),
«

T
is a polynomial and 6; = [ fi(t)dW (t) for some f; € L*([0,T]), i = 1,...,n.
0

Such random variables are called Wiener polynomials. Note that PP is dense in
L2(P).

Lemma A.12. Chain rule. Let F' = ¢(01,...,0,) € P. Then F € D1 2 and

D, F = Z; g;i (01, 0n) - fi(t). (A.17)

Proof Let 9(t) denote the right-hand side of (A.17). Since

sup E[[W(s)|V] <oo  forall N €N,
s€[0,T]

we see that

é[F(w—i—sv) - Fw)] = é[g@(@l +e(f1,9), - 0n +e(fn,9) — @(91,...,6‘n)]

n agp
00;

(01,...,0,) - D4(6:), e —0,

i=1

in L?(P). Hence F has a directional derivative in direction v in the strong
sense and by (A.15) we have

T
D,F = [witigle)ds
0
By this we end the proof. 0O
We now introduce the norm || - ||1 2, on Dy o:
IFNE 2 = 1F T2 (py + IDeFlEaprny:  F €Dia. (A.18)

Unfortunately, it is not clear if D; o is closed under this norm. To avoid this
difficulty we work with the following family.
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Definition A.13. We define Dy o to be the closure of the family P with respect
to the norm || - ||1,2-

Thus Dy » consists of all F' € L?(P) such that there exists F,, € P with the
property that
F,—F inL*P) as n— o (A.19)
and
{DF, )02 is convergent in L?(P x \).
If this is the case, it is tempting to define

DtF = lim DtFrL-

However, for this to work we need to know that this defines D;F'  uniquely.
In other words, if there is another sequence G,, € P such that
G, —F inL*P)asn — 0 (A.20)
and
{D.G,}y2, is convergent in L?(P x \), (A.21)

does it follow that lim,,_ . D¢ F),, = lim,,—.oc D:G,,?
By considering the difference H,, = F,, — G, we see that the answer to
this question is positive, in view of the following theorem.

Theorem A.14. Closability of the derivative. The operator Dy is clos-
able, that is, if the sequence {H,}32; C P is such that

H, —0 in L?(P) as n — oo (A.22)
and
{D:H,}2 converges in L*(P x \) as n — oo,
then
lim D,H, = 0. (A.23)

The proof is based on the following useful result.

Lemma A.15. Integration by parts formula. Suppose F,¢ € D; o and
v € H with g € L*([0,T)). Then

T
E[D,F -] = E{F-gp : /g(t)dW(t)} ~ E[F-D,y]. (A.24)
0
Proof By the Cameron-Martin theorem (see, e.g., [158]) we have

/ F(w+e7) - p@)Pldw) = | Fw)p(w - )Q(dw),
0 0

where

T T
Q(dw) = exp {e / g(OAW (1) — %62 / g (1)dt} P(d),
0 0
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being w(t) = W(t,w), t > 0, w € {2, a Wiener process on the Wiener space
2 = Cy([0,T]). This gives

BID,F 9] = [ 1 2 [Flo+2) - F@)] - o(e)Plde)

= lim 1 [ P+ e1)p) - P)pw)Pd)

5~>06 0

T
F(p /g t)dW (t [FD,ygo]
0

By this we end the proof. 0O
Proof of Theorem A.14. By Lemma A.15 we get

T
E[DA/HTL-QD} :E[Hnap-/gdW] —E[Hn~D7<p} .0,  n— oo
0

for all p € P. Since {D,H,,}52; converges in L?(P) and P is dense in L?(P),
we conclude that D,H,, — 0 in L?(P) as n — oc. Since this holds for all
v € H, we obtain that D;H,, — 0 in L?(P x \). O

In view of Theorem A.14 and the discussion preceding it, we can now make
the following unambiguous definition.

Definition A.16. Let ' € D o, so that there exists {F,}°>, C P such that
F, - F  in L*(P)
and {DF, }°° is convergent in L*(P x \). Then we define

D,F = lim DyF, in L*(P x \) (A.25)

n—oo
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and

T
D,F = /DtF.g(t)dt
0

¢

for all v(t) = [g(s)ds € H, with g € L*([0,T]). We call D:F the Malliavin
0

derivative of F.

Remark A.17. Strictly speaking we now have two apparently different defini-
tions of the derivative of F":

1. The stochastic derivative D.F of F' € D; > given by Definition A.10.
2. The Malliavin derivative Dy F' of F' € Dy 5 given by Definition A.16.

However, the next result shows that if F' € Dy 2Ny 2, then the two derivatives
coincide.

Lemma A.18. Let F' € D15 N Dy 2 and suppose that {F,}5-, C P has the
properties

F, — F in L*(P) and {DyF,}>2, converges in L*(P x \).

(A.26)
Then
D,F = lim D,F, in L*(P x )\). (A.27)
Hence
D,F =D, F fOT’ F e Dl,g n ]DLQ. (A28)

Proof By (A.26) we get that {D,F,}>2; converges in L?(P) for each ~(t) =
t

[ g(s)ds with g € L*([0,T]). By Lemma A.15 and (A.26) we get

0

E[(Dan ~D,F)- 4 :E[(Fn - F)-<p~/gdW} - E[(Fn ~F)- DW} 0
0

for all ¢ € P. Hence D F,, — D, F in L?(P) and (A.27) follows. O

In view of Lemma A.18 we now use the same symbol D, F’ for the derivative
and D, F' for the directional derivative of all the elements F' € Dy o N Dy 5.

Remark A.19. Note that from the definition of Iy 5 follows that, if {F},}22, €
Dy o with F,, — F in L?(P) and {D,F},}5°, converges in L*(P x )), then

F e DLQ and DtF: lim DtFn

n—oo
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A.3 Malliavin Derivative via Chaos Expansions

Since an arbitrary F € L?(P) can be represented by its chaos expansion

n=0

where f, € L2([0,T]") for all n, it is natural to ask if we can express the
derivative of F' (if it exists) by means of this. See Chap. 1 for the definition and
properties of the Itd iterated integrals I,,(f,, ). Hereafer, we consider derivation
according to Definition A.16 and Lemma A.18.

Let us first look at a special case.

Lemma A.20. Suppose F = I,(f,) for some f, € L2([0,T]"). Then F €
]D)LQ and
DF =nl,_1(fn(-,1)), (A.29)

where the notation I, 1 (fn(-,t)) means that the (n —1)-iterated Ito integral is
taken with respect to the n—1 first variables ty, ..., tn—1 of fu(t1,. .., th_1,t),
that is, t is fived and kept outside the integration.

Proof First consider the special case when

fn:f®n

for some f € L?([0,T]), that is, when

Faltiyoootn) = f(t) .. f(t),  (t1,....ta) €[0,T]".

Then exploiting the definition and properties of Hermite polynomials h,, (see

(1.15)), we have

Lo(fa) = ||f|”hn((fc”>7 (A.30)

T
where 6 = [ f(t)dW (t). Moreover, by the chain rule (A.17) we have
0

DiL(fn) = ||f||"h;<”§|> . m

Recall that a basic property of the Hermite polynomials is that
bl (x) = nhy—1(x). (A.31)
This gives (A.29) in this case:

DtIn(fn) = n|f||n_1hn—1(||fp|)f(t) = nIn—l(f®(n_l))f(t) = nIn—l(fn('7t))'
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Next, suppose f, has the form
fo=ENREETR R, it =n, (A.32)

where & denotes symmetrized tensor product and {¢ ;152 is an orthonormal
basis for
L?([0,T7]). Then by an extension of (1.15) we have (see [119])

I(fn) = hay(01) - - b, (Ok) (A.33)

T
0, = [ &;®)aw )
/

and again (A.29) follows by the chain rule (A.17). Since any f,, € L2([0,7]™)
can be approximated in L?([0,7]™) by linear combinations of functions of the
form given by (A.32), the general result follows. O

with

Lemma A.21. Let Py C P denote the set of Wiener polynomials of the form

w( [a@awe..... [emaw
0 0

where pg(x1,...,x) is an arbitrary polynomial in k variables and {&1,&,, ...}
is a given orthonormal basis for L?([0,T]). Then Py is dense in P in the norm

-2

Proof Let q := p(ffl (t)dw(t),..., ffk(t)dW(t)> € P. We approximate ¢
0 0
by

~

m m

(/Zfl, )10 OV D)o [ S &) 2o, AW (1)),

=0 7=0

[}

Then ¢(™ — ¢ in L*(P) and

E

Dyg™ = Zap Zfz, &)z o,mé;(t

LE
i=1 = i=1

in L2(P x \) asm —oco. 0O
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Theorem A.22. Let F = Y I,,(f,) € L?>(P). Then F € D1 5 if and only if
n=0

Sl fallaqo.zpmy < 00 (A.34)

n=1

and if this is the case we have
= nlya(fal-1)). (A.35)
n=1

Proof Define F, E L.(fn). Then F,, € Dy and F,, — F in L?(P).

Moreover, if m > k we have

IDeF — DeFillapeny = | Y nLuca(fuo )22 (pn)
n=k+1
T m ,
=/E Z Looa(fu(8))
0 n=k+
=/ S 20— L) By
n=k+1
- Z nn!”f"”LQ([O,T]"), (A.36)
n=k+1

by Lemma A.20 and the orthogonality of the iterated Itd integrals (see (1.12)).
Hence if (A.34) holds then {D,F,,}5°, is convergent in L*(P x \) and hence
F e ]D)Lg and

D,F = lim DyFy, Zn[n L(fn (1)),
Conversely, if F' € Do then, thanks to Lemma A.21, there exist polyno-
ng
mials pp(21,...,Tp,) = Y. Ay, I hm, (z;) of degree k for some
my:y m;<k i =

Umy,...;mn, € R, such that if we put Fy, = pi(01,...,0,,) then Fy, € P and
Fy — F in L*(P) and

DiFy, — D;F  in L*(P x \) as k — oo.

By applying (A.33) we see that there exist f;k) € Z2([0,T]J), 1 <j <k, such

that i
k
Fe =Y Li(f).
j=0
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Since Fy, — F in L?(P) we have
k
iy gk

> AN = fillkaqoryy < e = Flifagy =0 ask — oo,

§=0
Therefore, ||f;k) — fillz2(o,msy — 0 as k — oo, for all j. This implies that

||f Nezqomy — Wfillzzqoryy  as k — oo, for all j. (A.37)

Similarly, since D;Fy, — D;F in L*(P x ), we get by the Fatou lemma
combined with the calculation, leading to (A.36) that

oo o0
>3 iz = D Jim G2 o zy0)
j=0

=0

IN

(o]
. NG,
lim ZJ 'J!Hf; )||2L2([0,T]j)

k:—>ooj 0

= lim ||DtF/€||L2(P></\)

k—o0

= IDeF||72(pxny < 00,

where we have put f;k) = 0 for j > k. Hence (A.34) holds and the proof is
complete. 0O
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In this chapter we present a solution to the exercises marked with (*) in the
book. The level of the exposition varies from fully detailed to just sketched.

Problems of Chap. 1
1.1 Solution
(a) Consider the following equalities:
t2 1, 1 )
exp{tm — 5} = exp{fx }exp{ — f(x—t) }
" dn

exp{ xQ}Z b Xp{—%(x—t)z)}hzo
exp{ xz}Z{ dn

n=0

exp {2 xQ}Z e { - 0}

with the substitution v =z —¢.
(b) Set u = tv/A. Using the result in (a), we get

ep{ffu }|u "

t2X 2
exp {t:cf 7} = exp {u% — %}

:nz;;ghn(ﬁ)

> tn)\n/Q

:Z n! hn(

).

Sl

n=0

363
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(c) If we choose z = 0, A = ||g||?, and t = 1 in (b), we get

T

1 = llgl™
exp{ [aaw - GlolP} = Y- 120 n ()
n=0

0

(d) In particular, if we choose g(s) = x4 (5), s € [0, T], we get

tn/2

exp {W(t) ——t} Z >) O

1.3 Solution
T

(a) ¢ = [ X, (8)dW (s), s0 fo =0, fi = X[0.¢y» and f,, = 0 for n > 2.
0

(b)¢ = fg(s)dVV(s)7 so fo=0, fi =g, and f, = 0 for n > 2.
0

(¢) Since
t 2 t
//1th1 AW (t3) = /Wt2 AW (tg) = %W%t)—%t,
0 0
we get that

t) =t +2 1AW (t1)dW (t)

=t+2 Xjo, (t1)X (0,4 (t2)dW (t1)dW (t2) = t + L2[f2].

Tt — 5 T
Tt~ “T—=¢

Thus fy =t,
Fa(ti,t2) = X0, (01) X0, (t2) =2 X055

and f, =0 for n # 2.
(d) By Problem 1.1 (c) and (1.15), we have

T
£ =exp g(8)dW (s
{0/
exp {1 ol }Z ™
= exp {301} S L= Lo {0} 1lg
n=0

n=0

||g||
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Hence . .
fo = —exp(zlgl?g™ =012,

where

9" (@1, wn) = g(z1)g(w2) -+~ glwn).

(e) We have the following equalities:

e~/ LW (s) ds
:/Tg(s)/sldW()d
/ / s)ds dW (t

=L(f

where f1(t) ft s)ds, t €1[0,T]. O

1.4 Solution

T
(a) Since [ W (t)dW (t) = $W?(T) — 3T, we have
0

T
F=wW%T T+2/W
0

Hence E[F| =T and ¢(t ) =2W(t), t € 10,7).

(b) Define M(t) = exp {W(t) — 4t}, t € [0, T]. Then by the It6 formula

dM(t) = M(t)dW (t)
and therefore

T
:1+/M t)dW (t
0

Moreover,

T
F =exp{W(T)} =exp {g} —+ exp {%} /exp {w(t) - %t}dW(t)
0

Hence

T

E[F]:exp{%} and gp(t):exp{W(t)—&—T_t}, t€[0,T].

365
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(c) Integration by parts (application of the It6é formula) gives

T T
F= O/W(t)dt =TW(T) — /tdW O/ — 1) dW (t

Hence, E[F] =0 and ¢(t) =T —t, ¢t € [0,T].
(d) By the Ité formula

dW3(t) = 3W2(t)dW (t) + 3W (t)dt.
Hence

T
F=W3T)=3 [ W2(t)dW (t) +3 [ W(t)dt
/ 0/

Therefore, by (c¢) we get
E[F]=0 and o(t)=3W?3(t)+3T(1—t), tec][0,T).

(e) Put X(t) = e2®, Y(t) = cos W (t), N(t) = X(t)Y (), t € [0,T]. Then we
have

dN(t) = X (t)dY (t) + Y (¢)dX (¢t) + dX (t)dY (t)
= e7t[—sin W (t)dW (t) — % cos W (t)dt] + cos W (t) e2* %dt
= —e2'sin W (t)dW (¢).

Hence

and also

F=cosW(T) = e 2T — e_%T/ 3t gin W (t)dW (t).
0

Hence E[F] = e=27 and o(t) = —e2D sinW(t), t € [0,7]. O

1.5 Solution

(a) By It6 formula and Kolmogorov backward equation we have
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av(y = 2o xwym+ 2 xepaxm + L2960 xw)ax oy’
0

= S Pre F©) et + o (X (0) g [Prsf(©))mxrdW (1)
(PrefE)ie-xo+ 5o (X0 3z

[Pr—f(&)]je=x (1) dW (t)

+{b<X<t>>8%

(.ft (Pr-df () dt + o(X () 5

[Pr—ef(§)]je=x ) }dt

[P f( )}\5 X(r)dt

= o(X(t ))8 [Pr—2f(©)]je=x(0dW (2)-

3

Hence

T
+/ PT tf(E)]je=x ) dW (2).
0

Since Y(T) = g(T,X(T)) = [Pof(lje=x(@) = f(X(T)) and Y(0) =
9(0,X(0)) = Prf X) (1.29) follows.
(b.1) If F = W2(T), we apply (a) to the case when f(¢) = ¢ and X(t) =
x + W (t) (assuming W(0) = 0 as before). This gives

Pf(€) = E*[f(X(2))] = E*[X?(s)] = € + 5

and hence
E[F] = Prf(z)=2>+T
and

0
(57 o€ (& + 8)]jemarw () = 2W () + 22.

(b.2) If F = W?3(T), we choose f(£) = £* and X (t) = = + W (t) and get

p(t) =

Py f(§) = ES[X?(s)] = € + 3s¢.

Hence
E[F] = Ppf(z) = 2® + 3Tz

and
p(t) = [5f (& +3(T = )] je=arwr) = 3(& + W(1)* +3(T —1).
(b.3) In this case f(§) =&, so
Pof(€) = ES[X(s)] = €

and so
E[F] = Prf(z) = ze’”
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and

o(0) = fag g (6" ]je=xto
— aX(t)exp(p(T — 1))
= azexp {pT — %azt +aW (t)}.
(¢) We proceed as in (a) and put
Y(t)=g(t, X(t), te][0,T], with g(t,z) = Ppr_,f(x)
and
dX(t) = b(X(1))dt + o(X()dW(t):  X(0) =z € R",
where
b:R" 5 R", o:R" = R™™  and W(t) = (Wi(t),..., Wm(t))

is the m-dimensional Wiener process. Then by It6 formula and (1.31), we

have
dY (t) = 8t Xi()
+3 Z axl% ()dX;(6)d%; (1)
gt[PT O mx ot + 107 (O Ve(Pr—of()]jemx(odW (1)
HE(Pr- f@)e-x it
where

1 - 0?
Zb 357 Z (UUT)ij(ﬁ)m

i,j:l
is the generator of the Itd diffusion X(¢), t > 0. So by the Kolmogorov
backward equation we get

dY (t) = [T (E)Ve(Pr—o f()]je=x1)dW (t)

and hence, as in (a),

Y(T) = f(X(T)) = Prf(z) + [ o7 (€)Ve(Pr—itf(€)]je=x(ndW (¢),

St~

which gives, with F = f(X(T)),
B[F|=Prf(z) and ¢(t)=[0" ()Ve(Pr-ef(€))lje=x. t€[0,T]. O
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Problems of Chap. 2

2.5 Solution
(a) Since W(t), t € [0,T], is F-adapted, we have

T
O/W /W t)dW (t —7W2()f7T

T T
o) [ ([ atsraws))swie) - / LLAG DI (2) = LI, where fi(t1,t) =
0 0

g(t1), t € [0, T]. This gives

(=)

l9(t1) +9(t)], te[0,T],

[N

filti,t) =

and hence

to

T
2//f1 b1, ) AW (1) dWV (1)
0 0

to T to

0/g £ AW (#1)dV (t2) // (£2)dW (1) W (t2)  (S.1)

O\’ﬂ St~

t
2 T

/ o)W (1) AW (1) + [ W(t2)g(t)dWV ().
o 0

Using integration by parts (i.e., the It formula), we see that

T T ta

/gtlthl // tlthlthz

0 (S.2)

T

+/9 t2th2+/9
0

0
Combining (S.1) and (S.2), we get

T

/(/TQ(S)dW(S))5W(t) = (/Tg(t)dW(t)) W(T) — /Tg(t>dt_

0



370 Solutions

(¢) By Problem 1.3 (c) we have
T

/ (to)oW (t /Tto+12 [f2(,8)]) W (t),

0

where
F2(t1,t2,t) = X0, (t1) X[0,0] (B2), ¢ € [0, T

Now
~ 1
Faltyta, ) =2 [foltr, t,1) + folt ta, ta) + ot £:1)]

1

=3 [X(0,t0] (F1)X[0,20] (£2) F X[0,10] ()X [0,10] (F2) +X[0,0] (£1) X [0,20) (£)]
1

=3 [X{t17t2<t0} + Xt ta<to) T X{tl,t<to}]

1 1 1
:X{t7t1,t2<t0}+§X{t1,t2<to<t}+§X{t,t2<to<t1} + FX{t i <to<ta}
and hence, using (1.15),

/ W2(to)OW () = toW (T) + / Llfa(- O16W (#)
0 0

=toW(T) + I3[J?2] =toW(T) +6J3 [ﬁ]

— W (T)

T
6 / / / Xt (X000 (£2) X 0,001 (£3)AW (11 )WY (£2)dWV (1)
000

T tg t2
1
+6/// gx{tl,t2<to<t3}dW(t1)dW(t2)dW(t3)
000
W (to)
= toW(T) + /% hy (—=
0 ( ) 0 3( \/% )
T to ta
+2///dW(t1)dW(t2)dW(t3)
to 0 O
B 3/2 W3(t0) _ W(tO)
= toW(T) +1t, ( R 3 \/%)

T
+2/ (%WQ(tO) — %to)dW(tg)

= toW(T) + W?(to) — 3toW (o) + (W?(to) — to) (W(T) — W(to))

= Wz(to)W(T) - 2t0W(t0)
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(d) By Problem 1.3 (d) and (1.15) we get

T
O/exp( /Z T2, 1) W (t)

OnO

= Zie /2 In+l

T/2Z T ;rlthrl(WT )

n= 0

S5

(e) Using Problem 1.3 (e) we have that

F:/O FéW(t) = L(f),

with fy(¢ j; s)ds, t € [0,T]. Hence

T ~
/0 FSW (1) = L(f).

filts,ta) = ;(/tTg(S)ds + ﬁTg(s)ds>.

where

This gives
T
F:/O FoW (t)
—Jg(/ g(s )ds) +J2(/t g(s)ds)

/ / / $)ds ) dVV ()dTV (12)
+/0 (/Otz 1dW(t1))(/tTg(8)ds)dW(t2)

2

_ / ' / W (s)ds)dW (t2) + / ' 20 (1) /:g<s>ds)dvv<t2>. 0

Problems of Chap. 3

3.2 Solution
(8) DI (T) = xpo.zy(t) = 1, £ € [0,], by (3.8).
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(b) By (3.8) we get ;

D, [ s*dW (s) =
/
(c) By (3.2) we have
T to .
Dt COS(tl + tg)dW(tl)dW(tQ) = Dt(*IQ[COS(tl + tg)])
j 5
= 52] 1[cos(- +t)]

= /cos(tl + t)dW (ty).

(d) By the chain rule, we get

2W (s0)
TE 72007 o)
+ 6W (s0)W (t0)X(0,40) (t)-

Dy (3W (s0)W*(to) +1og(1 + W*(s0))) =[3W2(to) +

(e) By Problem 2.5 (b) we have

Dy [ W(t)3W () = Du(W () W(T) ~ to)
0
= W(to) x[0,17(t) + W(T)X[0,2,)(t)
= W(to) + W(T)xp,,)(t)- O

3.3 Solution
(a) By Problem 1.3 (d) and (3.2), we have

T 00
Deesp{ [ gl (5)} = D ZI o] = S nhaoal (0]
J E

o0

Z ;exp{ Igl*Hn—1[g(t1) . g(tn—1)g(t)]
DBy

n=1

T
/g
0

1
1 oxp {59017} [g%" ]
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(b) The suggested chain rule and (3.8) give

Dtexp{/g(s)dW(s)} :exp{/g(s)dW(s)}Dt(/g(s)dW t
0 0 0
— g { [gl)iw(s)}.

0

(¢) The points above together with Corollary 3.13 give
Dy exp{W (to} = exp{W(to)} X[O,to](t)' o

Problems of Chap. 4

4.1 Solution
(a) If s > t we have

$)Z(8)|F)- (S.4)

Applying It6 formula to Y (t) := Z(t)W(t) we get

dY (t) = Z(t)dW (t) + W (1)dZ(t) + dW (1)dZ 1)
= Z()[0(t)dt + dW (£)] + W (0)[=0() Z(£)dW (1)) — 6(t) Z (1) dt
= Z()[L - 0&)W (£)]dW (1),

and hence Y (t) is an Fi-martingale (with respect to P). Therefore, by
(S.3),

EQ[W(s)|F:] = 27 (OE[Y (s)|Fi] = 27 (1)Y (1) = W(0).

(b) We apply the Girsanov theorem to the case with 6(t) = a. Then X is a
Wiener process with respect to the measure ) defined by

Q(dw) = Z(T,w)P(dw) on Fr,

where ]
Z(t) = exp { —aW(t) — §a2t}, 0<t<T.
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(¢) In this case we have
Bt) =bY (1), alt)=aY(t), ~(t)=cY(t)

and hence we put

and '
Z(t) =exp{ — OW(t) — 59275}, 0<t<T.

Then .
W(t) =0t + W(t), 0<t<T,

is a Wiener process with respect to the measure @ defined by Q(dw) =
Z(T,w)P(dw) on Fr and

dY (t) = bY (t)dt + cY ()[dW (t) — 0dt] = aY (t)dt + Y ()dW (¢). O
4.2 Solution
(a) F'= W(T) implies D:F" = x[o 1)(t) = 1, for ¢ € [0, T], and hence

T T
F]+ O/E D,F|F)dW (t) = 0/1dW(t) =W(T)=F.

T T T T
(b) F = [W(s)ds implies D;F = [ D;W (s)ds = [ x|o q(t)ds = [ds =T —t,
0 0 i

0
which gives

F]+/E[DtF|ft]dW(t) _ (7= paw)

W (s)dW(s) = F,

St~ TT—

using integration by parts.
(c) F = W2(T) implies D,F = 2W (T) D;W (T) = 2W(T). Hence

+/E[DtF\]-'t]dW(t) =T+ | ERW(T)|F]dW ()

O\ﬂ
bﬂ

—T+2 / W (t)dW ()

=T+ WT)-T=W?3T)=F.
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(d) F = W3(T) implies D,F = 3W?(T). Hence, by It6 formula,

T T
E[F] +/EDtF|]-"t JdW (t /E3W2 )| FldW (t)
0 0

3

B{(W(T) = W ())* + 2W (t)W(T) — W (t)|F]dW (t)

!

T
W2(t)dW (t) —3/W2(t)dW(t)
0

3

(T — )dW (1) + 6

3| W2)dW (t) —3 | W(t)dt = W3(T).

Oty T — g T
T o—

(e) F = exp{W(T)} implies D, F = exp{W (T')}. Hence

—=

RHS = E[F|+ [ E[D:F|F,)dW (t)

el/? 4

Elexp{W(T)}|F:]dW (1)

e’/ 4

St~y TT—n °

Elexp {W(T) - %T} eT2| F)dw (t)

T
=eT/2 4 exp{%T}/exp {(w(t) - %t}dW(t). (S.5)
0

Here we have used that

M(t) := exp {W(t) - %t}

is a martingale. In fact, by It6 formula we have dM(t) = M (t)dW (t).
Combined with (S.5) this gives

RHS = exp {%T} + exp {%T}(M(T) — M(0)) =expW(T) = F.

(f) F = (W(T)+T)exp{ — W(T) — +T} implies D,F = exp{ — W(T) —
$T}[1—W(T)—T]. Note that

Y(t) = (W(t) + )N(t), with N(t):exp{—W(t)—%t}
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is a martingale, since

dY (£) =(W(t) + )N (£)(—dW (£)) + N(t)(dW (t) + dt) — N(t)dt
—N()[L —t — W(D)]dW (t).

Therefore,

+ / EDFIF)AW (1) = [ EINT)( — (W(T) + T)|FJaw (1)

N1 = (W(t) +1)dW (t)

Il
T — s T T

(W(T) + T)exp { - W(T) %T} —F O

4.3 Solution
T N
(a) p(t) = EQ[DyF — F [ D6(s)dW (s)|F]. If 6(s), t € [0,T), is deterministic,
t
then D;0 = 0 and hence

o(t) = EQ[DiF|F] = Eq[2W(T)|F]
T

= EQ[2W/(T) — 2 / 0(s)ds| F:]

(b) By application of the generalized Clark—Ocone formula, we have

P(t) = EQ[DeF|F]

= Boexp /)\ )t () }A0) | 7]

T T
EQ exp //\ /)\ ds |.7-"t
0 0
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T

M (s) — A(s)0 ds EQ exp /A
0

- %/A (s)ds 7
0

(

N |

= A(t) exp{

St~

T t
= A(t) exp {/)\(s)(%)\(s) - 9(5))ds}exp {/A(s)dfi(s) - %/)\Q(S)ds}
0 0 0
t) exp /)\ / )(%)\(s) - 9(8))d3}.
’ t (S.6)
(¢) By application of the generalized Clark-Ocone formula, we have
5(t) = Eq[DeF ~ F [ Db(s)di(s) 7
ks (S.7)

= Eq[\t)F|F) —EQ[F/dW(s)Ift]

t

Now W (t) = W(t)+/ +/tW )ds or
0

AW (t) + W (t)dt = dW (t).

We solve this equation for W (t) by multiplying by the “integrating factor”
et and get s
d(e'W(t)) = e'dW (t).

Hence
u

W) = e / ¢ dTW (5) (S.8)
0

/SdW Yo+ dT (w). (S.9)
0
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Using (S.9) we may rewrite F' as follows:

F= exp{ (s )dW(s)}

where

E(s) =A(s) —¢€® / AMu)e ™ “du (S.10)

K(t):exp{/f(s)dW(s)—%/52(s)ds}, 0<t<T.  (S.11)

A = Eo[\t)F|F,) (S.12)

— A(t)exp {% / €(s)ds } B (T)| 7
0

— (1) exp {% / €2(s)ds ) K (1), (S.13)
0
Moreover, if we put
H = eXp{%/f(s)ds}, (S.14)
0

we get

B = EQ[F(W(T) — W(t
= H Eq[K(T)(W(T) — W (t))| ]

Lo
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= H Eq[K(t) exp /g )AW (s /g )ds } W ()7
(t)Bo] exp /€ )i (s _,/5 )ds } (7 (1)~ (1)

K t)E[exp{/g(s)dW(s) - %/52(5)613}(14/@) - W(t))] (S.15)

This last expectation can be evaluated by using the It6 formula. Put

X =exo{ [ 0w - 5 [ s}
and
Y(t) = X(t) (W(t) = W(to))
Then
dY (t) = X(t)dW (t) + (W (t) — W (to))dX (t) + dX (t)dW (t)
= X(1)[1+ (W(t) = W(to))&(t)]dW (1) + £(t) X (t)dt
and hence

T

= /f(s)E[X(s)]ds (S5.16)
toT

:/ﬁ(s)ds. (S.17)

;/52 /g(s)ds] 0
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4.4 Solution

(a) Since u = £=£ is constant we get using (4.27)
0.(t) = e?to 1S (t) Egle P D,W (T)|F) = P To=1871(t).

(b) Here = 0, o(s) = ¢ S7*(s) and hence

Hence

T
/ Dyu(s)dW (s) = p[W (t) — W(T)].

Therefore,

B:=Eq [F / Dtu(s)dW(sﬂ}}] = pEgle "TW(T)(W (t) — W (T))|F.

(S.18)
To proceed further, we need to express W in terms of W: since
t t
W(t)=W(t)+ /u(s)ds =W(t) — pS0)t — p/ W (s)ds,
0 0
we have .
dW (t) = dW (t) — pW (t)dt — pS(0)dt
or -
e PLAW (t) — e PLpW (t)dt = e PH(dW (t) + pS(0)dt)
or .
d(e P'W(t)) = e P'dW () + pe ' S(0)dt.
Hence
t
W(t) = SO)[e” — 1] + ¢t / P (s), (S.19)
0

Substituting this in (S.18) we get
T
B = pEol / 05 dW (s) (W (1) — W(T))|F)

0
t

= pEo| / e~ dW (s) (W (t) — W(T))|F]
0
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+pﬁbp/e*wdﬁﬂs>@ﬁa)—f?avﬂfu

Hence

01(t) = '™ (Eq[Di(e™"" W(T))|F] — B)
— eptc—l(e—pT _ e—pT +e—pt> — C_l,

as expected.
(c) Here o = ¢ S~1(t) and hence

S

u(s) = QS(S) = ‘%[6“85(0) e / ST AW (r) .
0
So
Dyu(s) = (= p)e* x4 (8)-

Hence

T
01(t) = e’'c P EQ[(Dy(e T W(T)) — eprW(T)/Dtu(s)de/(sﬂft]

:wwmﬂuﬂwwwwMﬂ/WWWW@mn (S-20)

t
Again we try to express W in terms of W: since

AW (t) = dW () + u(t)dt

t

=dW(t) + r=p p[e”tS(O) + c/e“(tﬂ’)dw (r)]dt,
c

0
we have

e AW (£) = e~ HEAW () + [gsm) +(u—p) / e AW (r)]dt. (S.21)
0
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If we put

X(t) = / AW (),  X(1) = / 1T dTT (1),
0 0

(S.21) can be written as

dX (1) = dX (1) + QS(OW + (1 — p)X(t)dt

or

d(e(ufp)tX(t)) - 6(ufp)td)~((t) — ug(o)e(ufp)tdt
C
or

t t
X(t) = e(p_ﬂ)t/e_PSdW(S) _ n— ps(0>e(p—u)t/e(u_p)sd8
&
0 0
t
— e(P—M)t/e—pde(S) . S(O)
&

0

[1— e(p—u)t].

From this we get
t
e AW (t) = PP P AW (1) 4 (p — p)eP =M / e =P dW (s))dt
0

S(0
LT

or
t

AW (t) =dW (t) + (p — u)ept(/ e~ PS AW (s))dt +

SO0, — et

In particular,

T s

W(T) = W(T) + (b~ u)/eps(/ e~ dW (r))ds + %(p — (e —1).
o (S.22)

Substituted in (S.20) this gives

T
0,(t) = e’ e Y1 — (u—p EQ /e” STOAW (s)| ]
t

T s T

i pPEql [ ([ erairds [ ents-0ai(s)i7))

0 0 t
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T
_ P T) = (i p)/e#@*”ds

t

S

T T
(- ) / e Bl / P AW (1)) ( / =TT ()| F,)ds)

t

383

T s
= ep(t*T)cfl{l—L — p(e“(T*t) — D+ (pu— p)z/e’”(/e*pr e“(“t)dr)ds}
1
t t

—ept=D=1y B Lep(T-0 9y} g
p

Problems of Chap. 5

5.5 Solution

(a) We have the following equations:

/ W (T)oW (1) = / W(T) o W(t)dt
0 0

by (5.60).
(b) We have the following equations:

O/T(O/ngw) o W(t)dt = (

by (5.57).
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(¢) We have the following equations:

T

T
/Wz(to)5W(t) = /(W°2(t0) + o)W (1)
0 0

= W2(to) o W(T) + toW(T)

= W*(to) o (W(T) — W (to))

VV<>2 (to) < W(to) + toW(T)
= W(to) (W(T) — W(to)) + W(to) + toW (T)
= (W3(to) — to) (W(T) — W(to)) + W3(to)
—3toW (to) + toW (T)
=W?(to)W(T) — 2toW (o),

where we have used (5.40) and (5.60).
(d) We have the following equations:

/ exp(W (T))5W (t) = exp(W (T)) o / W(t)dt
0 0

Problems of Chap. 6

6.4 So!ution .
Since W (s) = 3.2, e;(s)H.c, the expansion (6.8) for D, W (s) is

DWW (s) = Y ei(s)ex(t) Hoor e Xgimiy
k=

which is not convergent. Hence, for all s € R, we have W (s) ¢ Dom(D;). O
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Problems of Chap.7

7.2 Solution
By Proposition 7.2 we have

y 1
g(e) = / o(1") =

Substituting e¥ = z in the integral, we obtain

> 1 (log z — log Z)°?\ d=
Yy _ of
o) = [ o) m= e { T et

Hence the Donsker delta function of Z is

1 1 log z — log Z)°?
S2() = o=t et { - LEEOEIT )

exp® { - W}dy

as claimed. 0O

Problems of Chap. 8

8.2 Solution

T
a) [y W(T)d=W(t) = W(T) [ dW(t) = W*(T)
( ) Cons1der the following equations:

/O W W) - W]

-/ Cwow @) - / W wd-w
—W(r / W ()W (1) — / W ()dt]
= W(T)[gW(T) - %T] NHAGE / W (t)d]

= -W¥T) - fTW /W

(c) Consider the following equations:
T T
[ ([ saws)awi
0 0

_ /0 " )W (s) /0 LW

T
—W(T) / o(s)dW(s). O

0

385
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Problems of Chap. 9

9.1 Solution
(a) By Theorem 9.4 we have

dY (t) =2Y (t) [a(t)dt + B(t)d <>]+ﬂ(>

+/R t) +(t,2)* = X2(t) — 2X ()y(t, 2)]v|(dz)dt
+/ ) +(t,2))? — X2(t7)|N(dt, dz)
Ro

=(2a()Y (t) + B*(t) —&-/}R V2 (t, z)v(dz))dt + 2B(t)Y (t)dW (t)
+ /R [2X (£ )1(t, 2) +72(¢, 2)] N (dt, d2).

(b) By Theorem 9.4 we have
dY (£) =Y (1) [a(t)dt + BEH)AW (1)] + %Y(t)BQ(t)dt
+ /R [l X (1) +9(0, 2}~ (X ()} - exp X))t 2)] i)
+ /R 0 [exp{X(t7) +7(t, 2)} — exp{X (t7)] N (dt, dz)
) (o) + 350+ | e (a2~ 1=t 2)]v(d) )]
+ AW (1) + /]R [t 2) ~ 1) Nt ).
(¢) By Theorem 9.4 we have
dY (£) = — sin X (1) [a(t)dt + B(E)AW ()] — % cos X (£) B2(t) dt
+ /RO [cos (X () +7(t,z)) — cos X (t) + sin X (t) v(t, z)|v(dz)dt
+ /R 0 [cos (X (t7) +(t,2)) — cos X (t7)] N(dt, dz)
—[— a(t)sin X(t) - %ﬁz(t) cos X ()]
+ cos X (1) /R [eosa(t,2) ~ 1))

+ sin X (t) /R [v(t, 2) — siny(t, ) |v(dz)dt — B(t) sin X (t)dW (t)

+/ [cos X (t7)(cosy(t,z)—1)—sin X (¢ ) sinv(t, 2)] N(dt,dz). O
Ro
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9.2 Solution
Applying Problem 9.1 (b) to the case

at) = — /R [0 — 1~ h(t)z]u(dz),

we obtain

dy (1) :Y(t){ ( —/R

+/ [eh(t)z — lbig]ﬁ(dt,dz)}
Ro

[eh(t)z—l—h(t)z]u(dz) + / [eh(t)z—l - h(t)Z]V(dZ)>dt

Ro

=Y (t) / [e"D2 —1big]N(dt,dz). O
Ro

9.6 Solution
(a) Since d(tn(t)) = tdn(t) + n(t)dt, we have

T
P /O n(t)dt
T

—Ti(T) — / td(t)

T _ T _
:T/ / ZN(dt,dz) —/ t/ ZN(dt,dz)
0 Ro 0 Ro

:/OT /RO(T_t)zﬁ(dt,dz).

Hence F is replicable, with replicating portfolio ¢(t) =T — ¢, ¢t € [0,T].
(c) Define

t
Y (t) = exp {n(t) — / / (e —1-— z)u(dz)ds}.
0 JRg
Then, by Problem 9.2 we have

dY (t) = Y(t_)/R (e* —1)N(dt,dz).

Hence

T ~
Y(T)=1 +/0 /R Y (t7)(e* — 1)N(dt,dz).
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Therefore,
"™ =y (T)M
T ~
M+ / MY () (% — 1) N (dt, dz),
0 JRy
where

M:exp{T/]R (ez—l—z)u(dz)}.

0

Hence F' = exp{n(T)} is not replicable unless v(dz) = Ad,,(dz) is a point
mass at some point zp # 0. In this case, the process n(t), t € [0,T],
corresponds to the compensated Poisson process with jump size zy and
intensity A > 0. O

Problems of Chap. 10

10.1 Solution

(a) By the It6 formula we have

/ | Tt 0 B (t) — Sn2(0)=]v(dz)dt
/ /R — ()] N (dt, dz)
_ /U /}R [0 + 2tz
+/ ) / [z #3002 + N a2)
:/T /R z3y(dz)dt—|—/T /]R S(t) =20 (dz)dt
//R N(dz,dt) + //Ro?m )22N (dt, dz)
+ /0 /R 0 302 (t)zN (dt, dz)
-/ ! [ vtz ' (] yl s, de)) ()
//]R N (dt,dz)+ //R //RO?,ledtdzl>2N(dtdz)
+ /0 /R 0 3n2(t)zN (dt, dz).
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Now we also have

/ / 302 (1) =N (dt, dz) = / /]RO %OC v(d6)) =N (dt, dz)
+/0 /Ros /0 /RO le(dt,dzl))zN(dt,dz)
+/0T'/E;O 6(/(:/%0/;2 /RO zleﬁ(dtl,dzl)ﬁ(dtg,dzz))zﬁ(dt,dz)

=I (3t1z1/ (zu(dC)) + J2 (3z522) + J3 (6212223)4
Ro

Summing up we get
773(T) =Tms + I (3ngzl + zi”) + Js (32125 + 32%22) + J3 (6z12223)

3
=Tms + I (3Tm221 + Z:f) + IQ(—

2(2123 + 2122)) + I3(212223),

where m; = fRo Cw(dC), i =2,3, ...
(b) By Example 10.4 we have that

Fy = exp{/OT/]RO 2N (dt,dz) —/OT/RO (e”—1 —z)u(dz)dt}

has chaos expansion Fy = >~ I,(fn) given by (10.7):

1
fn TL' (6 _]-) (tlvzla“'atnazn)'

It follows that F' has the expansion

F = i[n(Kfn) where K :=exp {T/]R (e —1— z)u(dz)}
n=0

0

(¢) We have the following equalities:

e [t = [ [ aeNasde) = 1

where f1(s, z) = g(s)z, s € [0,T], z € Ry.
(d) We have the following equalities:

P " g(om(s) = / " g(s) / S / =N (s, )
/ /]R / $)ds) 2N (dt,dz) = (1)

Wlthf1(t2—zft (s)ds, t €[0,T], z€ Ry. O
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Problems of Chap. 11

11.3 Solution

(a) Since
T T _
/0 o(s)dn(s) = / / 0(s)=¥ =) = Dgftn) ).
we get

/OT</OT (s)dn() / /Roh (t1)21) f(t2) 22N (dta, dzs)

—L (2 (g(t) f(t2) + 9(t2) F(11)) 122)

2

//]R int’ / )f(tZ)+9(t2)f(t1))zlzgﬁ(dt1,dzl))]\Nf(dt%sz)
/ /RO 1tQ/ 9(ts dn(t1)+9t2/ Ft)dn(t:)] 2o N (dta, dz)

:/0 (/Of (tl)dn(t1)>f(t2)d77(t2)+/0T( 0t2 f(tl)dn(tl))g(m)dn((stz)?;)

(b) Using the computation in (S.23), but with f and g interchanged, we get

[ ([ s0m@)ame) = (et + sa)az),

which is the same as we obtained in (a).
(c) This is a direct consequence of (a) and (b). O

Problems of Chap. 12

12.1 Solution

(a) By Problem 10.1 we have the expansion
. 3
nd(T) Tms + I (3Tm221 + 21) + IQ( (2122 + 2’12’2)) + I3 (212223),
where m; = fRo C'w(dC), i = 1,2,.... This gives

Dt,zn‘q’(T) =3Tmaz + 2> + 311 (212 + 212) + 312(21222)
=3Tmoz + 25 + 3220(T) + 321, (23) + 3212 (21 22).
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If we use that
772(T) =Tmey + 11(22) + I5(z122)

(see Example 12.9), we can see that the above expression can be written
Dy .3 (T) = 30*(T)z + 3n(T)2* + 2°.

(b) By Problem 10.1 we have the expansion

en(T) — an(gn),
n=0

where

1
gn=Kf, with f,= —'(ez —1)%" n=12,..
n

and K =exp {T/ (e —1- z)u(dz)}
Ro
This gives
o
Dt,zen(T) = Z nIn—l(Qn('v tZ))
n=1

:ann_l(%(ez _ 1)®n71)(6z _ 1)

Z In71((n fl)! (e — 1)®n—1)(ez 1)

="M (e* —1). O

12.2 Solution
The direct application of Theorem 12.8 yields

(a) Dy’ (T) = ((T) + 2)° — n*(T) = 3n*(T)z + 3n(T)z* + 2°.
(b) Dt,ze”(T) = etz _ en(T) — en(T) (e — 1),

Compare with the solution of Problem 12.1. O

Problems of Chap. 13

13.1 Solution
Recall that

o0 t
n(t) = ma Z (/0 eAs)ds)Ks(i,l), t eR,
i=1

and
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n(t) = ms Zei(t)Kgu,l), teR,
i—1
where (69 = ¢(#(1.3))  Hence

B . oo t+h

By (13.11) we have
i1
w(i1) =1+ 0D
2
Therefore, if we put

t+h
a;(h) :== %/t lei(s) — e;(t)]ds,

we have

[ PR 1O ) =3 et Doy

h 1 q
=m3 > lai(h)(26(3, 1)
—m3 > faiW)P2 + i — 1)~

by (13.25). Since

(see [104]), we see that
sup {|a;(h)| h € [0,1],i =1,2,...} < o0.

Moreover, since
aij(h) —0, h—0 (1=12,..),

we can conclude that

Hw _7‘7(15)’

for all ¢ > 1, by bounded convergence. This implies that

d

5 t)=n@t) in(S)". O
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Problems of Chap. 15

15.1 Solution

(a) By Lemma 15.5 we have

t
X(¢) :/ / n(T)zN(ds,dz)
0 JRo
t
:// z+Dt+zn 55dz // dsdz
Ro R0
// szsdz //zudzds—// dsdz
Ro Ro Ro
/ / N(ds,dz), te][0,T].
Ro

Dyt .n(t) = Dy / / N(ds, dz =0,
Ro

by applications of the chain rule we get that D+ , X (t) = n(t)z.
(¢) By (15.8), we have that

9(t7 Z) = St,z’Y(t’ Z) = ZSt,Zn(T) = Z(U(T) - Z)

(d) First note that by the above we have

(b) Since

Alt, z) :=Dt+z<2X( )z(n(T) - 2)
=2X(t7)2% + 2(n(T) — 2)2 ( )Z+277( 0)2°

+22(*(T) = ((T) = 2)°)
=2X(t7)2% 4+ 2n(t")n(T)2* + 2n(T) 2> — 2*.

Therefore, the 1t6 formula for Skorohod integrals gives
SX2(t) = /R 0 [(X(7) 4 0(0.2))? — X2(7) + A(t.2)| N (ot d2)
+ /RO :(X(t) +0(t,2)* — X2(t) — 2X(1)0(t, 2) — A(t, 2)
— (X (®)Dss 0, 2)|v(dz)at

= /R :2X t)z(n(T) — z) + 2> (n(T) — 2)* + Alt, z)} N(8t,dz)

+ / 22((T) — 2)2 + A(t, 2) — 2X(t)z2}y(dz)dt. 0
Ro *
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Problems of Chap. 16

16.1 Solution
(a) By the chain rule and (16.5) we have

D, F,(T) = D, X:(T) _— X;(T) DX (T) = — X:(T) o(t)m(t)
and
Dy ,Fo(T) = !
1= Fn(T) = XA(T)+ D1 . X-(T) XA(T)
1 1
T XD+ 70t 2) XA (T)
—m(t)d(t, z)

- XR(D) A+ ()6t 2))°

(b) The equation for the optimal deterministic portfolio 7 is obtained by
choosing & = Fy for all t € [0,7] in (16.12). This gives

2
w(s) — p(s) —20%(s)w(s) — / m(5)6°(5,2)(2 £ m(s)6(s, 2)) v(dz)=0. O

Ro (14 7(5)0(s,2))?
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Notation and Symbols

Numbers

Measures
P

PW

pN

A=dt

v

p

Operations
f®g

feg
W®n+1)

(w, ®)
XoY

The natural numbers
The integer numbers
The rational numbers
The real numbers

p- 160

The complex numbers
The set of all sequences of complex numbers
p.- 7

p- 66

p- 68

p. 74

p. 74

p- 215

pp- 7, 64, 213, 236
pp- 195, 236

pp- 195, 236
Lebesgue measure
p- 160

p. 215

p- 11
p- 11
p- 13
p. 64
pp- 70, 219

407



408 Notation and Symbols

Spaces and Norms

(2,F,P) pp. 7, 64, 159, 195, 213, 236
Shn p- 8

Gy p. 176
Cg(([[o,T]}) pp. 27, 351
L2 ([0, T]" p. 8
E2([07T]n) p- 8

L2((A x v)™) p. 176
L*(Sy) p. 8
L2(Gy) p. 176
L2((A x v)™) p. 175
L2(([0,T] x Rg)™) p. 175
L?(P) p-9
L?(Fr,P) p. 166
L3(P x X\) p. 21

L*(P x A xv) p. 182
L2(S) p. 208
Dom(96) pp- 20, 181
Dy o pp. 28, 185, 356
Dom(Dy) p. 87

S = S(RY), p. 63

H ||K,a7 p. 63

S = S'(RY) p. 64

(S)k p. 69

172 b. 60

S) pp. 69, 217
(S)—q p. 69
IF112, p. 69

(8) pp. 69, 217
gx pp- 76, 227
g pp. 77, 227
g* pp. 77, 227
Dg p. 138
]D)f2 p. 188

D p. 205

DY, p. 238

M p. 266
MLQ p. 266
Dy, p. 337

D1 o p. 337
Dy.p p. 339

Doo p- 339
’DLQ p. 354

P p. 355
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Filtrations and o-Algebras

F pp- 7, 161
ft p. 7
Fa p- 30
FY p. 195
FN p. 195
G p- 142
E p. 198
H p- 299
Hy p. 302
Functions, Random Variables, and Transforms

f pp. 8, 20, 175
hn p- 10
€L p. 66
X = Xa(®) = X{zea) p. 15
H, p. 66
HX () =X(") p.- 73
1o p- 75
oy (+) pp- 112, 120, 242
An(t) p. 160
H, p- 195
I p. 215
Dj p- 215
K(,7) p. 215
6m(i,j) p. 215
K, p. 216
Li(x) p. 248
Processes and Fields

W =W(t)=W(tw) p.- 7
u:(d),w) = wy(w) p. 64
W (t) p. 70
n(t) =n(t,w) p. 159
N = N(dt,dz) p. 160
N = N(dt,dz) p. 161
n(t) p. 218
N(t,z) p. 218
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Integrals and Differentials

In(f) pp. 8, 176

I.(9) pp. 10, 176

o(u) pp. 20, 181

N(6t,dz) p. 181

on(t) pp. 20, 182

d=W(s) p. 132

N(d—t,dz) p. 265

Derivatives

0%, p. 64

DyF pp. 28, 86, 87, 356

D,F pp. 85, 353

D,F p. 354

D, F p. 354

Dy . F pp. 186, 228

D+ ,0(t, 2) p. 266

D, F p. 238

Dl . p. 339

D,f pp. 350, 352

Admissible Controls

A p. 170

Ap pp- 129, 298,

Ag pp. 143, 130

Ag.o p. 148

Ar pp. 198, 276, 289, 294

An pp. 302, 309, 320

Notations

MT Transpose of a matrix M

P~Q Measure P is equivalent to measure @
E[F] (generalized) Expectation w.r.t. measure P
Eq[F) Expectation w.r.t. measure @)

E[F|F] (generalized) Conditional expectation
cadlag Right continuous with left limits
caglad Left continuous with right limits

a.a., a.e., a.s. Almost all, almost everywhere, almost surely
s.t. Such that

w.r.t. With respect to

SDE Stochastic differential equation

BSDE Backward stochastic differential equation

= Equal to by definition
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(S)-integral, 80
T-claim, 169
A-hedging, 55
‘H-transform, 73
S—transform, 76

admissible consumption rates, 298
admissible consumption-portfolio pair,
306
admissible portfolios
inside information, 143, 148, 309,
320
partial information, 198, 276, 289,
294
admissible relative consumption rate,
302
Asian option, 263

backward stochastic differential
equation, 50

bankruptcy time, 305

Barndorff-Nielsen and Shephard model,
206

Bayes formula

generalized, 107

Bayes rule, 46

Black—Scholes equation, 56

Black—Scholes formula, 51

BNS model, 206

Bochner—Minlos—Sazonov theorem, 64,
213

cadlag paths, 159
Cameron—Martin space, 354

Cameron—Martin theorem, 356
chain rule, 29, 30, 76, 92, 100, 189, 238
chaos expansion, 11, 67, 68, 176, 216
characteristic exponent, 160
claim, 169

Markovian type, 111

replicable, 169, 255
Clark—Ocone formula, 43, 196

under change of measure, 46, 198
Clark—Ocone formula in G*, 106, 234
Clark-Ocone formula in L?(P), 103,

233, 237

under change of measure, 107, 198
combination of noises, 195, 235
complete market, 171
consumption rate, 298, 300
consumption-portfolio pair, 305
cumulant generating function, 206

default time, 299, 305
delayed noise effect, 292
delta, 54, 209, 256, 262
difference operator, 187
digital option, 106, 127, 204, 231, 262
Dirac delta function, 248
directional derivative, 237, 350
integration by parts, 356
strong sense, 354
discounting exponent process, 305
dividend rate, 300
Donsker delta function, 112, 120, 242
dual problem, 286
duality formula, 34, 44, 94, 190
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enlargement of filtrations, 287, 315, 324
European call option, 49, 190
exercise price, 49

feedback form, 299
filtration, 7, 161
full information, 274
inside information, 286, 299, 308
partial information, 274, 286, 299
first variation process, 56
Fock space, 191
forward integrable, 132
in the strong sense, 138
forward integral, 132, 265
forward process, 135, 268
Fourier inversion formula, 244
Fourier transform, 189
Fréchet derivative, 352
Fubini formula for Skorohod integrals,
184
fundamental theorem of calculus, 37,
192

gamma, 54, 209
Gateaux derivative, 352
generalized expectation, 69, 217

conditional, 95, 232
geometric Lévy process, 164
Girsanov theorem, 59, 197
greeks, 54, 207, 256

density method, 54

Malliavin weight, 57, 209
Gronwall inequality, 336

Hermite function, 66

Hermite polynomials, 10
generating formula, 79

Hermite transform, 73

Hida distribution space, 69

Hida test function space, 69

Hida—Malliavin derivative, 86

incomplete market, 171
independent increments, 159
indicator function, 15
inductive topology, 69
information

delayed, 274

full, 274, 298

inside, 273, 308
partial, 273, 299
partial observation, 274
informed trader, 130
insider, 130
integration by parts, 36, 90, 190
invariant distribution, 207
1t6 formula
for forward integrals, 136, 137, 268
for Lévy processes, 163, 164
for Skorohod integrals, 140, 270
It6 representation theorem, 17, 167
It6—Lévy process, 163
iterated integral, 176
iterated It6 integral, 8, 10, 195

knock-out option, 125

Lévy measure, 160
Lévy process, 159
in law, 160
jump, 160
jump measure, 160
compensated, 161
pure jump type, 162, 214
subordinator, 206
Lévy stochastic differential equation,
333
strong solution, 334
Lévy—Hermite transform, 226
Lévy—Hida stochastic distribution
space, 217
Lévy—Hida stochastic test function
space, 217
Lévy-16 decomposition theorem, 162
Lévy—Khintchine formula, 160
Legendre transform, 286
local time, 248
chaos expansion, 252

Malliavin derivative, 28, 86, 186, 196,
358
closability, 28, 91, 187
in probability, 238
Malliavin matrix, 343
Malliavin weight, 57, 209
market model, 48, 55, 109, 169, 254,
275, 287, 289, 293, 307
Bachelier-Lévy type, 173



maturity, 49
Meyer-Watanabe test function space,
339
minimal variance hedging, 199
partial information, 199

non-anticipating derivative, 253
nonanticipating derivative, 44
Novikov condition, 60, 197

occupation density formula, 249
Ornstein—Uhlenbeck process, 61
Lévy—, 172, 206
leverage effect, 206
mean reversion rate, 206

path dependent option, 125
Picard approximations, 335
Poisson process, 297
Poisson random measure, 160
compensated, 161
portfolio, 49
minimal variance hedging, 199
replicating (also hedging), 49, 110,
170
self-financing, 49
value process, 49
portfolios
buy-hold-sell, 277
predictable process, 163
product rule, 30, 188
projective topology, 69

quadratic covariation process, 165

random field, 181

reduced Malliavin covariance matrix,
347

relative consumption rate, 302

rho, 54

risk less asset, 48

risky asset, 48, 169

Schwartz space, 63

self-financing, 49

Skorohod integrable, 20

Skorohod integral, 20, 181, 182, 192
closability, 36, 191
generalized, 81

Skorohod integrals
isometry, 94
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Skorohod process, 140
space of generalized random variables,
227
space of smooth random variables, 227
stationary increments, 159
stochastic derivative, 354, 358
closability, 356
integration by parts, 356
stochastic differential equation, 337
stochastic gradient
see Malliavin derivative, 85
stochastically continuous, 159
symmetric function, 8, 175
symmetrization, 8, 20, 175

tempered distributions, 64, 213

tensor product, 11
symmetrized, 11, 216

terminal wealth, 285

theta, 54

topology of (S)*, 75

utility function
exponential utility, 281, 310
general, 142, 276, 309
logarithmic utility, 147, 281, 283, 288,
310, 319
power utility, 282, 284, 310

value process, 49
vega, H4

white noise
of the compensated Poisson random
measure, 218
of the Lévy process, 218
probability measure, 64
probability space, 64, 213
singular, 70
smoothed, 64
Wick chain rule, 76, 92, 230
Wick exponential, 72, 220
Wick power, 72, 220
Wick product, 70, 78, 219
Wick version, 75, 229
Wick/Doléans—Dade exponential, 166,
221
Wiener measure, 353
Wiener space, 353
Wiener—Poisson space, 195
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